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Abstract
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significant degree of axiality as demonstrated by the purely axial form of the To(s) indicating a lack of helical character. The
S-1,5-dimethyl-[4]cumulene contains a very low degree of chiral character but significant axiality(helicity) resulting in a weakly
helical morphology of the corresponding To(s). The (-)S(-), (+)S(-) and (4)S(+) conformations of S-1,5-diamino-[4]cumulene
contain very significant degrees of both chirality and helical character resulting in helical morphology of the corresponding
To(s). The chirality assignments are in agreement with the Cahn-Ingold—Prelog (CIP) classifications for the (-)S(-), (+)S(-)
and (+)S(+) conformations of S-1,5-diamino-[4]cumulene. We discuss the consequences for the To(s) in locating chiral character
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We investigate the presence of helical character and chirality using a vector-based charge density perspective
instead of energetic or structural measures. The vector-based perspective of the chemical bonding, con-



structed using the most preferred direction of charge density accumulation, finds the presence of induced
symmetry-breaking for a,o -disubstituted [4]cumulenes as the end groups are torsioned. The stress tensor
trajectories Ts(s ) are used to provide the additional symmetry-breaking required to quantify the degree
and nature of the chirality and helical character. We find an absence of chirality for [4]cumulene but a very
significant degree of axiality as demonstrated by the purely axial form of the Ts(s ) indicating a lack of heli-
cal character. The S-1,5-dimethyl-[4]cumulene contains a very low degree of chiral character but significant
axiality (helicity) resulting in a weakly helical morphology of the corresponding Ts(s ). The (-)S(-), (+)S(-)
and (+)S(+) conformations of S-1,5-diamino-[4]cumulene contain very significant degrees of both chirality
and helical character resulting in helical morphology of the corresponding T4 (s ). The chirality assignments
are in agreement with the Cahn-Ingold—Prelog (CIP) classifications for the (-)S(-), (+)S(-) and (+)S(+)
conformations of S-1,5-diamino-[4]cumulene. We discuss the consequences for the To(s ) in locating chiral
character in these molecules in future experiment investigations.

1. Introduction

Earlier', the interdependence of steric-electronic factors for spiroconjugated molecules? was determined to be
more complex than that discernable from molecular structures alone, thereby calling into question the use of
the Cahn-Ingold—Prelog (CIP) priority rules for determining the chiral configuration (R/S)**. Cumulenes
are a class of linearly conjugated n-systems terminated by tri-coordinate carbon atoms®. The cumulene
molecules are labeled by n , which refers to the number of cumulated double bonds; where the total number
of carbon atoms is specified by n + 1. For [n Jcumulenes with evenn to form closed-shell n-systems the
terminal carbon atoms need to be mutually perpendicular. These molecules will be referred to as “even” [n
Jcumulenes, see Scheme 1 . The frontier  molecular orbitals (MOs) in unsubstituted even [n Jcumulenes
are all explicitly degenerate, a consequence of the ideal Dy, symmetry of the molecule. The degeneracy of
the orbitals is lifted by a ,w -disubstitution, which reduces the symmetry of the molecule to Cy or lower,
rendering the molecule chiral. An axial torsion toward the achiral planar transition state may also break
the degeneracy for a mutual rotation of the end carbons®!. These molecules have helical frontier MOs as
a direct result of the perpendicular end-groups, as investigated by Hendon et al .,'? an effect they named
“electrohelicity”.

e

Scheme 1. The molecular graph of [4]cumulene, S-1,5-dimethyl-[4]cumulene and the (-)S(-), (+)S(-)
and (4)S(+4) conformations of S-1,5-diamino-[4]cumulene, where X = [H, CHs, (-)S(-)NHa, (4+)S(-)NHx,
(+)S(+)NH,]. The magenta circled atoms define the geometric dihedral angle specified in the order listed.
The undecorated green spheres indicate the locations of the bond critical points (BCP s).

Helical characteristics of stereoisomers were first proposed as the origin of chirality by Fresnel'3 in 1851, later
this was demonstrated by optical experiments that show materials having different refractive indices for right
(R) and left (S) circularly polarized light, known as circular dichroism!4. These experiments were consistent
with theories of optical activity that correlate the inherent helical identities with direction of rotation of the
circularly polarized light'®17. A ‘helix theory’ was much later hypothesized by Wang for molecular chirality
and chiral interaction who realized that evidence for this helical character was not provided by molecular
geometries'®, or solely attributable to steric hindrance. Wang referred to the association between helical



characteristics and chirality as the ‘chirality-helicity equivalence’. Recent experiments by Beaulieu et al.
on neutral molecules!®, that utilize coherent helical motion of bound electrons, consistent with our previous
work?°demonstrated the need for a better understanding of the behavior of the charge density redistribution.
Consistent with Wang'®, Banerjee-Ghosh et al. also recently demonstrated that charge density redistribution
in chiral molecules, not spatial effects?!, were responsible for an enantiospecific preference in electron spin
orientation. Some of the current authors located, but did not quantify, for chiral compounds, the unknown
chirality-helicity equivalence?” to enable the chiral discrimination of the S and R stereoisomers consistent
with the naming schemes from optical experiments. The insufficiency of conventional (scalar) QTAIM??
(quantum theory of atoms in molecules) was also demonstrated for the chiral discrimination of S and R
stereoisomers. If a helical response of the electronic charge density distribution is present on applying a
bond torsion, then both non-axial (perpendicular to the bond-path) and axial (parallel to the bond-path)
displacements of the torsional C1-C2 bond critical point (BCP ) will be found. Recently, the unknown
chirality-helicity function, previously only located, was quantified consistent with photoexcitation circular
dichroism experiments. We then used the chirality-helicity function to differentiate between steric effects

due to eclipsed conformations and chiral behaviors in formally achiral species?3.

In this investigation we will use NG-QTAIM (next generation QTAIM) to investigate each of the C-C BCP
s in terms of the ‘orbital-like’ {q ,q’ } path-packets and the quantification of their wrapping around the
bond-paths, the wrapping of these bond and the chirality and helicity properties using the stress tensor
trajectory Ts(s ).

We use Bader’s formulation of the stress tensor?* and NG-QTAIM due to the superior performance of the
stress tensor compared with vector-based QTAIM in terms of clearer chiral discrimination of the S and
R stereoisomers of lactic acid®>. The NG-QTAIM chirality-helicity function will be applied to a range of
[4]cumulenes to determine the presence of chirality and or helicity within the NG-QTAIM formalism.

2. Theory and Methods
2.1 Tne XTAIM elurtiityp €, tne fovd-natn ppapemopk oet B{x,x,p} avd tne mpesecoor K

QTAIM is used to obtain critical points in the total electronic charge density distribution p (r ) by analyzing
the gradient vector field [?]p (r )?? where the complete set critical points are ordered according to the set of
ordered eigenvalues A1 < A< A3, with corresponding eigenvectorse; , es ,ez of the Hessian matrix of the total
charge density p (r ). The complete set of critical points along with the bond-paths of a molecule or cluster is
referred to as the molecular graph?. The most and least preferred directions of electron accumulation arees
ande; , respectively?” 2?; the eigenvectore 3 define the direction of the bond-path at the bond critical point
(BCP ). The bond-path length (BPL) is defined as the length of the path traced out by thees eigenvector
of the Hessian of the total charge density p (r ), passing through theBCP , along which p (r ) is locally
maximal with respect to any neighboring paths®’. The ellipticity € = |A1|/[A2|— 1, where A; and Ay are
negative eigenvalues of the correspondinge; and es eigenvectors, respectively. The ellipticity € quantifies the
relative accumulation of p (rp, ) in theeg and e; directions perpendicular to the bond-path at a BCP . The
deviation from linearity, i.e. the shortest line separation, of a bond-path separating two bonded nuclei is
defined as the dimensionless ratio (BPL - GBL)/GBL of the difference between the BPL and the geometric
bond length (GBL) and the GBL.

The bond-path framework setB{p ,q ,r } is comprised of three ‘linkages’; p , q and r associated with thee; ,
egand eg eigenvectors, respectively is the NG-QTAIM interpretation of the chemical bond. The p and q are
the 3-D paths that are constructed from the values of the least (e; ) and most (e2 ) preferred directions of
electronic charge density accumulation along the bond-path, referred to as r . For further discussions on the
construction of bond-path framework set B{p ,q ,r }*! %! see the Supplementary Materials S2 .

Two paths (g and q’) are defined as being associated with the most preferred directiones eigenvector sinceeg
[?] -ezlies in the same plane for the same point on the bond-path (r ); correspondingly there are two paths
associated with the e; (p and p’), see equation (1 ). The pair of q - and q ’-paths form packetshapes, that
resemble orbitals, along the bond-path are referred to as a {q ,q” } path-packet. The orientation, size and



location of the {q ,q’ } path-packets relative to the associated BCP indicate how much, which direction and
whether a bond-path is twisted or linear. By definition, the {q ,¢’ } path-packets are always orthogonal to
the {p ,p’ } path-packets. The form of the constituent {q ,q" } path-packets can be used to provide a 3-D
interpretation of bonding as a mixture of the following concepts: double bond, single bond, covalent, ionic
or diradical. Note that, double and single bonds for shared-shell C-C BCP s correspond to values of the
C-C BCP ellipticity € > 0.25 and € < 0.25 respectively, also the {q ,q’ } path-packets have no enclosed area
around the BCP for values of ellipticity € = 0.

Using n points r; along the bond path r (associated with eigenvectores ) and defining ¢; as the ellipticity at
this point, one can draw vectors q ; and p i, scaled by ¢;, originating at this point. The tips of these vectors
(q i and p ;) define the paths p and q , where the form of p ; and q ; is defined as follows:

pi =i+ €e1,, ¢ =1; + ;e2,(1)

We will now define the extent to which the {p ,p’ } path-packet constructed from the ey eigenvector wraps
i.e.precesses about a C-C bond-path, see the left panel ofScheme 1 . For the {p ,p’ } path-packet, defined
by the ejeigenvector, we wish to follow the extent to which the {p ,p’ } path-packet precesses about a C-C
bond-path by defining the precession K for bond-path-rigidity*244:

K = 1 - cos?a, where cosa =e;[?]u and 0 [?] K [?] 1 (2)

Where u is the reference direction defined by theej eigenvector at the C1-C2 BCPfor each of the unsub-
stituted and substituted cumulenes for each choice of the geometrical dihedral angle (0.0°, 15.02, 75.0° and
90.0°). Considering the extremes of the precession K, with o defined by equation (2 ), for K = 0, there
is maximum alignment of thee; eigenvector with the reference direction w , the least facile direction for
the C1-C2BCP. When K = 1 we have the maximum degree of alignment with thees eigenvector, the most
facile direction. In other words, K = 0 and K = 1 indicate C-C bond-paths with the lowest and highest
tendencies towards C-C bond-path-flexibility, respectively. The precession K is determined relative to the
BCP , in either direction along the C-C bond-path towards the nuclei at either end of the bond-path using
an arbitrarily small spacing ofe; eigenvectors. If we choose the precession K of the {p ,p’ } path-packet
about the C-C bond-path when the 4ejeigenvector is parallel to v , the BCP will have minimum facile
character, i.e. bond-path-rigidity. By following the variation of the precession K we can quantify the degree
of facile character of a BCP along an entire C-C bond-path.

Scheme 2. The construction of the {p,p’ } precession K and {¢,q’ } precession K’ corresponding to the
unsubstituted cumulene molecular graph. The unit vectoru (blue arrow) is defined by thee; eigenvector (red
arrow) of the C1-C2BCP , the es eigenvector (purple arrow) is orthogonal to ey . The pale magenta line
indicates the interatomic surface paths (IAS) that originate at the BCP . The undecorated green spheres
indicate the locations of the BCP s.

For the precession of the {q ,¢’ } path-packet, defined by the egeigenvector, about the bond-path, B = (n/2
— o) and « is defined by equation (3) see Scheme 1 ; we can write an expression K’:

K’ =1 - cos?B , where cosp =ez2[?]u , f = (r/2 —«) and 0 [?] K’ [?] 1 (3)

Note, for the general case the egeigenvector is defined along the bond-path and is not perpendicular to the
reference direction u , see Scheme 1 . For K’ = 0 we have a maximum degree of facile character and for K
= 1 we have the minimum degree of facile character.



The presence of values of the precession K’ in the range 0 [?] K’ [?] 1 indicates polarization of the electron
density p (r ) associated with the bond-path in terms of the changing orientation of the ey eigenvectors, from
parallel to perpendicular, including intermediate orientations of theey eigenvector. Consequently, there will
be a range of ‘mixed’ bond types within the limits of the rigid shared-shell character K’ = 1, characteristic
of sigma bonds and flexible closed-shell character K’ = 0, characteristic of hydrogen bonding.

2.2 Tne otpeog tevoop tpadestopyh To(s) avd tne Mmpalith-neAigit) uvstior ey

The procedure to generate the stress tensor trajectories Ts(s ) is provided in the Supplementary Mate-
rials S1 . In this investigation we will use Bader’s formulation of the stress tensor?* within the QTAIM
partitioning which is a standard option in the QTAIM AIMAII*°suite. Earlier, we demonstrated that the
most preferred direction for bond displacement, corresponding to most preferred direction of electronic charge
density displacement, is theg;o eigenvector of the stress tensor3'. Recently, we established the stress tensor
trajectory To(s ) classifications for the S and R stereoisomers of lactic acid and alanine based on the coun-
terclockwise (CCW) vs. clockwise (CW) torsions for thee;s.dr components of Ty (s )2°. The calculation of
the stress tensor trajectory Ts(s ) for the torsional BCP is undertaken the frame of reference defined by the
mutually perpendicular stress tensor eigenvectors {te o,te€2 ,%¢€ 35} at the torsional BCP , corresponding
to the geometric dihedral angle = 0.0°. This frame of reference is referred to as the stress tensor trajectory
space (also named Uy-space).All the subsequent points along the Ty (s ) for dihedral torsion angles in the
range -180.0° [?] 9 [?]+180.0°, use this frame of reference. We adopt the convention that CW circular rotati-
ons correspond to the range -180.0° [?]9 [?] 0.0° and CCW circular rotations to the range0.0° [?7] 9 [?]+180.0°.
Consistent with optical experiments, we defined from the stress tensor trajectory T (s ) that S (left-handed)
character is dominant over R character (right-handed) for values of (CCW) > (CW) components of the
stress tensor trajectory To(s ). The stress tensor trajectory Ts(s ) are constructed using the change in
position of the BCP , referred to as dr , for all displacement steps dr of the calculation. Each finite BCP
shift vector dr is mapped to a point {(e1 5[?]dr ), (e2 o[?]dr ), (es 5[?]dr )} in sequence, forming the
stress tensor trajectory Ts(s ), constructed from the vector dot products (the dot product is a projection,
or a measure of vectors being parallel to each other) of the stress tensor trajectory Ts(s ) evaluated at the
BCP. The projections of dr in Ugs-space are associated with the bond torsion: e;s.dr -bond-twist, egq.dr
- bond-flexing andess.dr -bond-axiality??#6-51. Note previously we referred toess.dr as bond-axiality or
bond-anharmonicity.

The bond-twist T, is defined by the difference in the maximum projections (the dot product of the stress
tensore; s eigenvector and the BCP shiftdr ) of the stress tensor trajectory T (s ) values between the CCW
and CW torsions T = [(€15[5]8@) ueg Jccw-[(€10[5]90) uxg Jcw - The bond-twist T, quantifies the bond
torsion direction CCW vs. CW, i.e. circular displacement, wheree;s corresponds to the most preferred
direction of charge density accumulation. Note, previously we referred to bond-twist T, as the chirality
Csbecause a single dominant torsion bond for the molecule was being used to determine the chirality C,
properties of that molecule. In this investigation therefore, we refer to bond-twist T, instead of chirality Cs.
Each of the C-C BCP s analyzed however, will still be assignedX 4 or P character.

The least preferred displacement of a BCP in the Us-space distortion set {T,F5,As} is the bond-flexing
Fs, defined as Fo = [(225[;]9¢) uaz]~a- [(€25[5]8@)uxg]"e . The bond-flexing F, provides a measure of
the ‘flexing-strain’ that a bond-path is under when, for instance, subjected to an external force such as an
E -field.

Previously we used the term helicity B, defined as Bo = [(€35[;]8@)uxz Jcow-[(€35[3]00) naz
Jewquantifies the direction of azial displacement of the bond critical point (BCP ) in response to the
bond torsion (CCW vs. CW), i.e. the sliding of the BCP along the bond-path®', In this investigation to
avoid confusion with work on the helical orbitals of [n Jcumulenes we will use the term axiality As[?] Be.
The sign of the chirality determines the dominance of 35 (Ts > 0) andPs (T5 < 0) character, see Tables
2 . The axiality Asdetermines the dominance of ¥4 orP 4 character with respect to the BCPsliding along
the bond-path as a consequence of the bond-torsion. Note the use of the subscript “5 7 used for theX4 or
P, assignments to denote calculation by the stress tensor trajectory To(s ).



A, > 0 indicates dominant3X character and the converse is true for A; < 0. The reason for calculating the
To(s ) by varying the torsion ¥ is to detect values of the axiality A [?] 0, i.e. BCP sliding.

The chirality-helicity function Cpeicity is formed from the simple arithmetic product of the bond-twist T,
and the axiality A,. The presence of a helical or chiral response, is determined by A, [?] 0 or T [?] 0 of
the torsional BCP to the applied torsion 4 coinciding with a helical stress tensor trajectory To(s ), for the
conventionally chiral molecules such as lactic acid and alanine. In this investigation we will determine the
Chelicity for all four of the C-C BCP s along each of the [4]cumulene variant molecular graphs.

3. Computational Details

The original molecular structures of the [4]cumulene, S-1,5-dimethyl-[4]cumulene and the were geometry-
optimized at the PBE1PBE/aug-cc-pVTZ level of theory with empirical GD3-BJ?2:53 dispersion correction
using Gaussian09 rev E.01°* with default (tight) geometrical convergence criteria, an "ultrafine’ DFT inte-
gration grid and an SCF convergence criterion of 107°. All subsequent single-point calculations were also
performed using these DFT parameters, basis set and convergence parameters. For the amine-substituted
cumulene we start out from three of the six conformations®. At approximately —90° (-)S(-) is rotated into
(-)R(-) conformation. Likewise, at approximately —90° (4)S(+) is rotated into (+)R(+) conformation; at
approximately —90° (+)S(-) is rotated into (+)R(-) conformation. Variants of the geometry-optimized [4]cu-
mulenes were then generated by ’freezing’ all bond lengths and angles, except for the H-C1-C2-C38-C4 -C5-H
geometrical dihedral angle, where C1 and C5 are the carbon atoms at each end of the five-carbon atom
chain which were constrained to take specific values. Geometrical dihedral angle = 0.0° was chosen as the
angle reference. Hence, only the end groups attached to the C5 carbon atom were allowed to rigidly’ rotate
about the dihedral axis - all other molecular geometrical degrees of freedom except the chosen dihedral angle
were fixed. Positive and negative values of the dihedral angle were chosen in the range -180.0° [?] 0.0deg [?]
+180.0. For each dihedral angle, single-point calculations were performed and the resulting wavefunction
analyzed using AIMAII*®. The {q ,q '} path-packets and eigenvector precession profiles were generated from
the eigenvectors of the Hessian of the total charge density using the 'framepath’ and ’pathtool’ codes from
our in-house code suite QuantVec-Tools®®. In all cases, the precession profile reference direction was chosen
to be theey eigenvector of the Hessian of the charge density at the C1-C2 BCP . The {q ,q ’} path-packets
were visualized using the ’'topviz’ interactive GUI, also part of QuantVec-Tools, based on the Python 3
"mayavi2’ visualization library®”.

4. Results and Discussion
4.1 The bond-path framework set B{q,q’,r} and the precession K of [{]cumulene and variants

Examination of the distance measures reveals that none of the C-CBCP s are located at the mid-points of
the C-C BCPbond-paths as may be expected, see Table 1 , further scalar measures, include distances and
the relative energies [?/ E are provided in the Supplementary Materials S2 . The locations of the C-C
BCP s are rather similar for the [4]cumulene and S-1,5-dimethyl-[4]cumulene molecular graphs, where the
terminal C1-C2 BCP and C4-C5 BCP are located closest to the corresponding terminal C1 and C5 atom
respectively, than to the C2 or C4 atoms. The central C2-C3 BCP and C3-C4 BCP display the opposite
effect in that both these BCP s are located closest to the more central C3 atom. The effect of the (-)S(-),
(+)S(-) and (4)S(+) conformations of S-1,5-diamino-[4]cumulene is to reverse the positions of the BCP s
where the terminal BCP s are located closest to the C2 and C4 atoms for the C1-C2 BCP and C4-C5BCP
respectively. The positions of the central C2-C3 BCPand C3-C4 BCP are also located closest to the C2 and
C4 atoms respectively.

Table 1. The partial bond-path lengths (in a.u.) of cumulene and the variants for values of the geometric
dihedral angle = 0.0°.

(C1-BCP,BCP-C2) (C2-BCP,BCP-C3) (C3-BCP,BCP-CA) (C4-BCP,BCP-C5)/[4]cumulene 0.9293,1.5379
1.4434,0.9600 0.9600, 1.4434 1.5379, 0.92935-1,5-dimethyl-[4]cumulene 0.9381,1.5355 1.4392,0.9657 0.9657,
1.4392 1.5354, 0.9381(-)S(-) S-1,5-diamino-[4jcumulene 1.3456, 1.1454 0.9942,1.4096 1.4096,0.9943 1.1449,



1.3458 (+)S(-) 8-1,5-diamino-[4]cumulene 1.3514, 1.1395 0.9903,1.4134 1.4134,0.9905 1.1396, 1.3511(+)S(+)
S-1,5-diamino-[}]Jcumulene 1.3569, 1.1340 0.9868,1.4170 1.4173,0.9866 1.1396, 1.3573

The bond-path framework set B{q ,q’ ,r } comprise the most preferred {q ,q’ } path-packets of [4]cumulene,
S-1,5-dimethyl-[4]cumulene and the (-)S(-), (+)S(-) and (+)S(+) conformations of S-1,5-diamino-[4]cumulene
at the geometrical dihedral angle of 0.0° are presented in Figure 1 . At a geometrical dihedral angle of 0.0° the
C2-C3 BCP and C3-C4BCP , on the basis of the size of the {q ,q’ } path-packets (BCPellipticity € = 0.15),
are considered to be single bond-like and C1-C2BCP and C4-C5 BCP are double bond-like (BCPellipticity
£ = 0.42) for both the [4]cumulene, S-1,5-dimethyl-[4]cumulene molecular graphs, see Figure 1(a-b) . The
corresponding {q ,q’ } path-packets of the C2-C3 BCP and C3-C4 BCP contain increasing degrees of polar
character, indicated by the asymmetrical character of the {q ,q’ } path-packets, for the (-)S(-), (+)S(-) and
(+)S(+) conformations of S-1,5-diamino-[4]cumulene, see Figure 1(c-e) . A lower degree of asymmetrical
character of the {q ,q’ } path-packets is apparent for geometric dihedral angles = 15.0°, 75.0° and 90.0°,
see theSupplementary Materials S2 . The {p ,p’ } path-packets that correspond to the least preferred
directions of charge density accumulation are provided in the Supplementary Materials S3.
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Figure 1. The QTAIM{q,q’} path-packets of the [4]cumulene, S-1,5-dimethyl-[4]cumulene and the (-)S(-),
(+)S(-) and (4)S(+4) conformations of S-1,5-diamino-[4]cumulene molecular graphs are presented for the
geometrical dihedral angle = 0.0° in sub-figures (a-e) respectively.
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Figure 2. The variation of the C1-C2 BCP , C2-C3BCP , C3-C4 BCP and C4-C5 BCP bond-path
precessions K’ along bond-path for geometric dihedral angles = 0.02, 15.0°, 75.0° and 90.0%re presented
end-to-endC 1-C 2-C 3-C 4-C 5 for [4]cumulene, S-1,5-dimethyl-[4]cumulene and the (-)S(-), (+)S(-) and
(+)S(+) conformations of S-1,5-diamino-[4]cumulene in sub-figures(a-e) respectively.

Note, the precession K’ provides a directional interpretation of chemical bonding, see Figure 2 . The
corresponding K for the wrapping of the {p ,p’ } path-packets around the C-C BCP bond-paths r are
provided in the Supplementary Materials S4 . The presence of values of K’ = 1 for the entire C1-
(C2-C3-C4-C5 chain indicates the presence of bonding that possesses the deformation characteristics of rigid
shared-shell BCP bonding and a Q4giqity = 1.000. Conversely, values of K’ = 0 for the entire C1-C2-C3-C4-C5
chain indicates the presence of bonding that possesses the deformation characteristics of flexible closed-shell

BCP bonding with Qpigidity = 0.000.

For a geometric dihedral angle = 0.0° there is no variation of the degree of the wrapping of the {g,q’}path-
packets, as measured by the precession K’ around the C-C BCPbond-paths r for the [4]cumulene and
S-1,5-dimethyl-[4]cumulene molecular graphs, see Figure 2(a) , Figure 2(b) . The absence of wrapping
of the{q,q’} path-packets around the C-C BCPbond-paths r along the C1-C2-C3-C4-C5 chain for = 0.0°
is apparent from the identical values of Qigiairy = 1.000, see Table 2 . This is not the case however, for
the corresponding values of the (-)S(-), (+)S(-) and (4)S(+) conformations of S-1,5-diamino-[4]cumulene
molecular graph at = 0.0° as demonstrated by the values Qigigity < 1.000, see Table 2and Figure 2(c-e)
. For values of = 15.0° and 75.0° the bonding becomes increasingly polarized as demonstrated by the

alternating high-low values of Qprigidity -

At = 90.0° the [4]cumulene, S-1,5-dimethyl-[4]cumulene and the (-)S(-), (+)S(-) and (+)S(+) conformations
of S-1,5-diamino-[4]cumulene possess the most polarized character bonding with the vast majority of values
of K’ =1 or K’ = 0, indicating a switch between strong and weak chemical character, this effect being most
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apparent for the [4]cumulene and S-1,5-dimethyl-[4]cumulene molecular graphs, see Figure 2 and Table 2
. To summarize, precession K’ clearly identifies symmetry-breaking properties, from the asymmetrical form
of K? at = 15.0° for [4]cumulene and S-1,5-dimethyl-[4Jcumulene and at = 0.0° 15.0° and 75.0° for the
(-)S(-), (+)S(-) and (+)S(+) conformations of S-1,5-diamino-[4]cumulene. The precession K’ does notidentify
symmetry-breaking for all values of or identify any helical characteristic previously identified by the helical
frontier molecular orbital®®. In the next section we will therefore use the stress tensor trajectory To(5 Jmax
to investigate the presence of helical character as well as chirality.

Table 2. The values of Qrigizity = Q/ Qmagzimum for [4Jcumulene, S-1,5-dimethyl-[4]cumulene and the (-)S(-
), (+)S(-) and (+)S(+) conformations of S-1,5-diamino-[4]cumulene and geometric angle , Q is the area
enclosed by K’ for each C-C BCP bond-path and Q,azimum corresponds to the area under K’ = 1 for each
C-C BCP bond-path.

Qpomoey = 0.0° =15.0° =75.0° = 90.0°/4Jcumulene C1-C2 1.0000 0.8703 0.8289 0.8334 C2-C3 1.0000
0.4975 0.0736 0.0282 C3-C4 1.0000 0.9107 0.9658 0.9801 C4-C5 1.0000 0.7413 0.2080 0.1646-1,5-dimethyl-
[4]cumulene C1-C2 0.9997 0.8640 0.8475 0.8498 C2-C3 1.0000 0.3892 0.0861 0.0640 C3-C4 1.0000 0.8762
0.9334 0.9335 C4-C5 0.9998 0.6580 0.1823 0.1522(-)S(-) S-1,5-diamino-[4jcumulene C1-C2 0.6017 0.7208
0.8660 0.8841 C2-C3 0.0911 0.0686 0.0776 0.0916 C3-C4 0.2880 0.4874 0.8441 0.9043 C4-C5 0.2622 0.2520
0.1480 0.1196(+)S(-) S-1,5-diamino-[4Jcumulene C1-C2 0.6288 0.7498 0.8817 0.8838 C2-C3 0.1077 0.0776
0.0845 0.0838 C3-C4 0.3013 0.5099 0.8859 0.9111 C4-C5 0.2629 0.2444 0.1438 0.1174(+)S(+) S-1,5-diamino-
[4]cumulene C1-C2 0.6110 0.7482 0.8827 0.8053 C2-C3 0.1077 0.0748 0.0794 0.0909 C3-C4 0.2819 0.5061
0.8816 0.9047

C4-C5 0.2229 0.1101 0.1096 0.1220
4.2 The chirality-helicity function Chelicity
of [4]cumulene and variants

The bond-twist T quantifies the non-azialdisplacement of the BCP and is defined as the difference (CCW
minus CW) of the bond-twistyayx component of the Ts($ )max. The bond-flexing F, provides a measure
of the ‘flexing-strain’ and is defined as the difference (CCW minus CW) of the bond-flexing,,x component
of the stress tensor trajectory To(s )max. The chiral asymmetry (axiality) A, quantifies the degree ofaxial
displacement BCP along the bond-path and is defined as the difference (CCW minus CW) of the bond-
axialitymaxcomponent of the stress tensor trajectory T (s )max, see Table 3and Figure 3 . The axiality A,
is the response to the bond torsion, i.e. the sliding of the BCP along the bond-path®', The chirality-helicity
function Chelicity = ToAs is defined as the simple arithmetic product of the non-axial (T5) and axial (As)
contributions of the BCP displacement in response to the torsion . For comparison purposes, we examined
conventionally chiral (R)-1-chloro-1-phenylethane®®*and found the chirality C, = -0.9859[P ] for the chiral
carbon atom, the axiality A, (previously referred to as the helicity B;) = -0.0110[P] and the Chelicity =
0.0108.

Note the use of the term “chirality C,” which is reserved for use for a single chiral atom in a molecule which
is not the case for the cumulenes where we are investigating the C1-C2-C3-C4-C5 chain of BCP s, however
the method of calculation for the bond-twist T, is the same. For [4]cumulene the values of the bond-twist
T, and bond-flexing F, are both insignificant for the C1-C2-C3-C4-C5 chain however, the axiality A, =
0.366 is very large compared with that of the previously calculated conventionally chiral (R)-1-chloro-1-
phenylethane. Examination of the T5(s ) along the bond-axiality axis, used to calculate the axiality A,
demonstrates the dominance of the axiality A, and the lack of bond-twist Ty, see Figure 3 . The S-1,5-
dimethyl-[4]cumulene possesses rather low values of T and Chejicity for the C1-C2-C3-C4-C5 chain, however
the values of T and therefore Cpeiicity are an order of magnitude higher for the C1-C2 BCP and the C2-C3
BCP . We note that the (-)S(-), (+)S(-) and (4)S(+) conformations of S-1,5-diamino-[4]cumulene all possess
greater Cpepicity values for the terminal C1-C2BCP and C4-C5 BCP than the central C2-C3 BCP and C3-C4
BCP . The maximum stress tensor projections{ bond-twist .y, bond-flexingax, bond-axialitymax } and the
bond-flexing F, of the cumulene variants are presented in the Supplementary Materials S5 .
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Table 3. The values of the bond-twist T, bond-flexing F; and the axiality A, and of the chirality-helicity
function Cheiicity = (bond-twist T, )(axiality As) for the C-CBCPs of the unsubstituted and substituted
cumulenes, seeScheme 1 and the Table S5(a) of theSupplementary Materials S5 .

{To, Fo, Ao} Chescity[TosAo] [4jcumulene C1-C2 BCP {0.00000[Es], 0.00001[Eo], 0.36621[Z0]}
0.00000[E0,55]C2-C3  BCP  {0.00001[So], -0.00002[Po], 0.58335[Ss]}  0.00001[Se,Ee]C3-C4
BCP  {-0.00002[P,], 0.00001[Eo], 0.58336[Zs]} -0.00001[Pg,E]C4-C5 BCP  {-0.00006[P,],
0.00000[85], 0.36633[So]}  -0.00002[Pg,Xo]S-1,5-dimethyl-[4]cumuleneC1-C2  BCP  {-0.02677[Ps],
-0.04781[Po], 0.18036[So]} -0.00483[Po,Xo]C2-C3 BCP {-0.00858[Ps], -0.01873[Ps], 0.33567[Zo]}
-0.00288[Py,S0]C3-C4 BCP {0.00052[E4], -0.00093[Ps], 0.34030[s]} 0.00018[s,E0]C4-C5 BOP
{-0.00282[P5], 0.00050[%5], 0.17749[Xs]} -0.00050[Ps,X5](-)S(-) S-1,5-diamino-[4]/cumuleneCl-
C2 BCP {0.24690[S5], -0.21197[Po], 1.28073[Ss]} 0.31621[X0,54]C2-C3 BCP {-0.14710[Po],
0.04266[Z 5], -0.45718[Po]} 0.06725[Po,Po]C3-C4 BCP {0.14262[S], -0.04699[P,], -0.45292[Po]}
-0.06460[24.Po]C4-C5 BCP  {0.31485[%o], -0.19825[Po], 1.25469[o]}  0.39561[Sq.So](+)S(-)
S-1,5-diamino-[4]cumuleneC1-C2 BCP {0.17738[Xs], -0.66454[Ps], -1.80066[Ps]} -0.31940[X5,Ps]C2-
C3 BCP {-0.01920[P5], -0.02399[P], -1.03702[Po]} 0.01991[Po,Po]C3-C4 BCP {-0.08852[P,],
-0.06836[Po], -1.01975[Po]}  0.09027[Pg,Po]C4-C5 BCP  {0.08485[%,], -0.17413[Ps], -
1.86474[Ps]} -0.15822[X4,Ps](+)S(+) S-1,5-diamino-[4Jcumulene C1-C2 BCP {0.86363[Xs], -
0.21694[P5], 6.74465[S]} 5.82488[S¢,5]C2-C3 BCP {-0.16848[P,], -0.23924[P], -7.77013[Po]}
1.30911[P5,Po]C3-C4 BCP {-0.18147[P,], -0.34965[P], -7.77102[Po] -1.41021[Ps,P5]C4-C5 BCP
{0.98399[X5], 0.98398[X,], 6.70333[X5]} 6.59601[X 4, X 6]

The linear stress tensor trajectories Ty(s ) plot for [4]cumulene reflects the presence pure axial motion, i.e.
only values of axiality |As| > 0 are present and are created by BCP sliding along the bond-path of the
BCP | is a consequence of the value of the bond-twist T, = 0.0, see the Supplementary Materials S5and
Table 3 . Significant values of the Cjeyjcity are evident from twisting of stress tensor trajectories T (s ) plots
for S-1,5- dimethyl-[4]cumulene, see Figure 3(a) . The very large values of the chirality-helicity function
Chelicity are evident from the large open spiral form of the stress tensor trajectories To(s ) plots for the
(-)S(-), (+)S(-) and (+)S(+) conformations of S-1,5-diamino-[4]cumulene, see Figure 4(a-c) respectively.
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(b)

Figure 3. The stress tensor trajectories To( s ) of the C1-C2 BCP , C2-C3 BCP , C3-C4 BCP and

C4-C5 BCP [4]cumulene and S-1,5- dimethyl-[4]cumulene are presented in each of sub-figures(a) and (b)
respectively. The end of each T5( s ) is denoted by a cube marker.
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(c)

Figure 4. The stress tensor trajectories T ( s ) of the C1-C2 BCP , C4-C5 BCP (left panel) and C2-C3 BCP
, C3-C4 BCP(right panel) of the (-)S(-), (+)S(-) and (4)S(+) conformations of S-1,5-diamino-[4]cumulene
are presented in each of sub-figures(a-c) respectively. The end of each T4 ( s ) is denoted by a cube marker.

5. Conclusions

In this investigation we visualized the bond-path framework set B{q ,q’,r } for geometric dihedral angles =
0.0°, 15.0°, 75.0° and 90.0° of [4]cumulene, S-1,5-dimethyl-[4]cumulene and the (-)S(-), (+)S(-) and (+)S(+)
conformations of S-1,5-diamino-[4]cumulene. There we saw a variation of the precession K for the cumulene
variants and dihedral angle , where K quantifies the wrapping of the {q ,q’ } path-packets around the bond-
path r and the {q ,q’ } path-packets are constructed from the directions of most preferred electronic motion.
The directional character of the chemical bonding is then extracted as the Qgigiqiry that is used to explain
the lack of twisting of the {q ,q’ } path-packets of [4]cumulene and S-1,5-dimethyl-[4]cumulene around the
bond-path r that occurs for the maximum possible value of Qyigigity (= 1.0) for = 0.0%. In addition, for
all the cumulene variants the Q,4giqity quantifies a strong trend towards polarization of the bonding between
the possession of deformation characteristics of weak and strong chemical bonds as the geometric dihedral
angle is increased to = 90.0°.

We have demonstrated that the presence of the chirality-helicity equivalence by observing and quantify-
ing helical shaped stress tensor trajectories To(s ) for the S-1,5-dimethyl-[4]cumulene, (-)S(-), (+)S(-) and
(+)S(+) conformations of S-1,5-diamino-[4]cumulene. We used the stress tensor trajectories To(s ) to de-
termine the bond-twist T, the axiality A, and the chirality-helicity function Cpegiciry - Very large values of
the chirality-helicity function Cpeiicity are evident from the helix form of the stress tensor trajectories T (s
), this finding is consistent with the helical orbitals discovered in earlier investigations into lactic acid and

alanine20.

The largest bond-twist T, values occur for the end-point C1-C2 BCP and C4-C5 BCP of the (-)S(-), (+)S(-)
and (+)S(+) conformations of S-1,5-diamino-[4]cumulene and corresponds to the presence of X chirality
andX, axiality. The chirality-helicity function Cpeyicity of S-1,5-dimethyl-[4]cumulene comprises a mix of
35 chirality andPs axiality and the low values of bond-twist T, but significant axiality A, results in the
morphology of the stress tensor trajectories To(s ) being weakly helical.

[4]Cumulene is the first molecular graph we have discovered that possesses an absence of bond-twist T and
a very large value of the axiality A, and consequently a negligible value of the chirality-helicity function
Cheticity - We do not therefore expect the presence of chiral and helical properties in cumulene[4] to be
discoverable by experiments such as those undertaken by Beaulieuet al. on neutral molecules'® due to the
insignificant degree of the chirality-helicity function Cpepcity - We do however expect, on the basis of the
very large values of the chirality-helicity function Cpeiicity , that the chiral and helical properties of the
(-)S(-), (+)S(-) and (+)S(+) conformations of S-1,5-diamino-[4]cumulene would be discoverable by optical
experiments.
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