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Abstract

A theorem on the maximum regularity of solutions of the nonlinear Sturm-Liouville equation with greatly growing and rapidly
oscillating potential in the space $L_2(R)\,(R=(-\infty,\infty))$ is proved in this paper. Two-sided estimates of the Kolmogorov
widths of the sets associated with solutions of the nonlinear Sturm-Liouville equation are also obtained. As is known, the

obtained estimates given the opportunity to choose approximation apparatus that guarantees the maximum possible error.
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INTRODUCTION

Summary

A theorem on the maximum regularity of solutions of the nonlinear Sturm-
Liouville equation with greatly growing and rapidly oscillating potential in the
space L,(R) (R = (—o0,00)) is proved in this paper. Two-sided estimates of the
Kolmogorov widths of the sets associated with solutions of the nonlinear Sturm-
Liouville equation are also obtained. As is known, the obtained estimates given the
opportunity to choose approximation apparatus that guarantees the maximum possi-

ble error.
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In this paper we study the nonlinear Sturm-Liouville equation

Ly=-y"+4q(x,y)y = f(x) € L,(R), R=(-c0,0).

The existence and the smoothness of nonlinear elliptic equations solutions in a bounded domain have been studied quite well.

A very comprehensive bibliography is contained, for example, in [1-6] and the works cited there.
However, nonlinear equations in an unbounded domain with greatly increasing and rapidly oscillating coefficients arise in
applications. For example, the nonlinear Sturm-Liouville equation, which is especially interesting for quantum mechanics.

Here we are interested in the question:

A) to find out the conditions on the potential function q (x, y) which provide y” € L, (R), when y(x) is a solution of the

nonlinear equation Ly = f € L, (R).

We note that the linear case is well studied and reviews are available in [7-12].
It is known that eigenvalues 4, (n = 1, 2, ...) of the self-adjoint positive completely continuous operator A in the Hilbert space
H are numbered according to their decreasing magnitude and observing their multiplicities have the following approximative

properties

a) 4, = Ilznln IlA — K|, where [, is the set of all finite-dimensional operators with dimension no greater than »;
€ n

b) 4, — 0, when n — oo, wherein the faster convergence to zero, the operator A better approximated by finite rank operators.
It will be natural to explore a similar issues for a nonlinear Sturm-Liouville operator, i.e. to study the question
B) Is it possible for a given non-linear operator to specify a numerical sequence that characterizes properties a)-b)?
This paper is devoted to the study of the issues A) and B) for the nonlinear Sturm-Liouville equation.

This work was supported by grant AP08856687 of the Ministry of Education and Science of the Republic of Kazakhstan.
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1 | FORMULATION OF THE MAIN RESULTS. EXAMPLE

We will make some notation and definitions for the statement of results.

The set of integrable functions with respect to the square of the module in each strictly internal subdomain Q C R is denoted
by L; 1o (R).

The set of functions from L, ;,. (R) having generalized first-order derivatives (from L, ;,. (R)) will be denoted by W/ 2 1oe (B)-
We denote the subset of I/I/Zl,loc (R) by I/V2 (R), which elements together with the first generalized derivatives belong to L, (R).
By VV22,10c (R) we denote the set of all functions u € L, . (R) which with their generalized derivatives up to and including the
second order belong to L, ;,. (R).

II - I, is the norm of an element in L, (R), || - ||, ; is the norm of an element in I/V2l (R), |l - l2,46¢ is the norm of an element in
L2,loc (R)
Consider the nonlinear Sturm-Liouville equation
Ly==y"+q(x,»)y=f(x) € L(R), R=(-00,00). ¢))

Suppose that g (x, y) satisfies the conditions:

i)g(x,y)isa continuous mapping R X C in [§, ), 6 > 0, C is a set of complex numbers;

ii) sup  sup alxe)

e ) < u(A) < oo, where A is a finite value, u (A) is a continuous function from A.
Ix=nI<1 |e,—c,|<a T2

Definition 1.1. The function y € L,(R) is called a solution of the equation (T)) if there exist a sequence { yn}:i
such that {yn} C VI/Zzloc (R, ||y, — y||L2JM -0 ||Ly, - f||LW —0asn— .

1
R AQ

Definition 1.2. Following [13-15], we say that the solution y(x) € L, (R) of the equation (I)) called the maximal regular in
Ly(R)if q(x,y)y € L, (R), y" € L, (R).

Theorem 1.1. Let the conditions i) — ii) be fulfilled. Then there is the most regular solution to the equation (I).

The condition ii), imposed in Theorem and in [16], limits the potential oscillations. This condition is removed in the
following theorem. In order to formulate the theorem, we introduce the following condition:

lI( 1)

i) sup | supI GGy < O (x,¢,) is a special averaging of the function g (x,¢;) [11], i.e.
YeR [e—c,
x+%
=inf|d™!
0 (x,¢,) inf d'+ / q(t.c,)dt|,
d
X732

where A is a finite value.
Theorem 1.2. Let the conditions i) — i) be fulfilled. Then there exist the maximal regular solution to the equation (T)).

Example 1.1. Let ¢ (x, y) = e sin el + el?!, Then it is not difficult to verify that all conditions of Theorem are satisfied
for the equation
Ly=—y"+ (e sin* e +el) y = £ (x).

Therefore, there exists a solution y (x) for the equation such that y” (x) € L, (R).

This shows that Theorem[I.2] holds for a very wide class of nonlinear equations, including equations with potentials that are
rapidly oscillating at infinity.

Now, consider the question B), i.e. finding such sequences of numbers that have approximative properties of the type a)-b).
To do this, we study the behavior of the Kolmogorov k-widths of the set

2
M = {u EW) (R : |-V +qx. |, < T} .
By definition [17], the Kolmogorov k-width of the set M is called the quantity
d, (M,Lz) d, = {mf sup inf |[u —v]l,,

} ueM VEC,

where ¢ is a subspace of dimension k.
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Note that the Kolmogorov widths of a compact set have the following properties: 1)dy >d, >d, > ... >2d, > ...,2)d, = 0
as k — oo.
2 . . 00 .
By L3 (R, q(x,0)) we denote the space obtained by completing C® (R) with respect to the norm

o 1/2
|y 3R gx 00, = /(|y”|2+q(x,0>|y|2)dx

Theorem 1.3. Let the conditions i)-ii) be fulfilled. Then any bounded set is compact in L% (R, q (x,0)) if and only if
|llim q(x,0) = co. ()
We introduce the following counting function N (1) = Y, 457 1 of those widths d, greater than A > 0.

Theorem 1.4. Let the conditions i)-ii) be fulfilled. Then the estimates
¢ 'A 2 mes (x ER:q(x0< c_ll_l) <
<N A mes (x €ER:q(x0< c/l_l) ,
hold, where ¢ > 0 is a constant depending, generally speaking, on 7.
Example 1.2. Let us take g (x) = |x| 4 |y| 4 1. Then, by virtue of Theorem|1.4} the estimate ¢=' 473/ < N (4) < ¢A~*/? holds

for the distribution function of the widths of the set M = {y e I/V21 (R): |[-y"+q(x,y) yllz <l1 }, where ¢ > 0 is a constant.

Since N (A) is a monotone function then we have d; ~ k=1,2,3,...

<
k2/3°

2 | ON THE EXISTENCE OF SOLUTIONS OF THE NONLINEAR STURM-LIOUVILLE
EQUATION

In this section we prove a lemma on the existence of solutions.

Lemma 2.1. Let the condition /) be fulfilled. Then there exists a solution of the equation (I) in the space VVzl (R) for any
f €L,(R).

To prove this lemma we need some auxiliary assertions.
Consider the following problem
L,y==Y'"0)+qx,0)y=1"x, 2)
y(=n)=y([n) =0, (3)
where y, is the characteristic function of the segment [—n,n], n = 1,2, ..., v(x) € C[—n, n], C[—n, n] is a space of continuous

functions.

Lemma 2.2. Let the condition i) be fulfilled and let v € C[—n, n]. Then there exists a unique solution of the problem @)-(3)
for any f - y, € L, (—n, n) such that

19w e < o 1711 4)
IVllcrnm < cllflly- ®)
where ¢, > 0 and ¢ > 0 are constant numbers.
Proof. Assume ¢ (x) = q (x, v). Then the problem (2)-(3) takes the form
L,y==Y'"X)+qx)y=/f" 1. (6)

y(=n)=y(n) =0. (7
From the general theory of boundary value problems [7] it follows that the problem (6)-(7) has a unique solution VV22 (—n,n)
such that

191w cnm < €0 O | Zull, < co G IIf112- ®)
It is known that I/I/2' (—n, n) is completely continuously embedded in the space C [—n, n]. Therefore, the following estimate

”)’”c[_n,n] <¢ ”y”Wzl(—n,n) > ©
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holds, where ¢, > 0 is the constant of the embedding theorem.
So the problem (6)-(7) has a unique solution

o =Ly (F2) - (10)
where L;lv is the inverse operator of the operator L, , corresponding to the problem (6)-(7). And
-1 <
(2 o S (1)
where ¢ = ¢; - ¢, (6). O

Lemma 2.3. Let the condition i) be fulfilled. Then the operator L;L maps the ball 5 into itself, where § = {v € C[-n,n] :
ol cponn < A} is a ball in the space C [—n, n] and A is an arbitrary positive number.

Proof. 1f the radius A of the ball 5 is equal to the right side of the inequality (3, i.e. A = ¢ || f|l,, then Lemma[2.2]implies that
the operator L;lu maps the set § into itself. Lemmais proved.
LetK = {yw eCl-nnl:y,, =L (fx,) .vES fEL, (R)} is the image of the ball § under the mapping L.!. [

Lemma 2.4. Let the condition i) be fulfilled. Then the set K is compact in the space C [—n, n].

Proof. Lemma[2.2]implies that the inequality
1¥nllw iy < €0 141
holds for any function y, , (x) from K, where ¢, > 0 is a constant.
This and the embedding theorem imply that the set K is compact in C[—n, n]. Lemma[2.4]is proved. O

Lemma 2.5. Let the condition i) be fulfilled. Then the operator L;lv is continuous.

Proof. Let f (x) € L, (R) and let the sequence {vk}:;l converge to the element v (x) of the ball 5 in the norm of the space
C [—n,n] and
Ly Yoo, =F X)X 12)
Ly Yo =1 ) X 13)
From the equality (I2)-(I3)) we find that
— (Vney, = Vo) +a(500) (Vg = V) + (0 (x.0) =4 (x.0)) 3, = .
Hence
Ly, Vo, = Yno) = (a6 0) = q (%, 04) ) e (14)

It is easy to verify that the coefficients of the operator L, satisfy the conditions of Lemma @ therefore there exist an
inverse operator L;IU and the equality
Uk

yn,yk - yn,l_) = L’_lj)k (q(x5 U) - q (x7 Uk)) yn,u

holds.
From this and the inequalities [@)-(@) and (9)-(TT) we obtain that
Ynoe = Ynol| oo = | L;Lk (e, 0) = q (%, 04)) Vo Clona] <
-1
< | L"~Uk C[—n,n] ' || (q (x,0)—4q (x, Uk)) Inw C[-n,n] <
<c- sup |qg(x,v)—¢q (x, Uk)‘ ) ||yn,u||L2(-n,n)‘
XE[—n,n]

From this and from the inequality @) we have

Yo, = Yno| < sup |g(x,v)—gq (x, Uk)| Ay I fll, =
[=n.n] X€E[—n,n] (15)
=cp- sup q(x,v)—q(x,vk)’ VAP
X€[—n,n]

where ¢; = ¢ - ¢.
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Since || = 0|\ ¢y = O for k — oo then we obtain from (I3) that
lim - <c,- lim su x,0)—q(x,v | -0
k—o0 yn,Uk yn’U C[-nn] — 0 k—o0 XE[—EJI] q( ) 1 ( k) ”f”2
The last relation shows that the operator L;:} is continuous. Lemmais proved. O
Uk

Now, consider the following nonlinear problem
Ly, ==y, +a(xy)v.= 11, (16)
Yu (=) =y, (n) = 0. an
Lemma 2.6. Let the condition i) be fulfilled. Then there exist a solution of the problem (I6)-(I7) for any f € L, (R) such that
”yn”c[_,,,n] + ”yn”I/Vzl(_n,n) <c-|fll, (18)

where ¢ > 0 is a constant.

Proof. The function y, , = L;L ( S/ )(n) belongs to the domain D (Ln) of the operator L, for each function v € C[—n,n]
corresponding to the problem (16)-(T7). Therefore, the existence of a solution to problem (T6)-(T7) is equivalent to the existence
of a fixed point of the operator L;lv in the space C[—n, n], i.e., to the existence of a function y, € C[—n, n] such that y, =
L.\ f-x, Thusy, €D (L,),since L,} (fx,) € D (L,) for any v (x) from C[—n, n].

To find a fixed point, it remains to show that the operator L;L maps the convex set into itself and it is completely continuous.
The proof of this assertion follows from Lemmas [2.2}{2.5] Lemma[2.6]is proved. O

Proof of Lemma 2.1} Each y, is continued by zero outside [—#, n] and the continuation is denoted by j,. As you know, we get
the elements I/V21 (R) with such a continuation and (I8) implies that their norm is bounded

||)~}n||Wz‘(R) <c- ”f||L2(R) . (19)

Therefore, from the sequence { )7,,} one can select a subsequence y, such that

¥, — y weakly in W, (R), (20)
y,,k — y strongly in Ly o 21

and the estimate
||y”I/V21(R) <c-fll, (22)

holds. The last estimate follows from (T9) and (20).
Let [—a, ] is an arbitrary fixed segment in R, where a > 0 is any number. Then there exists a number N for any € > 0 such
that

HLy,,k—f by = 0 for my = 0o (23)
H(—aa
forn > N [~a,a] C supp J, and by virtue of (16).
(2T) and 23) imply that y (x) is a solution to the equation (I)). Lemma [2.1]is proved. O

3 | ON SMOOTHNESS OF SOLUTIONS

Proof of Theorem[I 1} Let |x — 5| < 1, then by Lemma 2.1 and from the inequality we have
@ =yl =| [y | < yF=i-clsl <clf.

n
Now supposing y(x) =c¢, y() =c, A =c]| f|l, we obtain that

q(x,y(x) _ sup a(xa) < u(A) < 0.

sup <
eonl<t 401y () ™ fxoni<t |e,—c,|<4 q (1 ¢;)
Hence, according to Theorem 3 in [11] y”, ¢ (x,y) y belongs to L, (R). Theoremis proved. O
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Proof of Theorem[I.2] By Lemma 2.1, there exist a solution y (x) for the equation (I)) such that y (x) € VV21 (R). Consequently,
by the Sobolev embedding theorem y (x) € C (R). The norm in the space C (R) is defined by the formula

lyllccry = sup |y (x)] .
XER
Then, according to the condition i) g (x, y (x)) € C;,. (R). Further, the inequality

Y=y < e;—c <A

holds, where y (x) = ¢;, y(1) = ¢,.
Hence, we have:

A%V (x, y (x)) < sup sup —q (x, cl) <sup sup —q (x,cl)
xeR Q2 (X, ¥ (X)) 7 xeR |c,|<4 Q% (X.¢1) ~ x€R|e,—c|<a O (X, ;)

From the last inequality according to the condition i) we find that

q(x,y (x)) q(x.c;)
2 <sup sup ———— < oo.
xer 0% (x,y(x))  xer ley—es] <4 Q2 (x,¢,)

It follows that all the conditions of Theorem 4 of [11] are fulfilled. Consequently, g (x,y) y (x),y" € L, (R). Theorem is
proved. O

4 | TWO-SIDED ESTIMATES OF THE APPROXIMATION NUMBERS OF SOLUTIONS OF
THE NONLINEAR STURM-LIOUVILLE EQUATION

As is known for a compact set, especially, when it contains solutions of a differential equation, the problem of the asymptotics of
their widths is meaningful. The Kolmogorov widths estimation of the set M can be used to determine for the equation Ly = f
the convergence rate of approximate solutions to the exact one.

In order to prove Theorem [I.3] first we prove several lemmas.

Lemma 4.1. Let the conditions i) — ii) be fulfilled. Then there exist a number K (7°) such that

MCMCM,
where M = {y € Ly (R) ¢ =" I3+ e 0)yIB < KD} M = {y € Ly (R 1 =" I3+ la(rp)ylB <3}
Proof. Let y € M. Then, using the triangle inequality, we get

T
=" +a .yl <2 (Il—y”||§ + g (x, y)yllﬁ) <2-5<T.

It follows that y € M, i.e. M C M.
Let y € M. Then, by virtue of Lemma and the estimate (22)) and the embedding theorem W21 (R) in the space C (R) we
have
Iyllcry < € ||—y" +4q(x,y) J’“z,
where c is independent of y (x) g (x,¥).
It follows that

sup ||y (0)llcry < ¢ T2 (24)
yeEM
On the other hand, using the estimate (22)), we have
Y@ -yl <c|-y"+qCyy|<c- T (25)

for any y € M, where ¢ > 0 is a constant independent of y (x).
Now, supposing y (x) = ¢;, y () = ¢,, A =c-T"/*from we obtain that |¢; — ¢,| < A.
Let y, (x) € M and suppose g, (x) = g (x, Yo (x)). Denote by L the closure in the norm of L, (R) of the operator defined on
Cy° (R) by the equality ,
Loy ==y" (x) + g9 (x) y.
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It is easy to verify that the operator L is self-adjoint, positive definite and y, (x) € D (L), wherein the estimate

=551, < 1) |0+ (x.30) ¥, 26)

holds. The estimate (26) follows from Theorem [I.]
This shows that the inequality

I="|l, < n(AT'2. @7)
holds for all y € M.
From the inequality we have
lg G, Myl ==y +qCeny+ Y|, < YL+ |-V +aGny, <
<u(A)-TV+T'? <2u4)-T'/? (28)

for any y € M. Here we take into account that the condition ii) implies that u (4) > 1.
From the inequalities and (28) we find

=" |15+ lla (e, ») VI3 < WP (A) - T+ 4p* (A) - T < K (T) (29)
for any y € M, where K (T) = 5u* (A) - T. The estimate (29) proves Lemma O]
Lemma 4.2. Let the conditions i) — ii) be fulfilled. Then M - ]5, where
= 2
B={ueL,®: |-I5+la 0k <K (D},
Proof. By the embedding theorems, we have
112 2 12
Wl < ¢ (II="[5 +lla e l?) < - K(T) (30)

for any y(x) € M , where ¢ > 0 is the constant of the embedding theorem.
Hence, using the computations and arguments used in the proof of (29), we obtain that

yx) =c, y=c, |, —c| <A A=2c K (T). 31)

Hence, using the conditions of ii) for all y (x) € M , we have

p' (A)g(x,0) < q(x,y(x) < pu(A)q(x,0), (32)
where A =2¢ - K'/2(T), u(A) = u(2¢K'*(T)).
From (32) we have
=515+ la e 0 31 < [|=5"[F + 4 () llg G ) 917 < 2 ) (|| =" +
+llg (D ¥I2) < 2 (A)- K(T) < Ky (1), Ky (T) = 2 (26K %) - K (1)
for any y(x) € M. This implies M C B. [

Lemma 4.3. Let the conditions i) — ii) be fulfilled. Then B C M, where
B={ueLy®: -3 +latx 0k < Ky}
K, (T) is a positive number depending on 7', such that K, (T) < g
Proof. Letu € B. Then, using the embedding theorem, we have
IVllcwy <c¢- K (T) <c- % (33)

¢ > 0 is the constant of the embedding theorem from VV22 (R) to C (R).
Now, using the condition ii), we obtain from (33) that for all u € B

(e 2) a0 <ty <u (e 3) a0 (34)
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Hence, we find

T
=513+ g ey < =3[+ 4 (e 5 ) - la (. 0051 <
T T
< (e 5) (1= + a0y ) < 2 (- 3 ) Ko @)

for any y € B.

o1~

If we assume K, (T) = then the inequality [|-"[|3 + llq (x, y)y||22 < g holds for all y € B. Therefore B C M.

o

)

Lemma.3]is proved. O
Lemma 4.4. Let the conditions i) — ii) be fulfilled. Then the estimates
cld, <d, <cd, k=1,2,..
hold, where ¢ > 0 depends only on T, Jk, d, k are the Kolmogorov widths of the sets M and B, respectively, where B =
{ye LL® : 1=y + a0y < 1}
Lemma@]is proved in the same way as Lemma 4.3 in [18].
Lemma 4.5. Let the conditions i) — ii) be fulfilled. Then the estimates
N(@AH)<N@A) LN (')

hold, where N (1) = ), 4,2 1 1s the counting function of those d, greater than 4 > 0, NMA=Y a2 1 1s the counting function
of those d, « greater than A > 0, ¢ > 0 is a constant.

The proof of Lemma[4.3]follows from Lemmaf.4]

Proof of Theorem([I.3] Repeating the computations and arguments used in the proof of Theorems 1.2-1.3 from [18] we obtain

the proof of Theorem|[I.3| O
Proof of Theorem Using Lemmas[#.4}4.5]and the proofs of Theorems 1.1-1.4 from [18] and the results from [19], we obtain
the proof of Theorem [I.4] O
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