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Abstract

Enhanced water management systems depend on accurate estimation of hydraulic properties of subsurface formations. This is

while hydraulic conductivity of geologic formations could vary significantly. Herein, we studied an intensively managed area

located in the Upper Sangamon Watershed in Central Illinois, U.S.A., and generated 2D maps of hydraulic conductivity over

a large-scale region with quantified uncertainties in different depth layers. In doing so, we made use of low cost, small-scale

measurements obtained from the Electrical Earth Resistivity together with more accurate, more expensive pumping tests in a

calibration framework based on Kriging. We offered a cost-effective approach to reliably characterize the hydraulic conductivity

properties in under-sampled sites and can be particularly used in obtaining large-scale parameter maps for a region using small-

scale measurements in an efficient way. This work also includes optimal sensor placement, where the best locations for future

data collection are selected by considering the current confidence levels estimated by the Kriging model, which is related to

the expected value of information from future sensor data. Our approach is based on the Bayesian experimental design, which

selects the best locations, out of a set of candidate locations, based on the value of information that each location is expected

to offer.
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• The estimated values suggest that the accuracy of MF
Co-Kriging depends on the locations and the distribution
of both the Low-Fidelity (LF) and High-Fidelity (HF) data.
When HF data points are sparse and far away from the
LF data points, the information provided from the LF data
becomes crucial, and can greatly enhance the model
accuracy.

• Future work to rigorously inform the decision should
combine LF and HF measurements, to develop a more
holistic framework that incorporates both the data cost
and fidelity and can uncover their complex interplay.

Conclusions
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Highlights
• We present a numerical framework where information
from different field measurement sources is combined
to characterize different layers of the 2-dimensional
hydraulic conductivity field of the Upper Sangamon
River Watershed (USRW), Illinois, USA, in a Multi-
Fidelity estimation model.

• Enhanced water management systems depend on
estimation of hydraulic properties (e.g., hydraulic
conductivity) of geologic formations, which could vary
over small spatial scales.

• A Multi-Fidelity (MF) Co-Kriging model was designed
to estimate the geological properties by different
sources of data.

• We investigated how a more accurate model can
"learn" from new sensors using probabilistic statistical
tools.

• Bayesian experimental design is used to select the
best future sampling locations.
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Acknowledgements • Multi-Fidelity Lognormal Co-Kriging:

Ø 𝑓! 𝒙 = 𝜌𝑢" 𝒙 + 𝑢! 𝒙 , '
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Ø 𝐾$% = 𝑘 𝑥$ , 𝑥%; 𝜃 = 𝑛 + 𝑠 1 − exp 3 𝑥$ − 𝑥% /𝑟

Ø 𝜃 = 𝑛, 𝑠, 𝑟 → Nugget (𝑛), Sill (𝑠), and Range (𝑟)

Ø Optimization negative log marginal likelihood (NLML):
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• Optimal Bayesian Experimental Design:
Ø Expected gain in Shannon information by the utility function
𝑢 𝑠, 𝒅, 𝜽 with Bayes’ theorem and Monte Carlo approach:

𝑈 𝑠 ≈
1
𝑛J
$*&

)

𝑙𝑛 𝑝 𝑑$|𝜃$ , 𝑠 − 𝑙𝑛 𝑝 𝑑$|𝑠

Ø The optimal sampling location 𝑠∗ can be obtained by
maximizing the expected utility 𝑈 𝑠 over the design
domain 𝐷:

𝑠∗ = 𝑎𝑟𝑔max
,∈.

𝑈 𝑠 = 𝑎𝑟𝑔min
,∈.

−𝑈 𝑠

Results and discussion

Figure 2. Multi-Fidelity Co-Kriging of the hydraulic conductivity and the corresponding
standard deviation in the USRW in different depth layers. a) layer k=1, depth=17.5 m.
b) layer k=2, depth=32.5 m. c) layer k=3, depth=47.5m. d) layer k=4, depth=62.5m. e)
layer k=5, depth=77.5m. The value of depth shown on top of each panel is the center
z-location in each layer.

• Multi-Fidelity Co-Kriging:

Figure 1 (a) Locations for data in the Upper Sangamon River Watershed
(USRW) in Illinois, USA. (b) Sketch of the vertical layer setup.

• Site selection:
Ø The Sangamon River is a major tributary to the Illinois

River in U.S.A.

Ø This watershed is intensively managed for soybean and
corn production and is among the five watersheds in
Illinois that are identified as most in need of attention for
water supply planning and management.

Figure 3. Single-High-Fidelity Kriging of the hydraulic conductivity and the
corresponding standard deviation in the USRW in different depth layers. a) layer k=1,
depth=17.5 m. b) layer k=2, depth=32.5 m. c) layer k=3, depth=47.5m. d) layer k=4,
depth=62.5m. e) layer k=5, depth=77.5m. The value of depth shown on top of each
panel is the center z-location in each layer.

• Single-High-Fidelity Kriging:

Figure 6. The accuracy of (a) point 1, (b) point 2, and (c) point 3 under Multi-Fidelity
Co-Kriging and Single-High-Fidelity Kriging when removing 0 point, 1 point, 2 points,
and 3 points. The removed points 476 location is shown in the top-right panel, and the
points’ removing order follows the denoted number of the points.

Figure 7. The suggested sequential optimal sampling locations using Bayesian
experimental design with the Multi-Fidelity Co-Kriging model for the deepest (5th)
layer. (a) Initial Kriging result. (b) Updated mean and variance with the 1st observation
point. (c) Updated mean and variance with the 1st and 2nd observation points. (d)
Updated mean and variance with the 1st, 2nd, and 3rd observation points. (e) Updated
mean and variance with the 1st, 2nd, 3rd, and 4th observation points. (f) Updated
mean and variance with all 5 optimal observation points.

• Future Data Collection Using Bayesian 
Experimental Design:

Figure 4. Comparisons between Multi-Fidelity Co-Kriging and Single-High-Fidelity
Kriging with specific points removal. a) and d) Multi-Fidelity Co-Kriging of the hydraulic
with all data points in the last two layers. b) and e) Multi-Fidelity Co-Kriging of the
hydraulic with specific point removals in the last two layers. c) and f) High-Fidelity
Kriging of the hydraulic conductivity with specific point removals in the last two layers.

• Fidelity Effect on the Estimation Accuracy:

Figure 5. Comparisons between Multi-Fidelity Co-Kriging and Single-High-Fidelity
Kriging in the last layer (depth >70 m) with three consecutive points removal. Multi-
Fidelity Co-Kriging of the hydraulic conductivity with a) all data points. b) 1 point
removal. c) 2 points removal. d) 3 points removal. Single-High-Fidelity Kriging of the
hydraulic conductivity with e) all data points. f) 1 point removal. g) 2 points removal. h)
3 points removal.


