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introduce a new effective method in this paper. Some properties of arc entropy are derived, and
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inverse uncertainty distributions, and several basic theorems are proposed. Moreover, two general
arc entropies are defined, and their properties are investigated. An application to uncertain learning
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1 Introduction

Entropy, as a standard tool to measure the uncertainty for a random variable in real life, was first
investigated by Shannon [13] in 1949. Hence, Shannon entropy was the inauguration of information
theory in the uncertainty field. Today, it is common to find Shannon entropy in several models. However,
in many cases, this entropy is almost nonexistent. In recent years, extensive research on entropy has
been conducted in many areas. Various entropies have been widely introduced and applied in probability
theory, fuzzy theory and other theories. Entropy is constantly being innovated and developed, and it
plays an active role in measuring the uncertainty of a variable in uncertain phenomena and systems. For
example, entropy in fuzzy theory, as a supplement measuring the information deficiency associated with
a fuzzy event, was presented by Zadeh [21] in 1968 for a random variable. Moreover, quadratic entropy
was presented by Vaida [11] to measure the degree of uncertain information for a random variable in
1968.

To deal with degrees of belief for uncertain problems of real-world information, an uncertainty theory
was proposed by Liu [6] in 2007 and perfected by Liu [7] with an uncertainty measure in 2009. Currently,

uncertainty theory has become a branch of mathematics concerned with the analysis of belief degrees,
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and it has been studied by many researchers. The core of uncertainty theory is an uncertainty measure
to deal with human uncertainty. Based on uncertainty measures, a definition of uncertain variables
was given by Liu [6] to describe uncertain phenomena or uncertain problems in 2007. The entropy was
proposed by Liu [7] in a logarithmic form to handle uncertainty information in 2009. Subsequently,
many researchers have proposed various entropies for uncertain variables. For example, Chen and Dai [1]
presented entropy for uncertain variable and gave some mathematical properties such as the maximum
entropy principle in 2011. Dai and Chen [15] proposed some formulas to compute entropy via inverse
uncertainty distributions and further proved some properties such as the positive linearity property in
2012. Chen et al.[3] introduced cross entropy used to measure the divergence of variables and proposed
the minimum cross entropy principle in 2012. Yao et al. [17] proposed the concept of the sine entropy
of uncertain variables and proved the maximum sine entropy with given expectation and variance in
2013. Tang and Gao [14] studied the triangular entropy of uncertain variables in 2013. Dai proposed
the concept of quadratic entropy and proved the value range of entropy in 2017. Gao et al. [5] gave a
new definition of cross entropy and further derived a formula for cross entropy via inverse uncertainty
distributions in 2018. Moreover, entropy has been applied to many uncertain phenomena and uncertain
problems. For instance, Zhang and Meng [22] proposed an expected-variance entropy model and gave
a numerical example in 2012. Ning et al. [12] proposed a triangular entropy model for an uncertain
portfolio market. Entropy has been proven to be an effective tool for dealing with uncertain data and
uncertain phenomena.

In this study, we propose arc entropy for uncertain variables as an effective tool for investigating its
main properties and its applications in many areas. The rest of this paper is organized as follows: The
next section is intended to briefly introduce some useful concepts of uncertain variables and the research
situation of various entropies. Section 3 first proposes the concept of arc entropy via an uncertainty
distribution and investigates its properties. A key formula is presented to calculate arc entropy via an
inverse distribution function, and several basic theorems are proposed in Section 4. Two general arc
entropies are introduced, and their mathematical properties are presented in Section 5. An application
to an uncertain learning curve is introduced, and a basic formula is obtained in Section 6. An application
to portfolio selection is proposed, and a portfolio selection model is established in Section 7. Finally, this

paper is concluded in Section 8.

2 Preliminaries

This section gives some basic definitions, preliminary concepts and essential theorems about the uncer-
tainty theory founded by Liu [6].

Let T be a nonempty set and £ be a o-algebra over I'. A set function M: £ — [0,1] is called an uncertainty
measure if and only if it satisfies the following four axioms:

Azioml : (Normality Axiom) M{T'} =1 for the universal set T}



Aziom?2 : (Self-Duality Axiom) M{A} +M{A¢} =1 for any A € L;

Axiom 3: (Subadditivity Axiom) For every countable event sequence {A;}, we have

M{GA} <3 MA

i=1
Aziomd : (Product Axiom) Let (T'x, Lx, M) be the uncertainty space for k = 1,2,--- ,n. The product

uncertainty measure M is defined as follows:

T8} = i

Definition 1. (Liu 2010 [8]) Let & be an uncertain variable with a regular uncertainty distribution ®(z),
denoted by & ~ (&, ®(x)). Then, the function ®~ () is called the inverse uncertainty distribution of £,
denoted by & ~ (£, @ 1(x)).

Example 1. A linear uncertain variable § ~ L(a,b) with an uncertainty distribution

0, ife<a
o(x)={ 279 fa<az<b
b—a

1, ife>b

has its inverse uncertainty distribution as follows:
o) = (1 —a)a+ ab.

Example 2. A zigzag variable £ ~ Z(a, b, c) with an uncertainty distribution

0, ifr<a
27 ifa<z<b
CI)(;L'): Q(b_a’)
Tre=2 iy cr<e
2(c—b) ’ -
1, ife>c

has its inverse distribution as follows:

a+2(b—a), if « <0.5
dHa) =
2b—c+2(c—b)a, if a>0.5.

Theorem 1. (Liu 2010 [9]) Based on the above definition, the expected value of the variable £ is

The variance of the variable £ is given as follows:

Vie = / (B (a) - Ele])do. (2)



We recall some concepts of entropy proposed by scholars for handling uncertain problems in recent

years.

Definition 2. (Liu 2009 [7] Let & ~ (£, ®(x)). Then, the entropy of £ is given by

+oo
HI¢) = / S(®(x))dz,

—0o0

Definition 3. (Dai [16]) Let & ~ (£, ®(x)). Then, the quadratic entropy of £ is defined by

400
Q[¢] =/ O(t)(1 — ®(t))dt.

— 00

Definition 4. (Chen 2011 [2]) Let & ~ (&, ®(x)). The cross entropy of & from n is introduced by

+oo
Dl n] = / TOM{E < 2}, M{y < 2})d.

— 00

Definition 5. (Dai and Chen 2012 [15]) Let & ~ (&€,®~1(x)). The entropy of & is express by

dx.

Hg) = /O o~ (a)ln a

Definition 6. (Tang and Gao 2013 [14]) Let £ ~ (£, ®(x)). The triangular entropy of £ is proposed by
+oo
T = [ K(@@)dr
Definition 7. (Yao 2013 [17]) Let £ ~ (§,®(x)). The sine entropy of £ is expressed by
+o0o
Sl¢] = / sin(ru(z))dz.

—00

Theorem 2. (Liu 2007 [6]) Let independent uncertain variables & ~ ®;(x). If f(x1,22, - -, Tn)

is a strictly increasing function with respect to xi,%a,- -+, Ty and strictly decreasing with respect to
Tt 1s Tmt2s s T, then & = f(&1,&, - -+, &) s an uncertain variable with inverse uncertainty distribu-
tion

T a) = (@7 (), @5 (), 20 (1= @), @11 (1 = ).
Definition 8. (Li 2019 [10]) Let the production cost be an uncertain variable denoted by
C=KA",

where the variable C is the cost of the A-th unit with A € N. The parameter K is assumed cost of the
first unit with a constant K € R . The uncertain parameter n € [—1,0] is a learning variable following

an uncertainty distribution ®(z).

Theorem 3. (Li 2019 [10]) Let the cost be defined as in Definition 8. Then, the expected value of the
cost 18

1
Bic) = [ KAYda.
0



3 Arc Entropy and Its Properties

This section first proposes the concept of arc entropy for uncertain variables with uncertainty distribu-
tions. Some properties of arc entropy are studied, and some practical examples of the arc entropy are

given.

Definition 9. Let & ~ (£, ®(x)). Then, its arc entropy is defined by

Alg] = /Oo arc(®(z))dz = / V1-— 24+ o(x) — 1dz.

— 00 —

Clearly, the function pu(t) = V1 —t2+t—1 (0 <t < 1) is the upper part of an arc curve and is a
V5
2

symmetric function. It is firstly increasing and then decreasing. Its unique maximum p(0.5) =

~1

0 0;5 1
Fig. 1. pu(t) =vV1 -2+t —1
Example 3. Let a variable & ~ (&, ¢(x)) as
0, ifr<ec
clx) =
1, ifz>c
From Definition 9, the arc entropy of & can be calculated as follows:
[g]:/c V1—02 40— 1dz + +°°m_1dx:o_
That is, a constant has no uncertainty.

Example 4. Let & ~ L(a,b). A[¢] can be given as

/\/1— a:—a x—a_ldx:—5arcsin§— (b—a).

b —a 4
Example 5. Let & ~ Z(a,b,c). A[¢] can be calculated as

/ m—ldx+/\/ i )2+2fb__2)—1dx

72b —2b Hoe
/\/ w“ ) + I gy [ V11241 lda

2(c—b)

5arcsn—72
= %(c—a).



Arc entropy is proposed via the arc function and provides a useful tool as a supplement to measure

the uncertainty in real world.
Theorem 4. Arc entropy of & ~ (§,®(x)) is A[€] > 0. A[¢] =0 if P(x) =0 or (z) =

Proof: Clearly, arc entropy is nonnegative. In fact, when the distribution ®(z) tends towards 0 or 1,

A[€] approaches the minimum value 0.

Theorem 5. (Principle of mazimum arc entropy ) Arc entropy of & ~ (&, ®(x)) on [a, b] is

Al < (X2 1)b-a)

and A[§) = (L2 — 1)(b— a) if B(z) = 0.5.

Proof: We know that the function u(t) = v1 —t2 4+t — 1 is an arc function opening downward. In fact,

V5

its maximum value 1(0.5) = 5 = 1. Then,

Theorem 6. (Translation Invariance) Let & ~ (&, ®(x)), and a real number k € R. Then, we have

Al¢ + K] = Al¢].
Proof: Denote £ ~ (&, ®(z)). Then, £+ k ~ (£ + k,®(x + k)). From the Definition 9, we have
“+oo
A+ k) = / arc(®(x + k))dx
+<>o 400

= \/1— (x+k)2+O(x+k)—1ldlz+Fk) = / arc(®(x))dz = A[€].

— 00

The theorem is verified.

4 A Key Formula and Its Theorems

Here, a formula for arc entropy is derived. Several basic theorems are investigated, and some practical

examples of arc entropy are given.

Theorem 7. Let & ~ (£, 27 1(x)). If the arc entropy A(®(x)) ewists, then

! 20— 1
Alf] = o a) —————da
R
1 -2«
Proof: Let =+/1—a?+ a— 1. Then, a derivable function of f(a) is f'(a) = ————.

P(x) 1
Since f(®(z)) = / f(a)da = — f'(a)da, it follows from Definition 9 that
0 P(x)

Al¢] = /O:OO dx—/ / dadm—/+oo @(I)f( a)dadz.



From the Fubini theorem, we have
»(0) “Ha)
/ / a)drdo — / / f(
2(0)
2(0)
=-—/’ 2~ (0)/ (a ﬁhda—l/ 7 (a)f'(a)da
0 &(0)

1
= 7/ o) f'(a)da
0

1
200 — 1
= o (a)—————da.
/0 ( )2\/1—a2+a

The theorem is thus verified.

Example 6. Let £ ~ (£, @ (z)) with @~ (a) = a. The arc entropy of & can be calculated as follows:

Ale] :/1(1)_1( ) 200 — 1 5arcs1n%—
0 2\/1—a2+a 4

Theorem 8. Let & ~ (£, 27 1(z)) and ¢ ~ (p, V~1(x)), respectively. Then,
Alag + bp] = |al A[¢] + [b] Ag]
fora,be R.

Proof: This theorem will be proved via certain assumptions as follows:
First, we prove A[a&] = |a|A[€].
If @ > 0, then af ~ (a&, T~ 1(a)) = (a&,a® 1 (a)).

Following Theorem 7, we have

20 — 1 1 200 —
- = o 1 (a do = |a|A
Alag] = / 0) 5 o= [ a <>2Tf@:fa lal Al£].

If @ < 0, then af ~ (a&, T~ (a)) = (a&,a® (1 — a)). Following Theorem 7, we have

Y P TNE ot S AP TNE d SR

If a = 0, then Ala] = 0 = |a|A[£]. Then, we have A[a&] = |alA[E].

Second, we prove that A[¢ + ¢] = A[¢] + Alg].

Following Theorem 2, £ + ¢ ~ (£ + ¢, T71(a)) = (£ + ¢, ) + T 1(a)).
It follows from Theorem 7 that

A+l = [ (@7 @)+ 87 (0) s da = 4l + Al

Finally, for a,b € R, by the above proof, we have

Alag + by] = [a|A[¢] + [b]Alg].

The proof is thus completed.



Theorem 9. Follow Theorem 2, The arc entropy of £ = f(&1,&2,- -+, &) is

1 B - . B 20 — 1
Al = [ F@T @) 80,8k (1= ). 871 (1 = ) e

Proof: Follow Theorem 2 and Theorem 7, we have

N T L
A[¢] —/O T (a)mda
/1f(‘1"1<a> B (a), 8k (1= 0y B (1— )T g
o T T W -atta

The theorem is verified.

Corollary 1. If f(z1, 2, -+, xy,) is a strictly increasing function, then
Al = A6, 66l = [ 07 @), 0 @) 2o
1,82y ySn 0 1 ) y £ 2m .

Example 7. Let £ ~ (£, () = € ~ (&, (1 — a)a + ab) be a strictly increasing function. It follows
from Theorem 7 and Corollary 1 that the arc entropy of £ is

! 2a0 —1
_ ~1
Al¢] 7/0 o (a)2 1—a2+ada

! 20 — 1
= 1—a)a+ ab) ———————=dao
/0 (( ) >2\/1—a2+a

_ Darcsin ‘ég -2 b

= #( —a).
Corollary 2. If f(x1, 2, -, x,) is a strictly decreasing function, then

! 200 — 1
A=A y€a,0 0 &n :/ 71 —a), -, 0 (1 — @) ———da.

Example 8. Let £ ~ (£, 1(x)) and ¢ ~ (p, ¥V~1(x)), respectively. The variables & and 1 are strictly

decreasing, respectively. Then,

Al§ +n] = /0 (@ '1—a)+T7H1 - oz))N%da.

The arc entropy of &n is

200 — 1

Alén) = /0 Ol —a)T (1 - a)mda

The arc entropy of £/n is

g [fetl-a) 201
AL)} _/0 T-1(1-a) 2mda
5 Two General Arc Entropies

This section introduces two generalized definitions of arc entropy, and then, their properties are investi-

gated. Furthermore, some practical examples of the two general arc entropies are given.



Definition 10. Let & ~ (£, ®(x)). Then, one type of general arc entropy is defined by

AL[€] = /OO arc(®(x))dx = /jo Va2 — ®(z)?2 + &(z) — adz,

where a > 0 is an uncertain parameter.

Definition 11. Let & ~ (£, ®(x)). Then, the other type of general arc entropy is defined by

As[€] = k/oo arc(®(x))dx = k/jo Va2 — o(z)2 + ®(z) — adz,

— 00

where k > 0 and a > 0 are uncertain parameters.

It is clear that h(t,a,k) = k(vVa—t>+t—a) (0<t¢ <1,a >0,k > 0) is the upper part of an arc
curve and opens down. Note that its unique maximum h(0.5,a, k) = k(v/a + 0.25 — a).

u(t, k, a)

Fig. 2. p(t,k,a) =k(vVa? —t2+t—a)

Corollary 3. Let & ~ (&,®71(z)). Based on Theorem 7 and Definitions 10 and Definitions 11, the two

general arc entropies are given as

1 20— 1
_ —1
Al[s]f/() B! ()5

1 o —
Az[a:k/O @ 0) g

0T
Va2 —a? +a

respectively.
To compute entropy more conveniently, we need to simplify the formula of the general arc entropy.
Namely, if uncertain parameters k and a are given, then the general arc entropy becomes a formula for arc

entropy. Then, various entropies can be calculated by using Definition 10, Definition 11, and Corollary

3. For example, let k = 4 and a = 2; the general arc entropy is

Alg] = 4/00 arc(®(z))dx = 4/700 V22 — ®(2)2 + (z) — 2da.

— 00

Example 9. Let £ ~ (£, @7 1(z)) with @ (a) = (1 — a)a + ab. Following the above formula, the arc

entropy 1s
1
200 — 1
Ag]::4/'¢*%ay4411444—da
0 222 —a?2 4+«

= (17 arcsin \{—17 —4)(b—a).



Example 10. Let £ ~ (&, ®(x)) with & ~ Z(a,b,c). Then, the arc entropy of € is

_ 9 T—a \2 T — 9 :I:+c—2b :v+c—2b_
4/ \/2 2(b_a)) +2(b 2dm+4/ \/2 ) )+ 2 1) 2dx

T
= (17 arcsin T 4)(c — a).

We know that the arc function is a very important function, such as a circle function, elliptic function
or hyperbolic function. It is closely related to the arc curve, arc function, arc differential and differential
integral, which are widely applied in the information field. To address more complicated uncertainty
questions, two general arc entropies are proposed via the definition of arc entropy. A new method is

developed to handle uncertainty in real life.

6 Applications to Uncertain Learning Curves

The learning curve is a mathematical tool used to estimate either the production cost or time by estab-
lishing a mathematical model. The learning parameter plays an important role in the learning curve.
However, it is a constant. To measure the uncertainty of the learning curve environment, we treat the
learning parameter as an uncertain variable. This section presents a new mathematical form of the arc

entropy of uncertain learning curve variables.

Theorem 10. Let £ be an uncertain production cost event and n be an uncertain learning curve variable

with n ~ ®~1(a). Then, the arc entropy of the uncertain learning curve variables is defined by

200 — 1 1 200 — 1
=K _ T da=K [ ¢®@_2 T g,
/ f@ 2\/170z2+04 / 2vV1— a2+«

where the uncertain production cost event € = KC" is the uncertain cost of the C-th unit with respect to
n, with C > 1. The parameter K is assumed cost of the first unit with a constant K € RT. The uncertain

parameter n € [—1,0] is a learning variable with n ~ ®~1(a).

Proof: Denote that £ = KC" is a strictly increasing function of the uncertain learning curve variable 7.

The uncertain variable n ~ ®~!(a). Following Theorem 1, Corollary 1 and Corollary 3, then,

K/ i@ 21 Kflcq)_l(a) 2a -1
o = ————d«
2\/1—042—1—04 0 2V1 —a? +

The theorem is verified.
Example 11. Let an uncertain learning curve variable n ~ L(a,b) = L(—0.6,—0.1). Then,
d ) = —0.6(1 —a) — 0.1a = 0.5 — 0.6.

Therefore, following Theorem 10, then the arc entropy is

K/ (0-52—0.6 20 —1 da.
Vi—a?2+a

Without loss of generality, for simplicity, we let K =20 and C = 2; then, A[¢] =~ 0.43.

10



Example 12. Let an uncertain learning curve variable n ~ Z(a,b,c) = Z(—0.9, 0.4, —0.1). Then,

a—0.9, ifa<05b
dHa) =
0.6a — 0.7, ifa>0.5.

Therefore, it follows from Theorem 10 that the arc entropy is
0.5 1
200 — 1 200 — 1
- K Caf().Q dO{+K CO.Gaf()] do
/0 2vV1 — a2+« 0.5 2vV1 —a? +«
For simplicity, let K = 20 and C = 2; then, A[§] ~ 0.64.

Theorem 11. Let £ be an uncertain production cost event and an uncertain learning curve variable
n~ ®1(a). Then, the general arc entropy of the uncertain learning curve variables is defined by
K/f 201 da—K/ cv o2l
>+a 2Va?—a’+a
where a, K and C are parameters. Let £ = KC" be an uncertain production cost event for the uncertain
learning curve variable n. C is the uncertain cost of the C-th unit with respect to n, with C > 1. The
parameter K is assumed cost of the first unit with a constant K € RY, and a is a constant of reflection

for the uncertain learning curve, with a > 0.

The mathematical formulas of arc entropy for uncertain learning curve variables are obtained. They
are a useful tool to study the uncertainty of uncertain learning curve variables with inverse uncertainty
distributions. Therefore, we can use mathematical formulas to analyse an uncertain learning curve or

measure an uncertainty problem in the machine-scheduling field in the future.

7 Applications to Portfolio Selection

Portfolio selection has always been a popular and difficult problem in many theoretical studies. Yu [19]
introduced a stock model of portfolio areas in 2012. At almost the same time, Yu [20] proposed the
expected payoff for uncertain markets in 2012. The above research is based on a class of stocks. Suppose
there are n stocks for investors to choose from in a financial market.

To clearly describe the portfolio selection problem with a mathematical model, let us first introduce the

11



following notation:

1 securities 1 = 1,2, - n

& return rate of security i

k; investment proportions of stock i

a predetermined level of investment risk
b predetermined level of arc entropy

E expected value

v variance

1,89, &n port folio selection

ki,ka,- - ky investment proportions of stock n

Every investor wants the maximal investment return with minimum risk. The expected value criterion
is the most effective method for modelling in an uncertain environment. By maximizing the final wealth

in the sense of expected value, an uncertain portfolio selection model can be introduced as follows:

subject to :

V[klfl + k2§ R kngn] S a

A[klfl + k2§ +--+ kngn] >b

it kot oty =1
ki 2077;:1727"'7,”7

To effectively solve the introduced model, we should ensure that the smaller the variance is, the higher
the entropy; then, E[k1&1 + ko2& + - -+ + k€] is the maximum. Hence, we will discuss the corresponding
equivalents of the model. Following from Theorem 1, Theorem 7 and Theorem 8, these equivalents of the

model may be expressed as:

n 1
. -1
maz ;kl/o O (a)do

subject to :
1,7 ) " . i
/0 (;m@i—l(a)) da(;ki/o ‘I’fl(a)da) <a

n 1
2 — 1
E:k{/ (o) da>b
= 0 1+ (2a — 1)2
kb koot =1
ki >0,i=1,2,--n,

Let n = 4; then, there are four stocks selected by the investor in the financial market. For example,

let the investment returns be & = (1,3) with @7 1(a) = 1 + 2a, & = (2,4) with &7 (a) = 2 + 2q,

12



& = (3,4) with @7 (a) =3+ a and & = (1,2,3) with ®7}(a) = 1+ 2a. Let a = 2 and b = 1; then, this

model can be formulated as follows:

max 2]€1 + 3]€2 + 35k3 + 2k4

subject to :

1
(k1 (14 2a0) + k2 (2 4 200) + k3 (3 + a) + ka(1 + 2a)) (2ky + 3ka + 3.5ks + 2k4) do < 2

0
/<J1/ (1+2a)(20¢—1)da+k2/ (24 2a)(2a d —l—k/ 3+ a)( 2a—1)da
0 JIt(2a—1)2 0 1+(2a—1 VIt Q2a—1)2

(142a)(2a—1)
+ky fo %d a>1

ko 4+ ko + ks +ky =1
ki >0,i=1,2,3,4.

We further simplify this as

max 2]€1 + 3k2 + 35k3 + 2k4

subject to :

1
/ (k1 (14 20) + ka(2 4 20) + ks(3+ ) + ka(1 + 20)) *da — (21 + ko + 3.5k3 + 2k4)” < 2
0
0.5 2
4t

k14 ko + 0.5k3 + k —dt > 1
(k1 + ko 3+ ka) IR E

ki +ko+ks+ks=1
k12> 0,ks > 0,k3 > 0,kq > 0.

Then, the best portfolio selection is given as k = (0.0901, 0.9327,0.0000,0.0908). The maximum expected
value is E[klgl + kobo + k3&s + ]{7464} = 3.1600.
Now, a stock model of portfolios for every investor is proposed. Naturally, it can be extended and used

for many kinds of portfolio selection.

8 Conclusion

In this paper, we studied the arc entropy of uncertain variables and its applications to uncertain portfolio
selection and uncertain learning curves. We first proposed the concept of the arc entropy of uncertain
variables via uncertainty distributions, and a formula for arc entropy was derived via inverse uncertainty
distributions. It was found that for both the distributions and the inverse distributions, the entropy
is the same, but this also makes the formula more scientific. We proposed a theorem of arc entropy
for uncertain learning curve variables with an inverse uncertainty distribution, and its application was
investigated. We also focused on arc entropy applications to portfolio selection. A portfolio selection
model was established, and the mathematical method for using it was given. Importantly, two general
arc entropies for uncertain learning curve variables were presented. Their applications are potential

directions for future research.

13
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