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Abstract

This work is concerned with the global existence of large solutions to the three-dimensional dissipative fluid-

dynamical model, which is a strongly coupled nonlinear nonlocal system characterized by the incompressible

Navier–Stokes–Poisson–Nernst–Planck equations. Making full use of the algebraic structure of the system, we

obtain the global existence of solutions without smallness assumptions imposed on the third component of the

initial velocity field and the summation of initial densities of charged species. More precisely, we prove that

there exist two positive constants c 0 , C 0 such that if the initial data satisfies ( [?] u 0 h [?] B p , 1 - 1 + 3 p + [?]

N 0 - P 0 [?] B q , 1 - 2 + 3 q ) exp { C 0 ( [?] u 0 3 [?] B p , 1 - 1 + 3 p 2 + ( [?] N 0 + P 0 [?] B r , 1 - 2 + 3 r + 1 ) exp {
C 0 [?] u 0 3 [?] B p , 1 - 1 + 3 p } + 1 ) } [?] c 0 , then the incompressible Navier–Stokes–Poisson–Nernst–Planck

equations admits a unique global solution.
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Global Existence of Large Solutions for the
3D incompressible Navier–Stokes–Poisson–
Nernst–Planck Equations†

Jihong Zhao, Ying Li

This work is concerned with the global existence of large solutions to the three-dimensional dissipative fluid-dynamical

model, which is a strongly coupled nonlinear nonlocal system characterized by the incompressible Navier–Stokes–Poisson–

Nernst–Planck equations. Making full use of the algebraic structure of the system, we obtain the global existence of

solutions without smallness assumptions imposed on the third component of the initial velocity field and the summation

of initial densities of charged species. More precisely, we prove that there exist two positive constants c0, C0 such that if

the initial data satisfies

(
‖uh0‖

Ḃ
−1+ 3p
p,1

+ ‖N0 − P0‖
Ḃ
−2+ 3q
q,1

)
exp

{
C0
(
‖u30‖2

Ḃ
−1+ 3p
p,1

+ (‖N0 + P0‖
Ḃ
−2+ 3r
r,1

+ 1) exp
{
C0‖u30‖

Ḃ
−1+ 3p
p,1

}
+ 1
)}
≤ c0,

then the incompressible Navier–Stokes–Poisson–Nernst–Planck equations admits a unique global solution. Copyright c©
2022 John Wiley & Sons, Ltd.

Keywords: Navier–Stokes equtions; Poisson–Nernst–Planck equations; global existence; large solution; Besov

spaces

1. Introduction

In this paper, we study the Cauchy problem of three-dimensional (3D) incompressible Navier–Stokes–Poisson–Nernst–Planck

equations: 




∂tu + u · ∇u − ∆u +∇π = ∆φ∇φ,
∇ · u = 0,
∂tN + u · ∇N = ∇ · (∇N − N∇φ),
∂tP + u · ∇P = ∇ · (∇P + P∇φ),
∆φ = N − P,
(u,N,P )|t=0 = (u0, N0, P0),

(1.1)

where (x, t) ∈ R3 × R+, u = (u1(x, t), u2(x, t), u3(x, t)) and π = π(x, t) stand for the velocity field and the pressure of the
incompressible fluid, respectively, N = N(x, t) and P = P (x, t) stand for the densities of a negatively and positively charged

species, respectively, and φ = φ(x, t) is the electrostatic potential caused by the charged species. For the sake of simplicity of

presentation, we have assumed that the fluid density, viscosity, charge mobility and dielectric constant are unity.

The first two equations of (1.1) are the momentum conservation and the mass conservation equations of the incompressible

flow, and the right-hand side term in the momentum equations is the Lorentz force, which exhibits ∆φ∇φ = ∇ · σ, and the
electric stress σ is a rank one tensor plus a pressure, for i , j = 1, 2, 3,

[σ]i j =
(
∇φ⊗∇φ− 1

2
|∇φ|2I

)
i j
= ∂xiφ∂xjφ−

1

2
|∇φ|2δi j , (1.2)

School of Mathematics and Information Science, Baoji University of Arts and Sciences, Baoji, Shaanxi 721013, China
†Correspondence to: Jihong Zhao, School of Mathematics and Information Science, Baoji University of Arts and Sciences, Baoji, Shaanxi 721013,

China

E-mail: jihzhao@163.com, yingl723@163.com

Math. Meth. Appl. Sci. 2022, 00 1–15 Copyright c© 2022 John Wiley & Sons, Ltd.

Prepared using mmaauth.cls [Version: 2009/09/02 v2.00]

http://www3.interscience.wiley.com/journal/2197/home


Mathematical
Methods in the
Applied Sciences J. H. Zhao, Y. Li

where I is 3× 3 identity matrix, δi j is the Kronecker symbol, and ⊗ denotes the tensor product. The electric stress σ stems from
the balance of kinetic energy with electrostatic energy via the least action principle (cf. [23]). The third and fourth equations of

(1.1) model the balance between diffusion and convective transport of the charged species by the flow and the electric fields,

and the fifth equation of (1.1) is the Poisson equation for the electrostatic potential φ, where the right-hand side is the net

charge density.

The system (1.1) was first introduced by Rubinstein [21], which is capable of describing electro-chemical and fluid-mechanical

transport throughout the cellular environment. At the present time, modeling of electro-diffusion in electrolytes is a problem of

major scientific interest, it finds that such model has a wide applications in biology (ion channels), chemistry (electro-osmosis)

and pharmacology (transdermal iontophoresis), we refer the readers to see [2, 8, 9, 25] for more detailed applications of the

system (1.1) in electro-hydrodynamics, and [15, 16, 17] for the computational simulations.

The mathematical analysis of the system (1.1) was initiated by Jerome [12], where the author established a local existence–

uniqueness theory of the system (1.1) in the Kato’s analytical semigroup framework. Since the right-hand side term ∆φ∇φ
has a nice algebraic structure (1.2), it can be regarded that ∇φ plays the same role as the velocity field u. Based on
this observation, by using the Hardy–Littlewood–Sobolev inequality and the Sobolev embeddings W 1,

3
2 (R3) →֒ L3(R3) and

Ḃ
−1+ 3q
q,1 (R3) →֒ Ḃ−1+

3
p

p,1 (R3) with 1 ≤ q ≤ p ≤ ∞, Zhao–Deng–Cui [28, 29] established local well-posedness and global well-
posedness with small initial data of the system (1.1) in critical Lebesgue spaces and Besov spaces under the heat semigroup

framework. For more analytical results concerning about the global existence of (large) weak solutions and (small) mild solutions,

convergence rate estimates to stationary solutions of time-dependent solutions and other related topics we refer the readers to

see [5, 10, 13, 14, 22, 24, 26, 27, 30] and references therein.

In order to give a better explanation of our main results, we let v := N − P , w := N + P , and the system (1.1) turns into





∂tu + u · ∇u − ∆u +∇π = −v∇(−∆)−1v ,
∇ · u = 0,
∂tv + u · ∇v = ∇ · (∇v + w∇(−∆)−1v),
∂tw + u · ∇w = ∇ · (∇w + v∇(−∆)−1v),
(u, v , w)|t=0 = (u0, v0, w0),

(1.3)

where v0 = N0 − P0 and w0 = N0 + P0. Moreover, let u := (uh, u3), where uh := (u1, u2) and u3 denote the horizontal
components and vertical component of the velocity field u, respectively. Using the divergence free condition ∇ · u = 0, it is
easy to verify that the vertical component u3 satisfies the following equation:

∂tu
3 − ∆u3 = − divh(uhu3) + 2u3 divh uh − ∂3π − v∂3(−∆)−1v , (1.4)

which reveals that the equation on the vertical component u3 is actually a linear equation with coefficients depending on the

horizontal components uh and the density function v . Based on this observation, the authors in [32] proved that under the

conditions 1 < q ≤ p < 6 and 1
p
+ 1
q
≥ 2
3 , there exist two positive constants c0 and C0 such that if the initial data (u0, v0, w0)

satisfies (
‖uh0‖

Ḃ
−1+ 3p
p,1

+ ‖v0‖
Ḃ
−2+ 3q
q,1

+ ‖w0‖
Ḃ
−2+ 3q
q,1

)
exp

{
C0(‖u30‖2

Ḃ
−1+ 3p
p,1

+ 1)
}
≤ c0, (1.5)

then system (1.3) admits a unique global solution. On the other hand, observing that the fourth equation of (1.3) is a linear

equation for w with coefficients depending on the velocity field u and the density function v , which may suggest us that we do

not need to impose any smallness condition on initial data w0 to ensure global existence of solutions. Indeed, Ma [18] showed

that under the conditions 1 ≤ p <∞, 1 ≤ q < 6, q ≤ 2p and 1
p
− 1
q
< 1
3 <

1
p
+ 1
q
, there exist two positive constants c0 and C0

such that if the initial data (u0, v0, w0) satisfies

(
‖u0‖

Ḃ
−1+ 3p
p,1

+ ‖v0‖
Ḃ
−2+ 3q
q,1

)
exp

{
C0‖w0‖

Ḃ
−2+ 3q
q,1

}
≤ c0, (1.6)

then system (1.3) still has a unique global solution.

Motivated by the above global existence results in [18, 32], in this paper, we aim at relaxing the smallness conditions imposed

on the vertical component of initial velocity field and the summation of the initial densities of charged species such that system

(1.3) still has a unique global solution. Considering the algebraic structures of the nonlinear terms in (1.3), by [11], the nonlinear

term v∇(−∆)−1v has a nice symmetric structure as

∂xi v∂xi (−∆)−1v =
1

2
∂xi (−∆){((−∆)−1v)(∂xi (−∆)−1v)}

+ ∂xi∇ · {((−∆)−1v)(∇∂xi (−∆)−1v)}

+
1

2
∂2xi {((−∆)

−1v)v}. (1.7)

2 Copyright c© 2022 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2022, 00 1–15
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This enables us to treat the equation of w in a weaker Besov space Ḃ
−2+ 3r
r,1 with 1 ≤ r <∞. However, the nonlinear coupled term

w∇(−∆)−1v has lack of such a symmetric structure, which can not exhibit such a good expression as (1.7) and prevents us to
obtain good estimates for the equation v in a weaker Besov spaces. These observations essentially indicate that the difference of

charged densities v plays more important role than the summation of charged densities w in mathematical analysis of the system

(1.3). Based on these careful observations, by using analytical methods in [18, 32], we intend to prove the global existence of

solutions under the assumptions that the horizontal components of the velocity field and the difference of initial densities are

small while the vertical component of the velocity field and the total initial densities could be chosen suitable large. Moreover,

we consider the functional space of solutions of the system (1.3) with initial data v0 and w0 belonging to the different low

regularity Besov spaces with different regularity and integral indices, which can indicate more specific coupling relations between

the difference and the summation of negatively and positively charged densities.

Now we state our main results as follows.

Theorem 1.1 Let p, q, r be three positive numbers such that 1 ≤ p, q, r <∞, and satisfy the following conditions:
1

q
− 1
p
≥ −min{1

3
,
1

2p
}, max{1

q
− 1
r
,
1

r
− 1
q
} < 1

3
< min{1

p
+
1

q
,
1

p
+
1

r
,
1

q
+
1

r
}.

Then for any u0 ∈ Ḃ
−1+ 3p
p,1 (R3) with ∇ · u0 = 0, v0 ∈ Ḃ

−2+ 3q
q,1 (R3) and w0 ∈ Ḃ−2+

3
r

r,1 (R3), there exists T > 0 such that the system

(1.3) admits a unique solution (u, v , w) on [0, T ] satisfying






u ∈ C([0, T ], Ḃ−1+
3
p

p,1 (R3)) ∩ L∞(0, T ; Ḃ−1+
3
p

p,1 (R3)) ∩ L1(0, T ; Ḃ1+
3
p

p,1 (R
3)),

v ∈ C([0, T ], Ḃ−2+
3
q

q,1 (R3)) ∩ L∞(0, T ; Ḃ−2+
3
q

q,1 (R3)) ∩ L1(0, T ; Ḃ
3
q

q,1(R
3)),

w ∈ C([0, T ], Ḃ−2+
3
r

r,1 (R3)) ∩ L∞(0, T ; Ḃ−2+
3
r

r,1 (R3)) ∩ L1(0, T ; Ḃ
3
r
r,1(R

3)).

(1.8)

Besides, there exists a positive constant ε such that if the initial data satisfies

‖(u0, v0, w0)‖
Ḃ
−1+ 3p
p,1 ×Ḃ

−2+ 3q
q,1 ×Ḃ

−2+ 3r
r,1

≤ ε,

then the above assertion holds for T =∞, i.e., the solution (u, v , w) is global.

Theorem 1.2 Let p, q, r be three positive numbers such that 1 < p < 6, 1 < q, r <∞, and satisfy the following conditions:
1

q
− 1
p
≥ −min{1

3
,
1

2p
}, max{1

q
− 1
r
,
1

r
− 1
q
} < 1

3
< min{1

p
+
1

q
,
1

p
+
1

r
,
1

q
+
1

r
}.

Then for any u0 = (u
h
0 , u

3
0) ∈ Ḃ

−1+ 3p
p,1 (R3) with ∇ · u0 = 0, v0 ∈ Ḃ

−2+ 3q
q,1 (R3) and w0 ∈ Ḃ−2+

3
r

r,1 (R3), there exist two positive

constants c0 and C0 such that if the initial data (u0, v0, w0) satisfies

(
‖uh0‖

Ḃ
−1+ 3p
p,1

+ ‖v0‖
Ḃ
−2+ 3q
q,1

)
exp

{
C0
(
‖u30‖2

Ḃ
−1+ 3p
p,1

+ (‖w0‖
Ḃ
−2+ 3r
r,1

+ 1) exp
{
C0‖u30‖

Ḃ
−1+ 3p
p,1

}
+ 1
)}
≤ c0, (1.9)

then the system (1.3) admits a unique global solution (u, v , w) satisfying (1.8)

Remark 1.1 The initial condition (1.9) exhibits that the initial data u30 and w0 can be taken large as long as we take the initial

data uh0 and v0 small enough compared with the size of u
3
0 and w0, which we can still get the global existence of solutions to

the system (1.3). Back to the original system (1.1), the condition (1.9) is equivalent to the following condition:

(
‖uh0‖

Ḃ
−1+ 3p
p,1

+ ‖N0 − P0‖
Ḃ
−2+ 3q
q,1

)
exp

{
C0
(
‖u30‖2

Ḃ
−1+ 3p
p,1

+ (‖N0 + P0‖
Ḃ
−2+ 3r
r,1

+ 1) exp
{
C0‖u30‖

Ḃ
−1+ 3p
p,1

}
+ 1
)}
≤ c0, (1.10)

thus Theorem 1.2 implies global existence of solutions for the system (1.1) with only requiring the horizontal components of

the initial velocity field and the difference of initial negatively and positively charged densities are small enough.

Remark 1.2 The specific coupled relation between v and w was indicated by the condition max{ 1
q
− 1
r
, 1
r
− 1
q
} < 1

3
< 1
q
+ 1
r
,

which tells us that the regularity of solution v or w can be taken beyond the regularity index − 32 , but one can not take both
of them less than − 32 at the same time. Indeed, the regularity of v can be taken much weaker as long as the regularity of
w is not that much weaker, i.e., q can be taken large enough as long as we take r closing to 3 such that the condition

max{ 1
q
− 1
r
, 1
r
− 1
q
} < 1

3 <
1
q
+ 1
r
holds. Hence, Theorem 1.2 can be regarded as an extension of global existence results in

[28, 32, 18], where the global existence of solutions with small initial data was proved in critical Besov spaces with the same

regularity and integral indices for v and w , and the regularity index must less than − 32 .
This paper is organized as follows. In section 2, we first introduce definitions of the homogeneous Besov spaces and the

Chemin–Lerner mixed time-space spaces based on the Littlewood–Paley dyadic decomposition theory, then review some known

bilinear estimates which used frequently in the proofs of Theorems 1.1 and 1.2. In Section 3, we first establish two crucial

nonlinear estimates of the pressure π, then derive the desired estimates of uh and u3 by using the weighted Chemin–Lerner type

norm; while in Section 4, we derive the desired estimates of v and w . Finally in the last section, we complete the proofs of

Theorems 1.1 and 1.2.

Math. Meth. Appl. Sci. 2022, 00 1–15 Copyright c© 2022 John Wiley & Sons, Ltd. 3
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2. Preliminaries

Throughout this paper, C and Ci (i = 1, 2, · · · ) stand for the generic harmless constants. For brevity, we shall use the notation
f . g instead of f ≤ Cg, and f ≈ g means that f . g and g . f . For any Banach spaces X and Y, f ∈ X and g ∈ Y, we write
‖(f , g)‖X×Y := ‖f ‖X + ‖g‖Y . For all T > 0 and ρ ∈ [1,∞], we denote by C([0, T ],X ) the set of continuous functions on [0, T ]
with values in X , and denote by Lρ(0, T ;X ) the set of measurable functions on [0, T ] with values in X such that t → ‖f (t)‖X
belongs to Lρ(0, T ).

2.1. Littlewood–Paley dyadic decomposition and Besov spaces

Let us briefly recall the Littlewood–Paley dyadic decomposition theory and the stationary/time dependent Besov spaces for

convenience. More details may be found in Chap. 2 and Chap. 3 in the book [1]. Let S(R3) be the Schwartz class of rapidly
decreasing functions, and S ′(R3) the space of tempered distributions. Choose a smooth radial non-increasing funciton χ with
Suppχ ⊂ B(0, 43 ) and χ ≡ 1 on B(0, 34 ). Set ϕ(ξ) = χ(

ξ
2)− χ(ξ). It is not difficult to check that ϕ is supported in the shell

{ξ ∈ R3, 3
4
≤ |ξ| ≤ 8

3
}, and

∑

j∈Z

ϕ(2−jξ) = 1 for ξ ∈ R3\{0}.

Let h = F−1ϕ. Then for any f ∈ S ′(R3), the homogeneous dyadic blocks ∆j (j ∈ Z) are defined by

∆j f (x) := ϕ(2
−jD)f (x) = 23j

∫

R3

h(2jy)f (x − y)dy.

Let S ′h(R3) be the space of tempered distribution f ∈ S ′(R3) such that

lim
j→−∞

Sj f (x) = 0,

where Sj f (j ∈ Z) stands for the low frequency cut-off defined by Sj f := χ(2−jD)f . Then one has the unit decomposition for
any tempered distribution f ∈ S ′h(R3):

f =
∑

j∈Z

∆j f . (2.1)

The above homogeneous dyadic block ∆j and the partial summation operator Sj satisfy the following quasi-orthogonal properties:

for any f , g ∈ S ′(R3), one has

∆i∆j f ≡ 0 if |i − j | ≥ 2 and ∆i(Sj−1f ∆jg) ≡ 0 if |i − j | ≥ 5. (2.2)

Moreover, using Bony’s homogeneous paraproduct decomposition (cf. [3]), one can formally split the product of two temperate

distributions f and g as follows:

f g = Tf g + Tgf + R(f , g), (2.3)

where the paraproduct between f and g is defined by

Tf g :=
∑

j∈Z

Sj−1f ∆jg =
∑

j∈Z

∑

k≤j−2

∆k f ∆jg,

and the remaining term is defined by

R(f , g) :=
∑

j∈Z

∆j f ∆̃jg and ∆̃j := ∆j−1 + ∆j + ∆j+1.

Based on those dyadic blocks, the homogeneous Besov spaces can be defined as follows:

Definition 2.1 For any s ∈ R, 1 ≤ p, r ≤ ∞ and f ∈ S ′(R3), we set

‖f ‖Ḃsp,r :=
{(∑

j∈Z 2
sr j‖∆j f ‖rLp

) 1
r for 1 ≤ r <∞,

supj∈Z 2
sj‖∆j f ‖Lp for r =∞,

and the homogeneous Besov space Ḃsp,r (R
3) is defined by

• For s < 3
p
(or s = 3

p
if r = 1), we define

Ḃsp,r (R
3) :=

{
f ∈ S ′h(R3) : ‖f ‖Ḃsp,r <∞

}
.

4 Copyright c© 2022 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2022, 00 1–15
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• If k ∈ N and 3
p
+ k ≤ s < 3

p
+ k + 1 (or s = 3

p
+ k + 1 if r = 1), then Ḃsp,r (R

3) is defined as the subset of distributions

f ∈ S ′(R3) such that ∂βf ∈ Ḃs−kp,r (R3) whenever |β| = k.

Remark 2.1 Let s ∈ R, 1 ≤ p, r ≤ ∞, and f ∈ S ′h(R3). Then u ∈ Ḃsp,r (R3) if and only if there exists {dj,r}j∈Z such that dj,r ≥ 0,
‖dj,r‖ℓr = 1 and

‖∆ju‖Lp . dj,r2−js‖u‖Ḃsp,r for all j ∈ Z.

The fundamental idea in the proofs of Theorems 1.1 and 1.2 is to localize system (1.3) through the Littlewood–Paley dyadic

decomposition, so we need the following definition of the Chemin–Lerner mixed time-space spaces, which was first introduced

by Chemin–Lerner [4].

Definition 2.2 For 0 < T ≤ ∞, s ∈ R and 1 ≤ p, r, ρ ≤ ∞. We define the mixed time-space Lρ(0, T ; Ḃsp,r (R3)) as the completion
of C([0, T ];S(R3)) by the norm

‖f ‖Lρ
T
(Ḃsp,r )

:=

(
∑

j∈Z

2sr j
(∫ T

0

‖∆j f (·, t)‖ρLpdt
) r
ρ

) 1
r

<∞

and with the standard modification for ρ =∞ or r =∞.

Remark 2.2 According to the Minkowski inequality, it holds that

‖f ‖Lρ
T
(Ḃsp,r )

≤ ‖f ‖Lρ
T
(Ḃsp,r )

if ρ ≤ r ; ‖f ‖Lρ
T
(Ḃsp,r )

≤ ‖f ‖Lρ
T
(Ḃsp,r )

if r ≤ ρ.

In particular, for ρ = r = 1, one has

‖f ‖L1
T
(Ḃs
p,1)
≈ ‖f ‖L1

T
(Ḃs
p,1)
.

In order to prove Theorem 1.2, we need to introduce the following important weighted Chemin–Lerner type norm (see [19, 20]).

Definition 2.3 Let f (t) ∈ L1loc(R+), f (t) ≥ 0. For 1 ≤ p, r, ρ ≤ ∞, we define

‖u‖Lρ
T,f
(Ḃsp,r )

:=

(
∑

j∈Z

2sr j
(∫ T

0

f (t)‖∆ju(·, t)‖ρLpdt
) r
ρ

) 1
r

<∞

and with the standard modification for ρ =∞ or r =∞.

2.2. Analytical tools in Besov spaces

Let us recall the classical Bernstein inequality (see Lemma 2.1 in [1]).

Lemma 2.4 Let B be a ball, and C a ring in R3. There exists a constant C such that for any positive real number λ, any
nonnegative integer k and any couple of real numbers (a, b) with 1 ≤ a ≤ b ≤ ∞, we have

suppF(f ) ⊂ λB ⇒ sup
|α|=k

‖∂αf ‖Lb ≤ Ck+1λk+3(
1
a−

1
b )‖f ‖La , (2.4)

suppF(f ) ⊂ λC ⇒ C−1−kλk‖f ‖La ≤ sup
|α|=k

‖∂αf ‖La ≤ C1+kλk‖f ‖La . (2.5)

More generally, for any smooth homogeneous function σ of degree m on R3/{0} and 1 ≤ a ≤ ∞, it holds that

suppF(f ) ⊂ λC ⇒ ‖σ(D)f ‖La . λk‖f ‖La . (2.6)

An obvious consequence of (2.5) and (2.6) is that ‖∂αf ‖Ḃsp,r ≈ ‖f ‖Ḃs+kp,r with multi-index |α| = k and k ∈ N. Moreover, the
following lower bound for the integral involving the Laplacian −∆, which can be regarded as a nonlinear generalization of (2.5),
will also be used, for details, see Lemma 8 in [7].

Lemma 2.5 Suppose that suppF(f ) ⊂ {ξ ∈ R3 : K12
j ≤ |ξ| ≤ K22j} for some K1, K2 > 0 and j ∈ Z. Then there exists a

constant κ so that for all 1 < p <∞, we have

−
∫

R3

∆f |f |p−2f dx = (p − 1)
∫

R3

|∇f |2|f |p−2dx ≥ κ22j‖f ‖pLp , (2.7)

where κ is a constant depending only on p, K1 and K2.
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The following basic properties of Besov spaces are often used (see [1]).

Lemma 2.6 The following properties hold:

i) Completeness: Ḃsp,r (R
3) is a Banach space whenever |s| < 3

p
or s = 3

p
and r = 1.

ii) Derivatives: There exists a universal constant C such that

C−1‖u‖Ḃsp,r ≤ ‖∇u‖Ḃs−1p,r ≤ C‖u‖Ḃsp,r .

iii) Fractional derivative: Let Λ =
√
−∆ and σ ∈ R. Then the operator Λσ is an isomorphism from Ḃsp,r (R3) to Ḃs−σp,r (R3).

iv) Imbedding: For 1 ≤ p1 ≤ p2 ≤ ∞ and 1 ≤ r1 ≤ r2 ≤ ∞, we have the continuous imbedding Ḃsp1 ,r1(R3) →֒ Ḃ
s−3( 1p1

− 1p2
)

p2 ,r2 (R3).

v) Interpolation: For s1, s2 ∈ R such that s1 < s2 and θ ∈ (0, 1), there exists a constant C such that

‖u‖
Ḃ
s1θ+s2(1−θ)
p,r

≤ C‖u‖θ
Ḃ
s1
p,r
‖u‖1−θ

Ḃ
s2
p,r
.

The following crucial estimates for the product of two functions in the homogeneous Besov spaces are also used frequently

throughout this paper (see Lemma 5.3 in [30]).

Lemma 2.7 Let 1 ≤ p1, p2 ≤ ∞, s1 ≤ 3
p1
, s2 ≤ min{ 3p1 ,

3
p2
}, and s1 + s2 > 3max{0, 1p1 +

1
p2
− 1}. Assume that f ∈ Ḃs1p1,1(R

3),

g ∈ Ḃs2p2,1(R
3). Then we have f g ∈ Ḃ

s1+s2−
3
p1

p2,1
(R3), and the following inequality holds:

‖f g‖
Ḃ
s1+s2−

3
p1

p2 ,1

. ‖f ‖
Ḃ
s1
p1 ,1
‖g‖

Ḃ
s2
p2 ,1
. (2.8)

2.3. Bilinear estimates

In this subsection, we recall the following bilinear estimates which are crucial steps to the proof of Theorem 1.1, for the detailed

proofs of these bilinear estimates, we refer the readers to see [30, 31, 32]. Here and in the sequel we denote (dj)j∈Z a generic

element of l1(Z) such that dj ≥ 0 and
∑
j∈Z dj = 1.

Lemma 2.8 Let 1 ≤ p <∞. Then we have

‖∆j(u · ∇u)‖L1t (Lp) . 2
j‖∆j(u ⊗ u)‖L1t (Lp) . dj2

(1− 3p )j‖u‖
L∞
T
(Ḃ
−1+ 3p
p,1 )

‖u‖
L1
T
(Ḃ
1+ 3p
p,1 )
,

which implies that

‖u · ∇u‖
L1
T
(Ḃ
−1+ 3p
p,1 )

= ‖∇ · (u ⊗ u)‖
L1
T
(Ḃ
−1+ 3p
p,1 )

. ‖u‖
L∞
T
(Ḃ
−1+ 3p
p,1 )

‖u‖
L1
T
(Ḃ
1+ 3p
p,1 )
. (2.9)

Lemma 2.9 Let 1 ≤ p, q <∞ and 1
q
− 1
p
≥ −min{ 13 , 12p}. Then we have

‖∆j (v∇(−∆)−1v)‖L1t (Lp) . dj2
(1− 3p )j‖v‖

L1t (Ḃ
3
q
q,1)
‖v‖

L∞t (Ḃ
−2+ 3q
q,1 )

,

which implies that

‖(v∇(−∆)−1v)‖
L1t (Ḃ

−1+ 3p
p,1 )

. ‖v‖
L1t (Ḃ

3
q
q,1)
‖v‖

L∞t (Ḃ
−2+ 3q
q,1 )

. (2.10)

Lemma 2.10 Let 1 ≤ p, q <∞ and 1
p
+ 1
q
> 1
3 . Then we have

‖∆j(u · ∇v)‖L1t (Lq) . dj2
(2− 3q )j

(
‖u‖

L∞
T
(Ḃ
−1+ 3p
p,1 )

‖v‖
L1t (Ḃ

3
q
q,1)
+ ‖u‖

L1
T
(Ḃ
1+ 3p
p,1 )
‖v‖

L∞t (Ḃ
−2+ 3q
q,1 )

)
,

which implies that

‖u · ∇v‖
L1
T
(Ḃ
−2+ 3q
q,1 )

. ‖u‖
L∞
T
(Ḃ
−1+ 3p
p,1 )

‖v‖
L1t (Ḃ

3
q
q,1)
+ ‖u‖

L1
T
(Ḃ
1+ 3p
p,1 )
‖v‖

L∞t (Ḃ
−2+ 3q
q,1 )

. (2.11)

Lemma 2.11 Let 1 ≤ q, r <∞ and 1
q
− 1
r
< 1
3
< 1
q
+ 1
r
. Then we have

‖∆j(w∇(−∆)−1v)‖L1t (Lq) . dj2
(1− 3q )j

(
‖w‖

L∞
T
(Ḃ
−2+ 3r
r,1 )

‖v‖
L1t (Ḃ

3
q
q,1)
+ ‖w‖

L1
T
(Ḃ
3
r
r,1)
‖v‖

L∞t (Ḃ
−2+ 3q
q,1 )

)
,

which implies that

‖w∇(−∆)−1v‖
L1
T
(Ḃ
−1+ 3q
q,1 )

. ‖w‖
L∞
T
(Ḃ
−2+ 3r
r,1 )

‖v‖
L1t (Ḃ

3
q
q,1)
+ ‖w‖

L1
T
(Ḃ
3
r
r,1)
‖v‖

L∞t (Ḃ
−2+ 3q
q,1 )

. (2.12)
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Lemma 2.12 Let 1 ≤ p, r <∞ and 1
p
+ 1
r
> 1
3 . Then we have

‖∆j(u · ∇w)‖L1t (Lr ) . dj2
(2− 3r )j

(
‖u‖

L∞
T
(Ḃ
−1+ 3p
p,1 )

‖w‖
L1t (Ḃ

3
r
r,1)
+ ‖u‖

L1
T
(Ḃ
1+ 3p
p,1 )
‖w‖

L∞t (Ḃ
−2+ 3r
r,1 )

)
,

which implies that

‖u · ∇v‖
L1
T
(Ḃ
−2+ 3q
q,1 )

. ‖u‖
L∞
T
(Ḃ
−1+ 3p
p,1 )

‖w‖
L1t (Ḃ

3
r
r,1)
+ ‖u‖

L1
T
(Ḃ
1+ 3p
p,1 )
‖w‖

L∞t (Ḃ
−2+ 3r
r,1 )

. (2.13)

Lemma 2.13 Let 1 ≤ q, r <∞ and 1
r
− 1
q
< 1
3 . Then we have

‖∆j (v∇(−∆)−1v)‖L1t (Lr ) . dj2
(1− 3r )j‖v‖

L1t (Ḃ
3
q
q,1)
‖v‖

L∞t (Ḃ
−2+ 3q
q,1 )

,

which implies that

‖(v∇(−∆)−1v)‖
L1t (Ḃ

−1+ 3r
r,1 )

. ‖v‖
L1t (Ḃ

3
q
q,1)
‖v‖

L∞t (Ḃ
−2+ 3q
q,1 )

. (2.14)

3. Estimates of the velocity field u

The purpose of this section is to derive the desired estimates for the horizontal components uh = (u1, u2) and the vertical

component u3 of the velocity field in the framework of weighted Chemin–Lerner type spaces. The main idea is that we introduce

some weighted functions and weighted norms to eliminate the difficulties caused by the nonlinear terms involving u3 and w .

Thus we set

f1(t) := ‖u3(·, t)‖
Ḃ
1+ 3p
p,1

, f2(t) := ‖u3(·, t)‖2
Ḃ
3
p
p,1

, f3(t) := ‖w(·, t)‖
Ḃ
3
r
r,1

. (3.1)

For three positive real numbers λ1, λ2 and λ3, we denote ~λ = (λ1, λ2, λ3), and introduce the following three weighted functions:

uh~λ := u exp
{
− λ1

∫ t

0

f1(τ)dτ − λ2
∫ t

0

f2(τ)dτ − λ3
∫ t

0

f3(τ)dτ
}
,

π~λ := π exp
{
− λ1

∫ t

0

f1(τ)dτ − λ2
∫ t

0

f2(τ)dτ − λ3
∫ t

0

f3(τ)dτ
}
,

v~λ := v exp
{
− λ1

∫ t

0

f1(τ)dτ − λ2
∫ t

0

f2(τ)dτ − λ3
∫ t

0

f3(τ)dτ
}
.

3.1. Estimates of the pressure π

Notice that, using the divergence free condition ∇ · u = 0, the term ∇ · (u · ∇u) has a nice structure:

∇ · (u · ∇u) = divh divh(uh ⊗ uh) + 2∂3 divh(u3uh) + ∂23(u3)2,

where for a vector field u = (u1, u2, u3) = (uh, u3), we denote divh u
h = ∂1u

1 + ∂2u
2. Thus, by taking the divergence div to the

first equations of (1.3) yields that

− ∆π = divh divh(uh ⊗ uh) + 2∂3 divh(u3uh) + ∂23(u3)2 +∇ · (v∇(−∆)−1v). (3.2)

Multiplying (3.2) by the weighted function exp
{
−
∑3
i=1 λi

∫ t
0
fi(τ)dτ

}
and applying the divergence free condition ∂3u

3 =

− divh uh, we arrive at

∇π~λ = ∇(−∆)
−1
[
divh divh(u

h ⊗ uh~λ) + 2∂3 divh(u
3uh~λ)− 2∂3(u

3 divh u
h
~λ) +∇ · (v∇(−∆)

−1v~λ)
]
. (3.3)

Applying the dyadic operator ∆j to (3.3), then taking L
1
t (L

p)-norm and using the Hölder inequality and Bernstein inequality (2.4)

yield that

‖∆j(∇π~λ)‖L1t (Lp) . 2
j
(
‖∆j (uh ⊗ uh~λ)‖L1t (Lp) + ‖∆j(u

3uh~λ)‖L1t (Lp)
)

+ ‖∆j (u3 divh uh~λ)‖L1t (Lp) + ‖∆j(v∇(−∆)
−1v~λ)‖L1t (Lp). (3.4)

The first three terms on the right-hand side of (3.4) have been estimated in [19, 20], and the last term has been bounded in

Lemma 2.9, thus we obtain

‖∆j(uh ⊗ uh~λ)‖L1t (Lp) . dj2
− 3jp ‖uh‖

L∞t (Ḃ
−1+ 3p
p,1 )

‖uh~λ‖
L1t (Ḃ

1+ 3p
p,1 )
, (3.5)
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‖∆j (u3uh~λ)‖L1t (Lp) . dj2
− 3jp
(
‖uh~λ‖

1
2

L1t (Ḃ
1+ 3p
p,1 )

‖uh~λ‖
1
2

L1
t,f2
(Ḃ
−1+ 3p
p,1 )

+ ‖uh~λ‖
L1
t,f1
(Ḃ
−1+ 3p
p,1 )

)
, (3.6)

‖∆j(u3 divh uh~λ)‖L1t (Lp) . dj2
j(1− 3p )

(
‖uh~λ‖

1
2

L1t (Ḃ
1+ 3p
p,1 )

‖uh~λ‖
1
2

L1
t,f2
(Ḃ
−1+ 3p
p,1 )

+ ‖uh~λ‖
L1
t,f1
(Ḃ
−1+ 3p
p,1 )

)
, (3.7)

‖∆j (v∇(−∆)−1v~λ)‖L1t (Lp) . dj2
(1− 3p )j‖v‖

L∞t (Ḃ
−2+ 3q
q,1 )

‖v~λ‖
L1t (Ḃ

3
q
q,1)
. (3.8)

Taking the above estimates (3.5)-(3.8) into (3.4), we get

‖∆j(∇π~λ)‖L1t (Lp) . dj2
j(1− 3p )

[
‖uh~λ‖

1
2

L1t (Ḃ
1+ 3p
p,1 )

‖uh~λ‖
1
2

L1
t,f2
(Ḃ
−1+ 3p
p,1 )

+ ‖uh~λ‖
L1
t,f1
(Ḃ
−1+ 3p
p,1 )

+ ‖uh‖
L∞t (Ḃ

−1+ 3p
p,1 )

‖uh~λ‖
L1t (Ḃ

1+ 3p
p,1 )

+ ‖v‖
L∞t (Ḃ

−2+ 3q
q,1 )

‖v~λ‖
L1t (Ḃ

3
q
q,1)

]
, (3.9)

which clearly implies that

‖∇π~λ‖
L1t (Ḃ

−1+ 3p
p,1 )

. ‖uh~λ‖
1
2

L1t (Ḃ
1+ 3p
p,1 )

‖uh~λ‖
1
2

L1
t,f2
(Ḃ
−1+ 3p
p,1 )

+ ‖uh~λ‖
L1
t,f1
(Ḃ
−1+ 3p
p,1 )

+ ‖uh‖
L∞t (Ḃ

−1+ 3p
p,1 )

‖uh~λ‖
L1t (Ḃ

1+ 3p
p,1 )

+ ‖v‖
L∞t (Ḃ

−2+ 3q
q,1 )

‖v~λ‖
L1t (Ḃ

3
q
q,1)
. (3.10)

On the other hand, in order to deal with the vertical component u3, we also need the following two estimates from [20]:

‖∆j(u3uh)‖L1t (Lp) . dj2
− 3jp
(
‖uh‖

L∞t (Ḃ
−1+ 3p
p,1 )

‖u3‖
L1t (Ḃ

1+ 3p
p,1 )

+ ‖uh‖
L1t (Ḃ

1+ 3p
p,1 )
‖u3‖

L∞t (Ḃ
−1+ 3p
p,1 )

)
, (3.11)

‖∆j(u3 divh uh)‖L1t (Lp) . dj2
j(1− 3p )

(
‖uh‖

L∞t (Ḃ
−1+ 3p
p,1 )

‖u3‖
L1t (Ḃ

1+ 3p
p,1 )
+‖uh‖

L1t (Ḃ
1+ 3p
p,1 )
‖u3‖

L∞t (Ḃ
−1+ 3p
p,1 )

)
. (3.12)

Based on the above two estimates, we can exactly follow the same lines as derivation of (3.10) by taking λ1 = λ2 = λ3 = 0 to

obtain that the pressure π satisfies the following estimate:

‖∇π‖
L1t (Ḃ

−1+ 3p
p,1 )

≤ C
(
‖uh‖

L∞t (Ḃ
−1+ 3p
p,1 )

(
‖uh‖

L1t (Ḃ
1+ 3p
p,1 )

+ ‖u3‖
L1t (Ḃ

1+ 3p
p,1 )

)

+ ‖uh‖
L1t (Ḃ

1+ 3p
p,1 )
‖u3‖

L∞t (Ḃ
−1+ 3p
p,1 )

+ ‖v‖
L∞t (Ḃ

−2+ 3q
q,1 )

‖v‖
L1t (Ḃ

3
q
q,1)

)
. (3.13)

3.2. Estimate of the horizontal components uh

Considering the first equations of (1.3), it is clear that the horizontal components uh satisfies the following equations:

∂tu
h
~λ + (

3∑

i=1

λi fi(t))u
h
~λ − ∆u

h
~λ = −u · ∇u

h
~λ −∇hπ~λ − v∇h(−∆)

−1v~λ. (3.14)

Applying the operator ∆j to (3.14), then taking L
2 inner product of the resulting equations with |∆juh~λ|

p−2∆ju
h
~λ
, we obtain

1

p

d

dt
‖∆juh~λ‖

p
Lp + (

3∑

i=1

λi fi(t))‖∆juh~λ‖
p
Lp −

∫

R3

∆∆ju
h
~λ
· |∆juh~λ|

p−2∆ju
h
~λ
dx

= −
∫

R3

∆j
(
u · ∇uh~λ +∇hπ~λ + v∇h(−∆)

−1v~λ
)
|∆juh~λ|

p−2∆ju
h
~λdx. (3.15)

Thanks to Lemma 2.5, there exists a positive constant κ such that

−
∫

R3

∆∆ju
h
~λ · |∆ju

h
~λ|
p−2∆ju

h
~λdx ≥ κ2

2j‖∆juh~λ‖
p
Lp ,

whence a similar argument as that in [6] gives rise to

d

dt
‖∆juh~λ‖Lp + (

3∑

i=1

λi fi(t))‖∆juh~λ‖Lp + κ2
2j‖∆juh~λ‖Lp

≤ ‖∆j(u · ∇uh~λ)‖Lp + ‖∆j∇hπ~λ‖Lp + ‖∆j (v∇h(−∆)
−1v~λ)‖Lp .
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Integrating the above inequality on [0, t] yields that

‖∆juh~λ‖L∞t (Lp) + (
3∑

i=1

λi fi(t))‖∆juh~λ‖L1t (Lp) + κ2
2j‖∆juh~λ‖L1t (Lp) ≤ 2

j
(
‖∆j (uh ⊗ uh~λ)‖L1t (Lp)

+ ‖∆j(u3uh~λ)‖L1t (Lp)
)
+ ‖∆j∇hπ~λ‖L1t (Lp) + ‖∆j (v∇h(−∆)

−1v~λ)‖L1t (Lp). (3.16)

The right-hand side of (3.16) has been estimated in (3.5), (3.6), (3.8) and (3.9), thus there exists a positive constant C1 such

that

‖uh~λ‖
L∞t (Ḃ

−1+ 3p
p,1 )

+

3∑

i=1

λi‖uh~λ‖
L1
t,fi
(Ḃ
−1+ 3p
p,1 )

+ κ‖uh~λ‖
L1t (Ḃ

1+ 3p
p,1 )

≤ ‖uh0‖
Ḃ
−1+ 3p
p,1

+
κ

4
‖uh~λ‖

L1t (Ḃ
1+ 3p
p,1 )

+ C1
(
‖uh‖

L∞t (Ḃ
−1+ 3p
p,1 )

‖uh~λ‖
L1t (Ḃ

1+ 3p
p,1 )

+ ‖uh~λ‖
L1
t,f1
(Ḃ
−1+ 3p
p,1 )

+ ‖uh~λ‖
L1
t,f2
(Ḃ
−1+ 3p
p,1 )

+ ‖v‖
L∞t (Ḃ

−2+ 3q
q,1 )

‖v~λ‖
L1t (Ḃ

3
q
q,1)

)
. (3.17)

3.3. Estimate of the vertical component u3

Observing that the vertical component u3 satisfies the following equation:

∂tu
3 − ∆u3 = −u · ∇u3 − ∂3π − v∂3(−∆)−1v . (3.18)

As the derivation of (3.16), and using the following identity:

u · ∇u3 = div(uu3) = divh(uhu3)− 2u3 divh uh,

one has

‖∆ju3‖L∞t (Lp) + κ2
2j‖∆ju3‖L1t (Lp) ≤ ‖u

3
0‖Lp + C

(
‖∆j (u · ∇u3)‖L1t (Lp)

+ ‖∆j∂3π‖L1t (Lp) + ‖∆j (v∂3(−∆)
−1v)‖L1t (Lp)

)

≤ ‖u30‖Lp + C
(
2j‖∆j(uhu3)‖L1t (Lp) + ‖∆j (u

3 divh u
h)‖L1t (Lp)

+ ‖∆j∂3π‖L1t (Lp) + ‖∆j (v∂3(−∆)
−1v)‖L1t (Lp)

)
. (3.19)

The right-hand side of (3.19) has been estimated in (3.11), (3.12), (3.13) and (2.10), and substituting these estimates into

(3.19), we obtain that there exists a positive constant C2 such that

‖u3‖
L∞t (Ḃ

−1+ 3p
p,1 )

+ κ‖u3‖
L1t (Ḃ

1+ 3p
p,1 )

≤ ‖u30‖
Ḃ
−1+ 3p
p,1

+ C2
(
‖uh‖

L∞t (Ḃ
−1+ 3p
p,1 )

(‖uh‖
L1t (Ḃ

1+ 3p
p,1 )

+ ‖u3‖
L1t (Ḃ

1+ 3p
p,1 )
)

+ ‖uh‖
L1t (Ḃ

1+ 3p
p,1 )
‖u3‖

L∞t (Ḃ
−1+ 3p
p,1 )

+ ‖v‖
L∞t (Ḃ

−2+ 3q
q,1 )

‖v‖
L1t (Ḃ

3
q
q,1)

)
. (3.20)

4. Estimates of the densities v and w

In this section, we intend to derive the estimates for the charged densities v and w . As we pointed out before, the crucial

ingredient is to introduce the proper weighted functions to eliminate the difficulties caused by the nonlinear terms of the third

and fourth equations of system (1.3), and we shall use different weighted functions to tackle with v and w .

4.1. Estimate of density v

To deal with v , we mainly use f1(t) to eliminate the difficulties caused the term u · ∇v , and the weighted function f3(t) to
eliminate the difficulties caused the term ∇ · (w∇(−∆)−1v). It follows the third equation of (1.3) that

∂tv~λ + (

3∑

i=1

λi fi(t))v~λ − ∆v~λ = −u · ∇v~λ +∇ · (w∇(−∆)
−1v~λ). (4.1)

Applying the dyadic operator ∆j to (4.1), then taking L
2 inner product of the resulting equation with |∆jv~λ|q−2∆jv~λ and applying

Lemma 2.5, we see that

1

q

d

dt
‖∆jv~λ‖

q
Lq + (

3∑

i=1

λi fi(t))‖∆jv~λ‖
q
Lq + κ2

2j‖∆jv~λ‖
q
Lq
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≤ −
∫

R3

(
∆j(u · ∇v~λ) + ∆j∇ · (w∇(−∆)

−1v~λ
)
|∆jv~λ|

q−2∆jv~λdx. (4.2)

Moreover, applying Bony’s paraproduct decomposition (2.3), one has

u · ∇v~λ = Tu∇v~λ + T∇v~λu +R(u,∇v~λ),

which combining the standard commutator’s argument gives us to
∫

R3

∆j(Tu∇v~λ)|∆jv~λ|
q−2∆jv~λdx =

∑

|j ′−j |≤5

∫

R3

[∆j ;Sj ′−1u]∆j ′∇v~λ|∆jv~λ|
q−2∆jv~λdx

+
∑

|j ′−j |≤5

∫

R3

(Sj ′−1u − Sj−1u)∆j∆j ′∇v~λ|∆jv~λ|
q−2∆jv~λdx

− 1
q

∫

R3

Sj−1(div u)∆j∆j ′v~λ|∆jv~λ|q−2∆jv~λdx. (4.3)

Hence, taking the above estimate (4.3) into (4.2), and using the divergence free condition ∇ · u = 0 and the argument for the
Lq energy estimate in [6], we obtain

‖∆jv~λ‖Lq +
∫ t

0

(

3∑

i=1

λi fi(τ))‖∆jv~λ(τ)‖Lqdτ + κ2
2j

∫ t

0

‖∆jv~λ(τ)‖Lqdτ ≤ ‖∆jv0‖Lq

+ C
( ∑

|j ′−j |≤5

(
‖[∆j ;Sj ′−1u]∆j ′∇v~λ‖L1t (Lq) + ‖(Sj ′−1u − Sj−1u)∆j∆j ′∇v~λ‖L1t (Lq)

)

+ ‖∆j (T∇v~λu)‖L1t (Lq) + ‖∆j (R(u,∇v~λ))‖L1t (Lq) + ‖∆j∇ · (w∇(−∆)
−1v~λ)‖L1t (Lq)

)
. (4.4)

In the following we estimate the terms on the right-hand side of (4.4) one by one. Applying Lemma 2.4 and Definition 2.1, the

first two terms can be estimated as

∑

|j ′−j |≤5

‖[∆j ;Sj ′−1u]∆j ′∇v~λ‖L1t (Lq)

.
∑

|j ′−j |≤5

(
‖Sj ′−1∇uh‖L1t (L∞)‖∆j ′v~λ‖L∞t (Lq) +

∫ t

0

‖Sj ′−1∇u3(τ)‖L∞‖∆j ′v~λ(τ)‖Lqdτ
)

.
∑

|j ′−j |≤5

(
dj ′2

j ′(2− 3q )‖uh‖
L1t (Ḃ

1+ 3p
p,1 )
‖v~λ‖

L∞t (Ḃ
−2+ 3q
q,1 )

+

∫ t

0

‖u3(τ)‖
Ḃ
1+ 3p
p,1

‖∆j ′v~λ(τ)‖Lqdτ
)

. dj2
j(2− 3q )

(
‖uh‖

L1t (Ḃ
1+ 3p
p,1 )
‖v~λ‖

L∞t (Ḃ
−2+ 3q
q,1 )

+ ‖v~λ‖
L1
t,f1
(Ḃ
−2+ 3q
q,1 )

)
, (4.5)

∑

|j ′−j |≤5

‖(Sj ′−1u − Sj−1u)∆j∆j ′∇v~λ‖L1t (Lq)

.
∑

|j ′−j |≤5

(
‖(Sj ′−1∇uh − Sj−1∇uh)‖L1t (L∞)‖∆jv~λ‖L∞t (Lq)

+

∫ t

0

‖(Sj ′−1∇u3 − Sj−1∇u3)(τ)‖L∞‖∆jv~λ(τ)‖Lqdτ
)

. dj2
j(2− 3q )‖uh‖

L1t (Ḃ
1+ 3p
p,1 )
‖v~λ‖

L∞t (Ḃ
−2+ 3q
q,1 )

+

∫ t

0

‖u3(τ)‖
Ḃ
1+ 3p
p,1

‖∆jv~λ(τ)‖Lqdτ

. dj2
j(2− 3q )

(
‖uh‖

L1t (Ḃ
1+ 3p
p,1 )
‖v~λ‖

L∞t (Ḃ
−2+ 3q
q,1 )

+ ‖v~λ‖
L1
t,f1
(Ḃ
−2+ 3q
q,1 )

)
. (4.6)

For the term involving T∇v~λu, we consider the following two cases: in the case 1 < q ≤ p < 6, one can choose q̃ (1 < q̃ ≤ ∞)
such that 1

q
= 1
p
+ 1
q̃
, then applying Lemma 2.4 yields that

‖∆j(T∇v~λu)‖L1t (Lq) .
∑

|j ′−j |≤5

(
‖Sj ′−1∇hv~λ‖L∞t (Lq̃)‖∆j ′u

h‖L1t (Lp)

+

∫ t

0

‖Sj ′−1∂3v~λ(τ)‖Lq̃‖∆j ′u
3(τ)‖Lpdτ

)

.
∑

k≤j ′−2

2
k(1+ 3q−

3
q̃
)‖∆kv~λ‖L∞t (Lq)‖∆j ′u

h‖L1t (Lp)
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+ 2−j(1+
3
p )
∑

|j ′−j |≤5

∑

k≤j ′−2

2k(1+
3
p )

∫ t

0

‖u3(τ)‖
Ḃ
1+ 3p
p,1

‖∆kv~λ(τ)‖Lqdτ

.
∑

k≤j ′−2

dk2
k(3+ 3p−

3
q )‖v~λ‖

L∞t (Ḃ
−2+ 3q
q,1 )

‖∆j ′uh‖L1t (Lp)

+ 2−j(1+
3
p )
∑

|j ′−j |≤5

∑

k≤j ′−2

2k(3+
3
p−

3
q )dk‖v~λ‖

L1
t,f1
(Ḃ
−2+ 3q
q,1 )

. dj2
j(2− 3q )

(
‖uh‖

L1t (Ḃ
1+ 3p
p,1 )
‖v~λ‖

L∞t (Ḃ
−2+ 3q
q,1 )

+ ‖v~λ‖
L1
t,f1
(Ḃ
−2+ 3q
q,1 )

)
, (4.7)

while in the case 1 < p < q, one can directly estimate that

‖∆j (T∇v~λu)‖L1t (Lq) . 2
( 3p−

3
q )j

∑

|j ′−j |≤5

(
‖Sj ′−1∇hv~λ‖L∞t (L∞)‖∆j ′u

h‖L1t (Lp)

+

∫ t

0

‖Sj ′−1∂3v~λ(τ)‖L∞‖∆j ′u
3(τ)‖Lpdτ

)

. 2(
3
p−

3
q )j

∑

k≤j ′−2

2(1+
3
q )k‖∆kv~λ‖L∞t (Lq)‖∆j ′u

h‖L1t (Lp)

+ dj2
−j(1+ 3q )

∑

|j ′−j |≤5

∑

k≤j ′−2

2(1+
3
q )k

∫ t

0

‖u3(τ)‖
Ḃ
1+ 3p
p,1

‖∆kv~λ(τ)‖Lqdτ

. 2(
3
p−

3
q )j

∑

k≤j ′−2

dk2
3k‖v~λ‖

L∞t (Ḃ
−2+ 3q
q,1 )

‖∆j ′uh‖L1t (Lp)

+ 2−j(1+
3
q )
∑

|j ′−j |≤5

∑

k≤j ′−2

23kdk‖v~λ‖
L1
t,f1
(Ḃ
−2+ 3q
q,1 )

. dj2
j(2− 3q )

(
‖uh‖

L1t (Ḃ
1+ 3p
p,1 )
‖v~λ‖

L∞t (Ḃ
−2+ 3q
q,1 )

+ ‖v~λ‖
L1
t,f1
(Ḃ
−2+ 3q
q,1 )

)
. (4.8)

For the remaining term ‖∆j (R(u,∇v~λ))‖L1t (Lq), we split the estimate into the following two parts: In the case
1
3 <

1
p
+ 1
q
≤ 1,

we get

‖∆j(R(u,∇v~λ))‖L1t (Lq) . 2
(1+ 3p )j

∑

j ′≥j−N0

‖∆j ′uh‖L1t (Lp)‖∆̃j ′v~λ‖L∞t (Lq)

+ 2(1+
3
p )j

∑

j ′≥j−N0

∫ t

0

‖∆̃j ′u3(τ)‖Lp‖∆j ′v~λ(τ)‖Lqdτ

. 2(1+
3
p )j

∑

j ′≥j−N0

dj ′2
j ′(1− 3p−

3
q )‖uh‖

L1t (Ḃ
1+ 3p
p,1 )
‖v~λ‖

L∞t (Ḃ
−2+ 3q
q,1 )

+ 2(1+
3
p )j

∑

j ′≥j−N0

2−(1+
3
p )j
′
∫ t

0

‖u3(τ)‖
Ḃ
1+ 3p
p,1

‖∆j ′v~λ(τ)‖Lqdτ

. dj2
j(2− 3q )‖uh‖

L1t (Ḃ
1+ 3p
p,1 )

(
‖v~λ‖

L∞t (Ḃ
−2+ 3q
q,1 )

+ ‖v~λ‖
L1
t,f1
(Ḃ
−2+ 3q
q,1 )

)
; (4.9)

while in the case 1
p
+ 1
q
> 1, we choose q ′ (1 < q ′ <∞) such that 1

q
+ 1
q′
= 1, then applying Lemma 2.4 again yields that

‖∆j (R(u,∇v~λ))‖L1t (Lq) . 2
j(3− 3q )

∑

j ′≥j−N0

‖∆j ′uh‖L1t (Lq′ )‖∆̃j ′∇hv~λ‖L∞t (Lq)

+ 2j(3−
3
q )
∑

j ′≥j−N0

∫ t

0

‖∆̃j ′u3(τ)‖Lq′ ‖∆j ′∂3v~λ(τ)‖Lqdτ

. 2j(3−
3
q )
∑

j ′≥j−N0

2
3j ′( 1p−

1
q′
)‖∆j ′uh‖L1t (Lp)‖∆̃j ′∇hv~λ‖L∞t (Lq)

+ 2j(3−
3
q )
∑

j ′≥j−N0

2
3j ′( 1p−

1
q′
)

∫ t

0

‖∆̃j ′u3(τ)‖Lp‖∆j ′∂3v~λ(τ)‖Lqdτ

. 2j(3−
3
q )
∑

j ′≥j−N0

dj ′2
−j ′
(
‖uh‖

L1t (Ḃ
1+ 3p
p,1 )
‖v~λ‖

L∞t (Ḃ
−2+ 3q
q,1 )

+ ‖v~λ‖
L1
t,f1
(Ḃ
−2+ 3q
q,1 )

)

. dj2
j(2− 3q )

(
‖uh‖

L1t (Ḃ
1+ 3p
p,1 )
‖v~λ‖

L∞t (Ḃ
−2+ 3q
q,1 )

+ ‖v~λ‖
L1
t,f1
(Ḃ
−2+ 3q
q,1 )

)
. (4.10)
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Putting all above estimates together, we conclude that

‖∆jv~λ‖Lq +
3∑

i=1

λi

∫ t

0

fi(τ)‖∆jv~λ(τ)‖Lqdτ + κ2
2j

∫ t

0

‖∆jv~λ(τ)‖Lqdτ ≤ ‖∆jv0‖Lq

+ Cdj2
j(2− 3q )

(
‖uh‖

L1t (Ḃ
1+ 3p
p,1 )
‖v~λ‖

L∞t (Ḃ
−2+ 3q
q,1 )

+ ‖v~λ‖
L1
t,f1
(Ḃ
−2+ 3q
q,1 )

)
+ C‖∆j∇ · (w∇(−∆)−1v~λ)‖L1t (Lq),

which directly implies that

‖v~λ‖
L∞t (Ḃ

−2+ 3q
q,1 )

+

3∑

i=1

λi‖v~λ‖
L1
t,fi
(Ḃ
−2+ 3q
q,1 )

+ κ‖v~λ‖
L1t (Ḃ

3
q
q,1)
≤ ‖v0‖

Ḃ
−2+ 3q
q,1

+ C
(
‖uh‖

L1t (Ḃ
1+ 3p
p,1 )
‖v~λ‖

L∞t (Ḃ
−2+ 3q
q,1 )

+ ‖v~λ‖
L1
t,f1
(Ḃ
−2+ 3q
q,1 )

+ ‖w∇(−∆)−1v~λ‖
L1t (Ḃ

−1+ 3q
q,1 )

)
. (4.11)

According to the Minkowski’s inequality, it is readily to see that

‖w∇(−∆)−1v~λ‖
L1t (Ḃ

−1+ 3q
q,1 )

≈
∫ t

0

‖w(τ)∇(−∆)−1v~λ(τ)‖
Ḃ
−1+ 3q
q,1

dτ.

Then we can apply Lemma 2.7 by setting s1 =
3
r
, s2 = −1 + 3

q
, p1 = r and p2 = q to obtain that

‖w∇(−∆)−1v~λ‖
Ḃ
−1+ 3q
q,1

. ‖w‖
Ḃ
3
r
r,1

‖∇(−∆)−1v~λ‖
Ḃ
−1+ 3q
q,1

. ‖w‖
Ḃ
3
r
r,1

‖v~λ‖
Ḃ
−2+ 3q
q,1

,

which yields that

‖w∇(−∆)−1v~λ‖
L1t (Ḃ

−1+ 3q
q,1 )

.

∫ t

0

‖w(τ)‖
Ḃ
3
r
r,1

‖v~λ(τ)‖
Ḃ
−2+ 3q
q,1

dτ . ‖v~λ‖
L1
t,f3
(Ḃ
−2+ 3q
q,1 )

. (4.12)

Taking (4.12) into (4.11), we obtain that there exists a positive constant C3 such that

‖v~λ‖
L∞t (Ḃ

−2+ 3q
q,1 )

+

3∑

i=1

λi‖v~λ‖
L1
t,fi
(Ḃ
−2+ 3q
q,1 )

+ κ‖v~λ‖
L1t (Ḃ

3
q
q,1)
≤ ‖v0‖

Ḃ
−2+ 3q
q,1

+ C3
(
‖uh‖

L1t (Ḃ
1+ 3p
p,1 )
‖v~λ‖

L∞t (Ḃ
−2+ 3q
q,1 )

+ ‖v~λ‖
L1
t,f1
(Ḃ
−2+ 3q
q,1 )

+ ‖v~λ‖
L1
t,f3
(Ḃ
−2+ 3q
q,1 )

)
. (4.13)

4.2. Estimate of density w

For any positive real number λ1, recall that f1(t) = ‖u3(t)‖
Ḃ
1+ 3p
p,1

, and we denote

wλ1 := w exp(−λ1
∫ t

0

f1(τ)dτ), vλ1 := v exp(−λ1
∫ t

0

f1(τ)dτ).

It follows the fourth equation of (1.1) that

∂twλ1 + λ1f1(t)wλ1 − ∆wλ1 = −u · ∇wλ1 +∇ · (v∇(−∆)−1vλ1). (4.14)

Arguing like the derivation of (4.1) yields that

‖wλ1‖
L∞t (Ḃ

−2+ 3r
r,1 )

+ λ1‖wλ1‖
L1
t,f1
(Ḃ
−2+ 3r
r,1 )

+ κ‖wλ1‖
L1t (Ḃ

3
r
r,1)
≤ ‖w0‖

Ḃ
−2+ 3r
r,1

+ C
(
‖uh‖

L1t (Ḃ
1+ 3p
p,1 )
‖wλ1‖

L∞t (Ḃ
−2+ 3r
r,1 )

+ ‖wλ1‖
L1
t,f1
(Ḃ
−2+ 3r
r,1 )

+ ‖v∇(−∆)−1vλ1‖
L1t (Ḃ

−1+ 3r
r,1 )

)
. (4.15)

Applying Lemma 2.13, one has

‖v∇(−∆)−1vλ1‖
L1t (Ḃ

−1+ 3r
r,1 )

. ‖vλ1‖
L1t (Ḃ

3
q
q,1)
‖v‖

L∞t (Ḃ
−2+ 3q
q,1 )

,

which back to (4.15), we conclude that there exists a positive constant C4 such that

‖wλ1‖
L∞t (Ḃ

−2+ 3r
r,1 )

+ λ1‖wλ1‖
L1
t,f1
(Ḃ
−2+ 3r
r,1 )

+ κ‖wλ1‖
L1t (Ḃ

3
r
r,1)
≤ ‖w0‖

Ḃ
−2+ 3r
r,1

+ C4
(
‖uh‖

L1t (Ḃ
1+ 3p
p,1 )
‖wλ1‖

L∞t (Ḃ
−2+ 3r
r,1 )

+ ‖wλ1‖
L1
t,f1
(Ḃ
−2+ 3r
r,1 )

+ ‖v‖
L∞t (Ḃ

−2+ 3q
q,1 )

‖vλ1‖
L1t (Ḃ

3
q
q,1)

)
. (4.16)
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5. Proofs of Theorems 1.1 and 1.2

The proof of Theorem 1.1 is simple. Once one gets the above desired bilinear estimates (2.9)–(2.14), one can follow exactly

the same procedure as [32] to prove that there exists T > 0 such that the system (1.3) admits a unique solution (u, v , w) on

[0, T ] satisfying (1.8). Moreover, if the initial data is sufficiently small, then the above local solution is actually a global one, for

details, please see [32].

Now we present the proof of Theorem 1.2. Let us denote by T∗ the maximal existence time of local solution (u, v , w) satisfying

(1.8). Then to prove Theorem 1.2, it suffices to prove T∗ =∞ under the initial condition (1.9). We prove it by contradiction.
Assume that T∗ <∞, based on the estimates (3.17), (3.20), (4.13) and (4.16), let η be a small enough positive constant which
the exact value will be determined later, we define Tη by

Tη := max
{
t ∈ [0, T∗) : ‖uh‖

L∞t (Ḃ
−1+ 3p
p,1 )

+ κ‖uh‖
L1t (Ḃ

1+ 3p
p,1 )

+ ‖v‖
L∞t (Ḃ

−2+ 3q
q,1 )

+ κ‖v‖
L1t (Ḃ

3
q
q,1)
≤ η

}
. (5.1)

Taking λ1 ≥ 2C1, λ2 ≥ 2C1 and η ≤ κ
4C1
, we can derive from (3.17) to get that

‖uh~λ‖
L∞t (Ḃ

−1+ 3p
p,1 )

+
κ

2
‖uh~λ‖

L1t (Ḃ
1+ 3p
p,1 )

≤ ‖uh0‖
Ḃ
−1+ 3p
p,1

+
κ

4
‖v~λ‖

L1t (Ḃ
3
q
q,1)
. (5.2)

On the other hand, taking λ1 ≥ 2C3, λ3 ≥ 2C3 in (4.13), and η ≤ κ
2C3
one obtains that

‖v~λ‖
L∞t (Ḃ

−2+ 3q
q,1 )

+ 2κ‖v~λ‖
L1t (Ḃ

3
q
q,1)
≤ 2‖v0‖

Ḃ
−2+ 3q
q,1

. (5.3)

As a consequence, we obtain from (5.2)–(5.3) that for all t ≤ Tη, it holds that

‖uh‖
L∞t (Ḃ

−1+ 3p
p,1 )

+ κ‖uh‖
L1t (Ḃ

1+ 3p
p,1 )

+ ‖v‖
L∞t (Ḃ

−2+ 3q
q,1 )

+ κ‖v‖
L1t (Ḃ

3
q
q,1)

≤ 2
(
‖uh0‖

Ḃ
−1+ 3p
p,1

+ ‖v0‖
Ḃ
−2+ 3q
q,1

)
× exp

{∫ t

0

(λ1f1(τ) + λ2f2(τ) + λ3f3(τ))dτ
}

= 2
(
‖uh0‖

Ḃ
−1+ 3p
p,1

+ ‖v0‖
Ḃ
−2+ 3q
q,1

)
× exp

{∫ t

0

(λ1‖u3(τ)‖
Ḃ
1+ 3p
p,1

+ λ2‖u3(τ)‖2
Ḃ
3
p
p,1

+ λ3‖w(τ)‖
Ḃ
3
r
r,1

)dτ
}
. (5.4)

Thanks to (3.20), by choosing η ≤ κ
2C2
, it holds that for all t ≤ Tη,

‖u3‖
L∞t (Ḃ

−1+ 3p
p,1 )

+ κ‖u3‖
L1t (Ḃ

1+ 3p
p,1 )

≤ 2‖u30‖
Ḃ
−1+ 3p
p,1

+ 2η. (5.5)

Back to (4.16), by taking λ1 > 2C4 and η ≤ κ
2C4
, one gets

‖wλ1‖
L∞t (Ḃ

−2+ 3r
r,1 )

+ κ‖wλ1‖
L1t (Ḃ

3
r
r,1)
≤ 2‖w0‖

Ḃ
−2+ 3r
r,1

+ η,

which using (5.5) yields that

‖w‖
L∞t (Ḃ

−2+ 3r
r,1 )

+ κ‖w‖
L1t (Ḃ

3
r
r,1)
≤
(
2‖w0‖

Ḃ
−2+ 3r
r,1

+ η
)
× exp

{∫ t

0

λ1‖u3(τ)‖
Ḃ
1+ 3p
p,1

dτ
}

≤
(
2‖w0‖

Ḃ
−2+ 3r
r,1

+ η
)
× exp

{2λ1
κ
(‖u30‖

Ḃ
−1+ 3p
p,1

+ η)
}
. (5.6)

Besides, it follows the interpolation inequality in Lemma 2.6 that

‖u3‖2
L2t (Ḃ

3
p
p,1)

≤ C‖u3‖
L∞t (Ḃ

−1+ 3p
p,1 )

‖u3‖
L1t (Ḃ

1+ 3p
p,1 )

≤ C‖u3‖
L∞t (Ḃ

−1+ 3p
p,1 )

‖u3‖
L1t (Ḃ

1+ 3p
p,1 )

≤ C
κ
(‖u30‖

Ḃ
−1+ 3p
p,1

+ η)2. (5.7)

Taking above estimates (5.5)–(5.7) into (5.4), we obtain that there exists a positive constant C5 which depends on κ and η

such that for all t ≤ Tη, it holds that

‖uh‖
L∞t (Ḃ

−1+ 3p
p,1 )

+ κ‖uh‖
L1t (Ḃ

1+ 3p
p,1 )

+ ‖v‖
L∞t (Ḃ

−2+ 3q
q,1 )

+ κ‖v‖
L1t (Ḃ

3
q
q,1)
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≤ 2
(
‖uh0‖

Ḃ
−1+ 3p
p,1

+ ‖v0‖
Ḃ
−2+ 3q
q,1

)
× exp

{∫ t

0

(λ1‖u3(τ)‖
Ḃ
1+ 3p
p,1

+ λ2‖u3(τ)‖2
Ḃ
3
p
p,1

+ λ3‖w(τ)‖
Ḃ
3
r
r,1

)dτ
}

≤ 2
(
‖uh0‖

Ḃ
−1+ 3p
p,1

+ ‖v0‖
Ḃ
−2+ 3q
q,1

)
× exp

{
C5
(
‖u30‖2

Ḃ
−1+ 3p
p,1

+ (‖w0‖
Ḃ
−2+ 3r
r,1

+ 1) exp
{
C5‖u30‖

Ḃ
−1+ 3p
p,1

}
+ 1
)}
. (5.8)

Finally we conclude that if we take C0 large enough and c0 small enough in (1.9), then it follows from (5.8) that

‖uh‖
L∞t (Ḃ

−1+ 3p
p,1 )

+ κ‖uh‖
L1t (Ḃ

1+ 3p
p,1 )

+ ‖v‖
L∞t (Ḃ

−2+ 3q
q,1 )

+ κ‖v‖
L1t (Ḃ

3
q
q,1)
≤ η
2

for all t < Tη, which contradicts with the maximality of Tη, thus T
∗ =∞. We complete the proof of Theorem 1.2.
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121: 314–328.

5. Constantin P, Ignatova M. On the Nernst–Planck–Navier–Stokes system. Arch. Rational Mech. Anal. 2019; 232: 1379–1428.

6. Danchin R. Local theory in critical spaces for compressible viscous and heat-conducting gases. Comm. Partial Differential Equations

2001; 26: 1183–1233.

7. Danchin R. On the well-posedness of the incompressible density-dependent Euler equations in the Lp framework. J. Differential

Equations 2010; 248: 2130–2170.

8. Enikov ET, Nelson BJ. Electrotransport and deformation model of ion exchange membrane based actuators. Smart Structures and

Materials 2000; 3978: 129–139.

9. Enikov ET, Seo GS. Analysis of water and proton fluxes in ion-exchange polymer-metal composite (IPMC) actuators subjected to

large external potentials. Sensors and Actuators 2005; 122: 264–272.

10. Fischer A, Saal J. Global weak solutions in three space dimensions for electrokinetic flow processes. J. Evol. Equ. 2017; 17: 309–333.

11. Iwabuchi T. Global well-posedness for Keller–Segel system in Besov type spaces. J. Math. Anal. Appl. 2011; 379(2): 930–948.

12. Jerome JW. Analytical approaches to charge transport in a moving medium. Tran. Theo. Stat. Phys. 2002; 31: 333–366.

13. Jerome JW. The steady boundary value problem for charged incompressible fluids: PNP/Navier–Stokes systems. Nonlinear Anal. 2011;

74: 7486–7498.

14. Jerome JW, Sacco R. Global weak solutions for an incompressible charged fluid with multi-scale couplings: Initial-boundary-value

problem. Nonlinear Anal. 2009; 71: 2487–2497.

15. Longaretti M, Chini B, Jerome JW, Sacco R. Electrochemical modeling and characterization of voltage operated channels in nano-

bio-electronics. Sensor Letters 2008; 6: 49–56.

16. Longaretti M, Chini B, Jerome JW, Sacco R. Computational modeling and simulation of complex systems in bio-electronics. J.

Computational Electronics 2008; 7: 10–13.

17. Longaretti M, Marino G, Chini B, Jerome JW, Sacco R. Computational models in nano-bio-electronics: simulation of ionic transport

in voltage operated channels. J. Nanoscience and Nanotechnology 2008; 8: 3686–3694.

18. Ma H. Global large solutions to the Navier–Stokes–Nernst–Planck–Poisson equations. Acta Appl Math. 2018; 157: 129–140.

19. Paicu M, Zhang P. Global solutions to the 3-D incompressible anisotropic Navier–Stokes system in the critical spaces. Commun. Math.

Phys. 2011; 307: 713–759.

20. Paicu M, Zhang P. Global solutions to the 3-D incompressible inhomogeneous Navier–Stokes system. J. Funct. Anal. 2012; 262:

3556–3584.

21. Rubinstein I. Electro-Diffusion of Ions. SIAM Studies in Applied Mathematics, SIAM, Philadelphia, 1990.

22. Ryham RJ. Existence, uniqueness, regularity and long-term behavior for dissipative systems modeling electrohydrodynamics. 2009;

arXiv:0910.4973v1.

23. Ryham RJ, Liu C, Zikatanov L. Mathematical models for the deformation of electrolyte droplets. Discrete Contin. Dyn. Syst. Ser. B

2007; 8(3): 649–661.

24. Schmuck M. Analysis of the Navier–Stokes–Nernst–Planck–Poisson system.Math. Models Methods Appl. Sci. 2009; 19(6): 993–1015.

25. Shahinpoor M, Kim KJ. Ionic polymer-metal composites: III. Modeling and simulation as biomimetic sensors, actuators, transducers,

and artificial muscles. Smart Mater. Struct. 2004; 13: 1362–1388.

26. Wang S, Jiang L, Liu C. Quasi-neutral limit and the boundary layer problem of Planck–Nernst–Poisson–Navier–Stokes equations for

electro-hydrodynamics. J. Differential Equations 2019; 267(6): 3475–3523.

14 Copyright c© 2022 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2022, 00 1–15

Prepared using mmaauth.cls



J. H. Zhao, Y. Li

Mathematical
Methods in the
Applied Sciences

27. Wang S, Jiang L. Quasi-neutral limit and the initial layer problem of the electro-diffusion model arising in electro-hydrodynamics.

Nonlinear Analysis: Real World Applications 2021; 59: 103266.

28. Zhao J, Deng C, Cui S. Global well-posedness of a dissipative system arising in electrohydrodynamics in negative-order Besov spaces.

J. Math. Physics 2010; 51: 093101.

29. Zhao J, Deng C, Cui S. Well-posedness of a dissipative system modeling electrohydrodynamics in Lebesgue spaces. Differential

Equations & Applications 2011; 3(3): 427–448.

30. Zhao J, Liu Q. Well-posedness and decay for the dissipative system modeling electro-hydrodynamics in negative Besov spaces. J.

Differential Equations 2017; 263: 1293–1322.

31. Zhao J, Liu X, Global existence and temporal decay of large solutions for the Poisson–Nernst–Planck equations in low regularity spaces.

appear in Math. Methods Appl. Sci.

32. Zhao J, Zhang T, Liu Q. Global well-posedness for the dissipative system modeling electro-hydrodynamics with large vertical velocity

component in critical Besov space. Discrete Contin. Dyn. Syst. 2015; 35(1): 555–582.

Math. Meth. Appl. Sci. 2022, 00 1–15 Copyright c© 2022 John Wiley & Sons, Ltd. 15
Prepared using mmaauth.cls


	1 Introduction
	2 Preliminaries
	2.1 Littlewood�Paley dyadic decomposition and Besov spaces
	2.2 Analytical tools in Besov spaces
	2.3 Bilinear estimates

	3 Estimates of the velocity field u
	3.1 Estimates of the pressure 
	3.2 Estimate of the horizontal components uh
	3.3 Estimate of the vertical component u3

	4 Estimates of the densities v and w
	4.1 Estimate of density v
	4.2 Estimate of density w

	5 Proofs of Theorems 1.1 and 1.2

