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1 Introduction

In this paper, we are concerned with the following initial boundary value problem

w — A — M(IVulE)Apu = [ul" uloglul,  (5,8) € 2 x (0,7),
u(z,t) =0, (x,t) € 02 x (0,7), (1.1)
u(z,0) = up(z), x €,

where 2 C R"(n > 1) is a bounded domain with smooth boundary, Apu = div(|Vu[P~2u), M(s) =
a+bs with a > 0 and b > 0, up(z) € W&’p(Q) with ug(z) # 0. The parameters p and ¢ satisfy
1<2p—1<q<p*—1, where p* = n"—_’;? is the Sobolev conjugate of p.

Problem (1.1) belongs to the mixed type of the pseudo-parabolic equation [34] and the Kirchhoff
equation [22]. The diffusion coefficient M (-) can express the dependence on the global information
in the environment instead of the information at a local location. Another nonlocal mechanism
comes from the nonlocal operator B = (I —A)~!, which leads the equation of (1.1) to an equivalent
form

ug — BM([|Vu|[P)Apu = Blu|7 tulog |ul.
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The logarithmic nonlinearity appears naturally in the inflationary cosmology and the modern su-
per symmetric field theories [13, 27]. It also appears in the theory of continuous-state branching
processes [14, 15], Gravity-mediated super symmetric fracture model [20, 39]. Equations like (1.1)
have had a high profile in the study of many mathematical and physical phenomena such as popu-
lation dynamics, nonlinear elasticity, non-stationary fluid, image recovery, see [1, 6, 7, 35] and the
references therein.

With the successive development of remarkable methods, such as the convex method [23, 24],
the potential well method [30, 32], especially the functional analysis framework [28] introduced
by Lions, more and more excellent works have been done for the problems related to (1.1). Take
the parabolic equation with power like source for example, Han et al. [18] studied the parabolic
Kirchhoff u; — M(||Vul|3)Au = |u|9" u, and gave the global existence and uniqueness, finite time
blow-up and asymptotic behavior of solutions with subcritical, critical and supercritical initial
energy. The upper and lower bounds of the blow-up time of the solutions were supplemented
in [17]. [25] considered the parabolic p-Kirchhoff equation u; — M(|Vu|h)Apu = |u|9" u and
described the impact of the p-Laplacian. Xu et al. [37] investigated the pseudo-parabolic equation
u—Aug—Au = uP, and proved the invariance of some sets, global existence, blow-up and asymptotic
behavior of solutions with different initial energies. Some other works studied the pseudo-parabolic
or thin film equation with non-local power like nonlinearity [4, 5, 31].

Due to its important physical applications and interesting mathematical properties, the loga-
rithmic nonlinearities are attacting more and more attention from researchers. Chen et al. [8, 9]
studied the semilinear heat and pseudo-parabolic equation u; — kAu; — Au = ulogu, k =0,1. Us-
ing the potential well family and the logarithmic Sobolev inequality, they obtained the existence,
blow-up at infinity and isolate vacuum of the solution. Their works indicate that while taking
blow-up profile in hand, the logarithmic nonlinearity is more close to the one with linear source.
Ji et al. [21] found that the logarithmic nonlinearity behaves similar to power like source when
considering the existence of periodic solutions, while for the instability of periodic solutions, the
effect of the logarithmic nonlinearity is neither like the linear source nor the power like source. On
the basis of the above works, [3, 11, 10, 19, 29] discussed extensively the mixed pseudo-parabolic
p-Laplacian equation u; — Aus — Apu = |u[P~?ulog u. Recently, [12, 16, 33, 36] attempted to ponder
the properties of the solutions for parabolic Kirchhoff equation with logarithmic nonlinearity.

Based on the potential well theory, this paper is devoted to discuss the global existence and
finite time blow-up for the solutions of (1.1), when the initial energy is subcritical, critical and
supercritical. Moreover, we also obtain the decay rate of the global solution and the life span of
the finite time blow-up solution. From our proof procedure, we find some impact of the logarithmic
nonlinearity. First, the logarithmic nonlinearity may lead to a positive limit of the potential well
depth d(d) when § — 0, which is different from the zero limit for the power like nonlinearity
case [5]. Due to this difference, some discussion need to be separated for 0 < J(ug) < do and
do < J(up) < d, respectively, see the lemmas in Section 2 and Remark 1. Secondly, here we can
not use the LP logarithmic Sobolev inequality. Using this inequality can control the logarithmic
nonlinearity |u|?"ulog |u| by HVquE, which can not be further controlled by [|Vu||,. Hence, we
use the property of Log function, which brings the norm of u in L1+¢(Q). The condition ¢ + 1



being strictly less than p* is to guarantee the feasibility of the imbedding from WP to Latl+e,
Moreover, if comparing the life span in this work and in [5] for the pseudo-parabolic Kirchhoff
equation with power like nonlinearity, one can find that the time to in Theorem 5 (ii) is smaller
than that in Theorem 1.6 [5], which suggests that the logarithmic nonlinearity do contribute to
blowing-up, see Remark 3.

The rest of this paper is arranged as follows. Section 2 states some useful lemmas. Sections 3
and 4 deal with the global existence and the finite blow-up of the solutions of (1.1) in the case of
J(uo) < d and J(ug) > d, respectively.

2 Preliminary

Definition 2.1 A function u(x,t) is said to be a weak solution to (1.1) on Q x [0,T), if u(x,0) =
up(x) € Wol’p(Q), u € L>®(0,T; Wol’p(Q)) with uy € L?(0,T; HY () and satisfies

(ue, ¢) + (Vue, Vo) + M([Vullp) (IVulP~?Vu, Vi) = (Jul" ulog |ul, ),
for any ¢ € Wol’p(Q).

According to the potential well theory [26, 32, 37|, the potential energy functional is

a b 1 1 1
Ju:Vup+Vu2p—/uq+1lo uldr + ——— ||ul| 2, 2.1
() = Sl + o IVl — o [ i oghulde + s T (@)
and the Nehari functional is
I(u) = a||Vu||§+bHVu||12)p—/ ]u|qul log |u|dx. (2.2)
Q

(2.1) and (2.2) imply that

1 a a b b 1
J(w) = — 1) + ( - ) IVl + ( - ) Il + Wt (23)

Cg+1 p q+1 2p q+1 (g+1)?
d
7w = —Jluel3 = | Vuell3, (2.4)
1d
I(u) = —§£(HUH§ + IVull3). (2.5)

For any § > 0, the modified Nehari functional can be defined as
Is(u) = 8(al|Vullh + bl Vul7P) - / Jul®* log [uldz.
Q

Then we can define the Nehari manifold and the potential wells

N ={u e WyP(Q) : I(u) = 0,||Vul|, # 0},
W= {ueWyP(Q): J(u) < d,I(u) > 0} J{0},



V ={ueWyP(Q): J(u) <d,I(u) <0},

s = {u € Wo(Q) : Is(w) = 0, | Vull, # 0},

Wi = {u € Wy(Q) : J(u) < d(6), Is(w) > 0} ({0},

Vs = {u e WyP(Q) : J(u) < d(6), Is(u) < 0},
where d(¢) is the depth of the potential well and

d=d(1) =inf{J(u) :u e A}, d(0) = inf{J(u) : u € A5}. (2.6)
Lemmas 2.1, 2.4 and 2.5 are similar to the lemmas in [3, 5, 9], so we omit their proofs.

Lemma 2.1 Assume A >0 and u € Wol’p(Q) with ||Vu|, # 0, then there hold
(1) )1\13(1) J(Au) =0, )\Erfoo J(Au) = —o0.

(ii) There exits an unique A* > 0 such that %J(AU”A:A* = 0, namely \*u € A". Furthermore,
%J(Au)\,\z,\* > 0 on (0,\%), %J(Au)h:A* < 0 on (A*,00), namely J(Au) takes the mazimum at
A=A\

Lemma 2.2 Foru € Wol’p(Q) with ||Vullp, # 0, 7e(5) = (Sf}fﬁie)m, where 0 < e < p* —q—1,
S is the embedding coefficient of the Sobolev inequality ||u||g+1+e < S||Vulp, we have

(i) If 0 < ||[Vullp < 7e(6), then Is(u) > 0.

(ii) If Is(u) < 0, then [|[Vu|lp, > re(9).

(iii) If Is(u) = 0, then ||[Vull, =0 or || Vul|, > r(0).

Proof (i) Using the property of the logarithmic function and the Sobolev embedding inequality,
we can get

[l g ulds < o [ puftteds < st
0 €€ JO ee
which with 0 < ||[Vu||, < rc(d) indicate that
1
/Q |u| log |u|dx < g5q+1+er6(5)q+1+e_p||Vu\|§ = ad||Vull) < ad||Vul[) + b5\|Vu||§p.

This means Is(u) > 0.
(ii) can be directly derived from (i).
(iii) If ||Vul[, = 0, then I5(u) = 0. If Is(u) = 0 and ||Vu||, # 0, then

1
ad||Vullb < / w7 log [u|dx < —Sq+1+€HVuHZ‘§+1+€,
Q ee
namely ||Vul, > rc(d). O

Lemma 2.3 d(0) in (2.6) satisfies
() d(6) = (&= 2 re() + (% — ) re(®), lim_d(5) = —ox.
(ii) d(d) is monotonically increased on 0 < & < 1, monotonically decreased on § > 1 and the

mazimum is obtained at & = 1. Moreover, there exists a unique 6 > 1 such that d(§) = 0, and
d(6) >0 for1 <6 < 6.



Proof (i) We can rewrite J(u) as

1 gt1

1 a ad b bo
= I - — P - 2p , _ — )
I = )+ (4= ) IVal+ (5 - B ) IVl + ol

When u € A5, then Is(u) = 0 and Lemma 2.2 indicates that ||Vul|, > rc(d). Thus

a ad b bo
J(u) > (- — (0) + | == — ——= | re(9).
) (p q+1>r() (229 q+1>r()
From the definition of d(J), we can get

02 (3= a0 (5-5%)

AeF=p [ (|u|‘1'*'1 log |/\u|)d:1:

and A needs to satisfy

For any 6 > 0, if Au € A5, then 6 = R
q+1] d
A > exp {—fQ [u ogu x} (2.7)
+1
Hu”q—&-l
When (2.7) holds, from a directly computation, we can derive that
- +1
ds _ AP lul|g A7 Jo lul" log(Aul)dz((g + 1 — p)a]| Vullp + (¢ = p)NP|| Vul;")
A\ a||Vull; + bAP|| V" P (al|Vullf + bAP ([ Vul|5)?
>0,

which means A and ¢ have a one to one correspondence and further a positive correlation. Then

q+11 d
lim A(d) = exp —fQ i (J)rgl [ulde , lim A(0) = +o0.
§—0+ HquJrl d——+o0

Thus from the definition of d(J) and Lemma 2.1, we can get

lim d(§) < lim J(Au) = lim J(Au) = —o0,

d—+o0 §—+oo A——+o0
‘H—ll d

lim d(6) < lim J(\u) = J | exp _Jalul ogl\U| Amy

5—0+ §—0+ ||UHZI1

(i) Assume 0 < 0/ < ¢§" < lorl < ¢ < ¢. If ue€ A, namely A(6”) = 1, then 6"

Jo [u|9T log |u|da

and u must satisfy
al[Vul[p+bl| V5"

/ lu|?* log |u|dz > 0. (2.8)
Q

Set v = A(8')u, then from the one to one correspondence of A and 6, v € A5. Let h(\) = J(A(d)u)

with A(0)u € A5, then

L o).

>|

W (A) = X~ ta||Vullh + NP | Vul[2P — / M|u|T og | Au|dx =
Q

!



1
—da s luld qli%'“'d‘””} <A <

llull g1

A(8”) =1 and there exist §* € (¢’,0”) and \* = \(0*) € (A(¢),1), such that A\*u € A5« and

If 0 < ¢’ < ¢” <1, since \(0) increases as ¢ increases, then exp

() — J(0) = h(1) — hO(E) = =20

)\*
1— A& Ev Il T
= A() [a(1 = &) A" Vulf + b(1 — 6%)|| A Vu| 7]

I(\u)

> 0.

Therefore, for any u € A5, there exists v € A such that J(u) > J(v), which leads to d(8"”) > d(¢').
The case for 1 < " < ¢’ is similarly and the latter part of (ii) follows from (i). O
Now, we can define

do = Jim d(9) (2.9)

where dy > 0 from Lemma 2.3.

Lemma 2.4 For u € Wol’p(Q), when dy < J(u) < d, then the sign of I5(u) doesn’t change for
01 < 9§ < g, where 01 < 1 < d9 are the two roots of d(§) = J(u); when J(u) < dy, then the sign of
Is(u) doesn’t change for § < 02, where d2 > 1 is the root of d(6) = J(u).

Lemma 2.5 Assume ug € Wol’p and u is a weak solution of (1.1).

(1) If dy < J(up) < d, then d(6) = J(up) has two roots 61 < 1 < da. If I(ug) > 0, then u € W,
0 <0<, 0<t<T. If I(ug) <0, thenu € V5, 61 < 6 < o, 0 <t < T.

(i3) If J(ug) < do, then d(8) = J(ug) has a unique root &3 € (1,8), where § is from Lemma 2.5. If
I(up) >0, thenu € Wy, 6 < 3, 0 <t <T. If I(ug) <0, thenu € V5, 6 < 3, 0 <t <T.

(iii) If J(uo) = d and I(ug) > 0, then W is an invariant set. If J(ug) = d and I(ug) < 0, then V

s an tnvariant set.

Remark 1 For the power like nonlinearity [5], the limit of d(§) as § — 0 is zero. However, the
logarithmic nonlinearity may lead to a positive limit of d(6) when § — 0. Such difference results in
considering 0 < J(ug) < dop and dy < J(up) < d separately.

In this section, we deal with the global existence and the blowing-up of the weak solution to
(1.1) under the condition J(up) < d.

Theorem 1 Let ug € Wol’p(Q) with J(ug) < d and I(ug) > 0, or with J(ug) = d and I(up) > 0.
Then (1.1) admits a global weak solution u. In addition, when n = 1,2, the global solution is

unique; when n > 3, the global bounded solution is unique.



Proof To star with, we prove the global existence of solutions by the Galerkin method. The
approximate solution u™(z,t) of (1.1) can be constructed by

uM(zt) =Y o (W)g(x),  of'(t) = (uT¢;), m=12 ..,

—

j
(", d5) + (Vi*, Vy) + M([Va™ D) (IVu™[P2Vu™, V) = (Ju™ | u™ log [u™], ¢;),  (3.1)

u"(x,0) = > ai"(0)¢j(r) = uog(z) in Wol’p(Q), (3.2)

M

I
=

J

with {¢;(z)}52, be the orthogonal base in W, P(Q).

In what follows, we consider the two cases respectively. For Case 1. J(ug) < d and I(ug) > 0,
according to (2.3) and 2p < ¢ + 1, we have J(ug) > 0. By the convergence (3.2), there have
J(u™(x,0)) — J(up) < d and I(u™(x,0)) — I(up) > 0. Hence for sufficiently large m, there is
u™(x,0) € W, which with Lemma 2.5 indicates u™(x,t) € W. Further there holds

d> J(u™(z,0)) =J(u"(z,t)) +/0 (P[5 + Vi (13)dr
alqg+1—p)

t
> u™ |2 + | Vu™||2)dr + V™ ||P
/D<H 2+ [V |3)dr P | 15
b(qg+1—2p) 2 1 +1
haS N A vy myq Yt > 0.

Thus .
/0 (13 + IVu3)dr < d,  lu™ %) < d(g+1)%,

dp(q+1)
a(g+1—p)

where C' is a constant independent on ¢. For the logarithmic nonlinearity, using the Sobolev

Vu™5 < MV RV P Ve e < C

inequality and inf{z%logz,z € (0,1)} = —e—lq with ¢ > 0, we have

gtetl gtetl gtetl
[[u™|?log [u™[|"aF< dx = [[u"™|?log [u™||"a¥< dx + |(Ju™ |7 log [u™[)| o+ da
Q {Jum|<1} {Jum[>1}

gte+1 gte+1

1 a+e 1 ate migtet1
<(2) 7 e ()T e

1 q+~€k+l Sq+€ q+i+1 d ( 4 1) gtetl
qTe€ qTe P

S() -Mﬂ+< ) .(pQ> V>0,
eq ee a(g+1—0p)

where 0 < € < p* — ¢ — 1. According to the above boundedness estimations, there exist u €
L*>(0, o0; WO1 (Q)) and a subsequence of {u™}%°_; (still represented by {u™}%°_,), such that

u;n — uy in LQ(O,OO,Hé(Q)),
u™ 5y in L0, oo; Wol’p(Q)),



u™ — u strongly in C(0,T; L*(Q)),
* +e+41
[ ™ - log [u™| = [u]?u - log [ul in L*(0, 00; L+ (2)),
* _b
M[Tum B Vam P2 - Tum € in L2(0, 00; L1 (2).

Similar to the process of [3, 25], we can prove & = M (||Vul[})|Vu[P~2Vu. Then for fixed j, sending
m — 400 in (3.1), u is a global weak solution satisfies Definition 2.1.

For Case 2. J(up) = d and I(ug) >0, we set A; = 1—1, s =1,2, ... and consider (1.1) with the
initial data u(x,0) = Asup(z). According to I(ug) > 0 and Lemma 2.1, there exists an unique \* > 1
such that I(A*ug) = 0. Notice that Ay < 1 < A*, then I(Asugp) > 0, J(Asup) < J(up) = d. Due
to Case 1. and Lemma 2.5, for any s, there exists a global weak solution u* € L*(0, oo; Wol’p(Q)),
such that u® € W and

t
4> (o) =1 + [ (sl + [ VuslBhar
0

! (g+1—p)
> ul |2 + Vs |B)dr + DL P gy
/O(II Iz + [[Vuzll3) pg 1) V(7
b(g+1—2p)

1
2p(q +1) (g+1)2

Similar to the estimations and limitations of Case 1., (1.1) has a global weak solution u with
I(u) >0 and J(u) < d.
The last step is devoted to the uniqueness. Assume (1.1) has two global weak solution u and

1
IV |77 + (I35, V> 0.

v. Setting w = u — v and using the Young inequality, we can get

1d

1d [
<> el Py _ p P _ P
<32 dx+2dt/NVw|dx+ (M(IVulP) = M([Z0IP) ([Val” — [ Zo?)

g/ (q 10w + (1 — 0)v]7 " log |0u + (1 — O)v| + [fu + (1 — 0)0]T2 - (Gu + (1 — 0)1})) wldsr,
Q
where 6 € (0,1) and w(z,0) = 0. When n = 1,2, we can get the boundedness of u from the

estimation of |[Vull, and the imbedding inequality. Therefore, like the proof in [5, 3], by the
Gronwall inequality and the boundedness of u and v, we can obtain the uniqueness. O

Theorem 2 Let ug € Wol’p(Q), u is the global solution obtained in Theorem 1.
(i) If J(ug) < d and I(up) > 0, then u decays to zero and
1
lull + Va3 < [(luoll3 + [Vuoli3)' ™7 + Ct] 1,

where C is a positive constant.
(i) If J(up) = d and I(ug) > 0, then u decays to zero and
1

Jul+ 17l < [(utto)l3 + IV utt)3)' +C(¢ = 10)] 7

where tg > 0 and C' is a positive constant.



Proof (i) From Lemma 2.5, if dy < J(up) < d and I(ug) > 0, then u(x,t) € W5, §1 < 0 < 02,
where §; < 1 < §3 are two roots of d(6) = J(ug); if J(up) < dp and I(up) > 0, then J(up) > 0 and
u(x,t) € Wi, 0 < § < 8y, where dy > 1 are the root of d(§) = J(ug). So we can choose §; < 6 < 1
such that

= (3 + IVul3) = =I5(u) + a(d = D[ Vull} + (6 = 1) Vull3P.
Using the Holder inequality and the Poincaré inequality, we can obtain
= = 2 2
5 (a3 + 1Val3) < b6 = DI[Vullp? < C0 = )([lully” + [[Vully?),

where C' is a constant. Noticing the inequality K,(a? 4+ bP) > (a + b)P with non-negative a,b and
positive constant K, then

1d -
5 g7 Il + IVull3) < 0 = 1) ([lull3 + [Vull3)"”, (3.3)

1

which implies ||ul|2 + | Vul2 < [(||u0\|g + I Vuol2) P+ C(1 =) (p - 1)4 " with C depending
on k and p.

(ii) From Lemma 2.5, if J(ug) = d and I(ug) > 0, then J(u) < d and I(u) > 0. So we can take
any tg > 0 as the initial time, and repeat the steps of (i) to get

1

el + I7ll3 < |lutto)ll3 + IVu(to)5) " + C(1L = 8)(p ~ 1)t —to)]| "
0

Remark 2 If the initial data satisfies J(ug) = d and I(ug) = 0, then the global solution u obtained
in Theorem 1 satisfies J(u) = d and I(u) = 0, which means ||ul|3 + |[Vu|3 = |Juol3 + [|[Vuol3,
namely the global solution does not decay. In fact, such initial data do exist, it is the ground state
solution of (1.1).

Theorem 3 There exists a function u*(x) € A such that J(u*) = inﬁ/ J(u) =d. Further, u*(x)
ue.

18 the ground state solution of

_ p — |qyla—1
{AMW%MW fu* Muloglul,  x €@, 3.4

u(z) =0, x € 09,

namely u* € ®\ {0} and J(u*) = grl\f{o} J(u), where
ue

& = {ueW,P(Q):J (u) =0 in W (Q)}
= {u € Wy(Q) : (J'(u), ) = 0,Yp € WyP(Q)}.



Proof In the first place, there exists a minimizing sequence {u;}7°, € .4 such that

b(g+1—2p)

a(g+1—p) » 9 1 4
L AT v P q .
IVl + =5y 1Vl + el

d= lim .J(u) k;%:o{ g D)

The boundedness of ||uk||W1,p(Q) from the above equality induces that there exist a subsequence of
0
{ur}72, (still denoted by {uy}3,) and u*(z) € Wol’p(Q), such that

up, — u* weakly in Wy*(Q) as k — oo,
up, — u* strongly in LITHE(Q) as k — 00, ¢+ 1+ € < p*.

Next we prove that u* € 4" and J(u*) = d. On the one hand, the weakly lower semi-continuity

of || - [ly1» implies that
0
al| Vu*||P + bHVu*H}QDp < lim inf (al| Vug||) + b||Vuk||127p) = lim / lug |9 log |uy|dz. (3.5)
k—o0 k—oo J

On the other hand, there exists w = Qug + (1 — #)u* with 6 € (0,1) such that

/ gl 7 log x| dr — / [+ log [u|da
Q [9]

- / (g + D]l log [w] + [w]?~ w) (g — u*)da
Q
<(]+ 1

il g+1 g
o €] Huk‘*U*Hq+1+"EE*H&WZ+§+6”Uk‘*U*Hq+1+e**HWHZ+1HUk‘*U*Hq+1

—0, ask — oo,

which with (3.5) imply that
*|(|p *|2p *|g+1 *
al[Vu*||F + bl Vu™|; S/Q\u |77 log |u*|dx.

So we only need to exclude the case of al|Vu*||} + b|| V|2 < Jo [u*|?T 1 log |u*|da. If it is true,
then by Lemma 2.1, there exists an unique 0 < A* < 1 such that M*u* € 4 and J(A\*u*) > d.
However,

alg+1—p)

b(g +1—2p) 2 +1
TN u) < ur e+ 2T TPy
.. .alg+1—p) b(g + 1 — 2p) 2 +1
<liminf ———||Vug||? + ———=||Vug||2P + ug||?
S d7

which is a contradiction. Thus v* € A4 and

V| + b Va2 = lim al Van|; + bl Vg |27

10



Note the uniform convexity of I/VO1 P(Q) and the weak convergence of uy in T/VO1 P(Q), we can get
uy, — u* strongly in Wy ?(Q) [2]. Then

1
qg+1

+1 .
iy = Jim J(ug) = d,

a b 1
J * = ||V *p+—V *12p / *q+110 d +
(u”) pll (19 2pll ull, Qlu | g uldx CESE

which implies J(u*) = ianV J(u) =d.
ue
At last, we prove that u* is the ground state solution of (3.4). Since u* € 4, we have

(J'(u*),u*y = I(u*) = 0. According to the Lagrange multiplier method, there exists a constant
u € R such that

J' (") = pl' (u”) =0,
which implies p(I'(u*),u*) = (J'(u*),u*) = 0. For any ¢ € Wol’p(Q), we can deduce that

d

I/ * :71 *

(I'(u*), ) = (u* +T9) -
=ap (|[Vu* [P~ - Vu*, Vo) + 20p||[Vu* || (|Vu*[P~2 - Vu*, Vo)

—(¢g+1) (\u*|q_1 -u* log |u*\,w) — (]u*|q_1 . u*,w) )

Choosing ¢ = u* in the above equality leads to

(I (u"), u™) = apl|Vu|[} + 20p]| Va3 — (g + 1) /Q |1 log [u*|da — [lu* |3}y,
which together with I(u*) = 0 points that
(I'(w*),u) = a(p — g = V|| Vu[[p +b(2p — g = DI VU7 = [[u*[|Z3; < 0.

Consequently p = 0 and J'(u*) = 0, which mean «* € ® \ {0}. From ® \ {0} C .4 and J(u* = d),
we get

which means that v*(z) is the ground state solution of (3.4). O

Theorem 4 Let uy € Wol’p(Q) with J(up) < d and I(ug) < 0. Then the weak solution of (1.1)
blows up in finite time, namely there exists T > 0, such that

t
lim / (lul3 + [Vul2)dr = +oc.
t—=T- Jo

Proof We give the proof by contradiction. Assume u is a global solution of (1.1). Let

t
H(t)—/o(HUH§+HVuH§)dT+(T*—t)(HuOH%ﬂLHVuoH%), t€[0,17],

11



where T* is a sufficiently large time. Then H(t) > 0 with ¢ € [0,7™] and

2

(H'(1))? = (2 [ (o + <wﬂw>>dr) < 4H(t) [ [ i + uwn%)dT] L @30
H"(t) = 2(ut, u) + 2(Vug, Vu) = =21 (u), (3.7)

which lead to H”(t)H (t) — S5 (H'(t))? > H(t) [—21(@ —2g+ 1) ! url3 + ||vu7\|§d7] If there
exist some o1 > 0 such that

t
~20(0) = 20q+ 1) | Jurl + |V i > o, (3.5)
0
1—q 7l g'l(l—q) 1—gq # . . . .
then [H 2 (1)]" < *=5—*[H 2 (t)]+ T, which can result in the finite time blow-up of u.
In what follows, we prove such o indeed exists. When J(ug) < 0, then (2.3) and (2.4) lead to
J(u) <0 and I(u) < 0. Therefore from Lemma 2.2, we can derive ||Vu|, > rc(1) and

t
9I(u) — 2g + 1) /0 (sl + | Vur |2)dr

2a(g+1—p)

1-2
= —2(q+1)J (up) + bla+1-=2p)
p p

b( 2
VullP Vul?P + 2 q+1
H u”p H qu q 1||u”q+1

>0

with o1 = w&o(l). When 0 < J(up) < d and I(up) < 0, then Lemma 2.5 implies that, either
do < J(up) < dor 0 < J(up) < do, I5(u) <0 and ||[Vul, > r¢(8) > 0 with > 1 being the larger
roots of J(ug) = d(§). Thus from (3.7), we find that

H"(t) = 2a(5 — 1)||Vul2 + 2b(5 — 1)||Vul|2P — 2I3(u) > 2a(5 — 1)r?(9),
which with (3.6) guarantees
ull3 + | Vul3 > H'(t) > 2a(5 — 1)rP()t.

Thus there exists Ty > 0 and o1 > 0 such that (3.8) is established for ¢ > T,. When J(ug) = d
and I(up) < 0, Lemma 2.5 shows that there exists tg > 0 such that I(u(t)) < 0, 0 < t < to.
Then (3.7) leads to H”(t) > 0 and ||w]|3 + k|| Vul|3 # 0 for 0 < t < to. Therefore J(u(ty)) =
d— ng(HuTH2 + k|| Vu, ||2)dr = di < d. We can choose tq as the initial time and complete the proof
according to the case J(up) < d and I(up) < 0. O

Theorem 5 Let ug € Wol’p(Q) with J(ug) < d and I(up) < 0. Then we have the following life
span estimation of the blow-up solution in Theorem 4.

. uo |3+ Vuol|2
(i) If J(up) <0, then T < %.

s Ao |3+-4] Vo 13
If0 < J(up) < d, then T < _ 34| Vuo 3 to, where t
(W) 70 < Juo) < dy then T o SO oo o B Wt Ty 107 T o
: : 2a(q+1— b(g+1-2 2 +1
satisfies 2(q + 1)J (ug) < i (sz 2| Tu(t) | + M2 () 7 + ;—1||u(t)ugﬂ).
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Remark 3 We omit the proof for Theorem 5. It can be proved analogue to Theorem 1.6 [5].
Compared to the life span in [5] for the pseudo-parabolic Kirchhoff equation with power like nonlin-
earity, the time to in Theorem 5 (ii) is smaller than that in Theorem 1.6 [5], which suggests that
the logarithmic nonlinearity do contribute to blowing-up.

4 J(U0)>d

In this section, we investigate the conditions that ensure the global existence or finite time blowing-
up of solution to (1.1). Inspired by the ideas in [18, 25, 37, 38|, we need to introduce some new
notations. For a positive constant o > d, we let

={ueW,P(Q):J(u) <o} and N°=NNJ.

It is easy to find that

a a b b
— (we W@ 1) = o, VIl (55 = o ) VWl g < o).
Then we define
ho = imb{ul3 + [ VulR - u e A7), Ao = sup{ull + |Vl : € A7),

which have been discussed in the following theorems.

( - _ 2
aee _ bee _ (T=0)(q+1+e)
Batite AP Wﬁgp oartee ;. p—0(g+1+¢€) >0,
_ . 2
Theorem 6 )\, > B‘ifli 7p—0(a+1+e) 5 bfir Z2-0(q+1+e) | 1TV g1+ <0,
q € q €
L . )
aee . bee _ (I=0)(g+1+e)
Ba+ite REEIETE W”Qp Hartre , p<O(g+1+e) <2p
and i

=29
Ay <2|Q] 7 R7,

. 1/p 1/2p
where 0 < € < p*—q—1, 0 satisfies 9(%—%+%) = %—qéﬁ, % = min { ((ﬁgf;r_l;)) , <%> },

K 1s the unique positive solution of f(y) = d with

b(q +1- 2]9) 2p CL((] +1- p) D S?Jrl q+1

fy)=———"-79 y ¥, yeR 4.1
W)= opar 1) plg+1) (¢ +1)° 4
Proof We first give the upper bound and lower bound of |[Vu||,. On the one hand, from (2.6), we
have

d= inf J
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.. [a(g+1—p b(g+1—2p)
— inf [()\wnp M gul

wet | plg+1) 2p(q +1)
a(g+1-p) b(g+1—2p) 2 St +1
< in Vul/? P+ V|2
Jnf p@+1)H | 2mq+1)” | G+ V” 13

= inf
it F(IVul,),

where 57 is the embedding coefficient of the Sobolev inequality |ul/g+1 < S1||Vullp, f(+) is given in
(4.1). Since f(-) is strictly increasing on [0, +00) and f(0) = 0, there exists an unique s such that
f(k) =d. Then for any u € .4, there is

IVull, > & > 0. (4.2)

On the other hand, if u € 477, there holds

2p

o pdq+1)>”p< ma@+1>>”

Vul, < £ =min{ [ ———— | . 4.3

Vel < {Q@+Lm) ba+1—2p) 43)

In what follows, we derive the lower bound of A, and the upper bound of A,. By the Gagliardo—
Nirenberg inequality [2], we get

1-6 /]
lullgite < Bllulls ™ Vul?,

where 3 is a positive constant and (3 — % + %) = % — —1__ Then it follows from the above

q+1+e
inequality that for any u € #/ and 0 < e <p*—qg—1

1 14 1 1-6)(g+1+ 0
al| Vullp + 0|Vl < [ Jul™ log uldz < —|[ul| 1T < — Iy i) gy Ol 1+e)
Q €e €e

which says
1 _
a|| Vul[=0@HF9) 4 p|| | 220140 < = gatirepy (0@t (4.4)

For the lower bound of A\,, we divide into three cases to discuss.
Case 1: p—6(¢+ 1+ ¢€) > 0, then using (4.2) and (4.4), we have

Ao = inf 2+ | V3
o ugwﬂWM+H1Mﬂ
> inf 2 4| Vul|)?
_ulélj{Huuz‘FH UHQ}

bee
Bq-‘rl—i-e

| V

2
)} (I-0)(g+1+e)

mf [ ac |Vulp-tletire 4

2p—0(g+1+
it IVl

[ ace  polgtite) | D€ apo(giive)

2
A=0)(g+1+e)
Batlte Batlite ’

Case 2: 2p — 0(q¢+ 1+ ¢€) < 0, then using (4.3) and (4.4), we have

Ay = inf 5 5
wnd, {3 + [IVull3}
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[ ACC  ep—0(a+1+e) 4 bee  cop—o(grite

2
)| TS
Batlte Batlte :

Case 3: p < 0(¢+1+¢€) <2p, then using (4.2), (4.3) and (4.4), we have

Ao = inf 5 5
ot {lely + Vel

aee Rpfe(q+l+6)_‘_b€761‘£2p79(q+l+e
— | patite Ba+1+e

2
)} a=0)(a+1+e)
For the upper bound of A,, using the Hélder inequality and (4.3), we have
Ao = sup {||ull3 + [[Vull3}
ueN
p=2 2
< sup 2|Q[ » ||Vull;
UEN 5

—2
<210 &2

Theorem 7 Assume ug € Wol’p(Q) with J(ug) > d.

(i) If I(uo) > 0, fluoll3 + IVuoll3 < Ajqug)s then u exists globally and decays to zero as t — oo.

(i) If I(uo) < 0, lluoll3 + [[Vuoll3 > A (), then u blows up in finite time.

Proof Let u be a solution of (1.1), and T'(up) be the maximal existence time of w.

(i) First, we assert that if I(ug) > 0 and [[uo||3 + k|| Vuol|3 < Aj(u,), then
I(u(t) >0, 0<t<T(ug).
Otherwise there exists ¢y € (0,7 (ug)) such that
I(u(t)) >0, 0<t<ty and I(u(tg)) =0.
On the one hand, it can be seen from (2.5) and (4.6) that
d 2 2
a(HuHQ +[[Vul3) <0, 0<t<tp.

Then we have
[u(to)l3 + Vulto)ll3 < lulto)lls + [[Vuto)ll3 < Asuo)-

(4.7)

On the other hand, the non-increasing property of J(u) in (2.4) indicates that J(u(to)) < J(up),
which with the definition of J7 leads to u(ty) € J/(®0). Thus u(ty) € N7(). According to the

definition of Aj(,,), we can get
[u(to) 13 + [IVu(to) I3 = Xjup),

which contradicts (4.7). Hence (4.5) is correct.
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Next we can verify that T'(up) = +o00. Using (2.3), (2.4) and (4.5), there holds

1 e a b b )

= =1 - 4 _ 2p q+1

Tuo) 2 () = g 1)+ (= IVl + (o = DIVul? + sl
et p E — L 2p 1 q+1
> = IVl + (g = IVl + g el

which means ||Vu||, and ||u|q=1 are bounded and further T'(ug) = +oo.

At last, we prove that v — 0 as t — oo. Define the w — limit set of ug by w(ug) =
N {u(,s) : s > t}. Then for any w € w(ug), we have
>0

loll3 + IV ll3 < lluoll + [ Vuoll3 < Asqugys  J(w) < J(uo).

So that w(up) NN = 0. Since I(u) > 0, then from (2.4), we obtain

a__a P i _ b 2p 1 atl
s> (4= ) Ivulg+ (5 - ) IVl + ol o

which with the non-increasing property of J(u) tells us that

lim J(u(t)) = ¢,

t—o00

where ¢ is a constant. Taking any w € w(ug) as the initial data, then the solution w,(t) has
J(uy,(t)) = ¢ for all t > 0. Using (2.4) again, we achieve u,(t) = w. which with (2.5) means
I(w) = 0. It’s a contradiction. Then w(up) = 0, namely v — 0 as t — oo.

(ii) If I(uo) < O, [luoll3 + [Vuoll3s > Aj(uy), then similar to (i), we can get I(u(t)) < 0,
u(t) € J7o) for 0 <t < T(ug). If T(up) = oo, then for any w € w(ug), we conclude that

]l + IV@l13 > Asgug)s I (@) < T (uo)-
Then w(up) NN = 0. Similar to (i), w(ug) = {0}. However due to I(u) < 0, we have

S(I+1+e

1 14
oIVl < alFull+ 8Tl < [ fult log ulds < -l < S vulge
1
which means ||Vull, > (g5 ) *7 . It is a contradiction. Then T'(ug) < +oo. O
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