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Abstract

In this paper, we are concerned with the energy decay rates for the viscoelastic wave equation with nonlinear damping and
nonlinear time-varying delay in the boundary and acoustic boundary conditions. Here we consider with minimal condition on
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and u is a positive nonincreasing function. The decay rates of the energy depend on the functions u,I” and on the function F
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ABSTRACT. In this paper, we are concerned with the energy decay rates for the viscoelastic wave
equation with nonlinear damping and nonlinear time-varying delay in the boundary and acoustic
boundary conditions. Here we consider with minimal condition on the relaxation function g, namely
g’ (t) < —u(t)G(g(t)), where G is an increasing and convex function near the origin and pu is a posi-
tive nonincreasing function. The decay rates of the energy depend on the functions p, G and on the
function F' defined by fo which represents the growth at the origin of f;.
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1. INTRODUCTION

In this paper, we are concerned with the energy decay rates for the viscoelastic wave equation with
nonlinear damping and nonlinear time-varying delay in the boundary and acoustic boundary conditions
t
ugt(x,t) — Au(z, t) —|—/ g(t — s)Au(z, s)ds =0, in Q x (0, 00), (1.1)
0
u(z,t) =0, on I'p x (0,00), (1.2)

G @) = [ (e = 5) G s)ds -+ o () + oot = (1)

= wi(z,t), on Ty x (0,00), (1.3)
ue(w, 1) + h(z)w (2, t) + m(z)w(z,t) =0, on Ty x (0,00), (1.4)
u(z,0) = uo(z), ue(w,0) = (x), inQ, (1.5)
ut(z,t) = jo(x,t), in Ty x (—7(0),0), (1.6)

where 2 is a bounded domain in R™(n > 1) with smooth boundary I' = T'o UT'; of class 02, I'g and I'y are
closed and disjoint, v is the outward unit normal vector to I'. w(z,t) is the normal displacement into the
domain of a point z € 'y at time ¢ and h,m : I'1 — R are functions that represent resistivity and spring
constant per unit area, respectively, and are essential bounded, g represents the kernel of the memory
term, f1, f2 : R — R are given functions, a1, a2 are real numbers with a1 > 0,a2 # 0,7(t) > 0 represents

the time-varying delay and the initial data (uo,u1,j0) belong to a suitable space. Boundary conditions
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2 GENERAL STABILITY FOR THE VISCOELASTIC WAVE EQUATION...

(1.3) and (1.4) are called acoustic boundary conditions. (1.4) does not contain the second derivative wy,
which physically means that the material of the surface is much lighter than a liquid flowing along it.

When a1 = a2 = 0, the model (1.1)-(1.5) are pertinent to noise control and suppression in practical
applications. The noise propagates through some acoustic medium, for example, though air, in a room
that is characterized by a bounded domain €2 and whose walls, floor and ceiling are described by the
boundary conditions [1, 2]. Park and Park [3] studied the general decay for problem (1.1)-(1.5) under the
conditions that [ g(s)ds < 3 and g'(t) < —pu(t)g(t), for t > 0, where p : R* — RT is a nonincreasing
differentiable function. Liu [4] improved the work of [3] to an arbitrary rate of decay with not necessarily
of an exponential or polynomial one. Recently, Yoon et al. [5] generalized the work of [3, 4] to general
decay rates without the assumption condition fooo g(s)ds < % The assumption on relaxation function g
has been weakened compared to the conditions assumed in previous literature [3, 4].

Many phenomena depend on both the current state and past occurrences. There has been a notable
increase in the research on the wave equation with delay effects, which frequently arise in various practical
problems [6-8]. Kirane and Said-Houari [9] showed the global existence and asymptotic stability for the

following viscoelastic wave equation with constant delay
t
uee(z,t) — Au(z, t) +/ g(t — s)Au(z, s)ds + arus(x, t) + asus(z,t — 7) =0,
0

where a1 and a2 are positive constants. Dai and Yang [10] proved the exponential decay results for the
energy of the concerned problem in the case a1 = 0 which solves an open problem proposed by Kirane
and Said-Houari [9]. The viscoelastic wave equation involving time-varying delay instead of constant delay
is studied by Liu [11]. Afterwards, systems with time-varying delay have been extensively considered by
many authors (see [12-17] and references therein). Moreover, Benaissa et al. [18] investigated the global
existence and energy decay of solutions for the following wave equation with a time-varying delay in the

weakly nonlinear feedbacks
uge(, 1) — Au(z, t) + ar10(t) f1(ue(z, 1)) + az0(t) fa(ue(z, t — (1)) = 0,

where a1,a2 > 0 and o, f1, f2 satisfy some conditions. This result extended the previous works [6, 8]. For
the problem with nonlinear time-varying delay, we also refer [19, 20]. Motivated by these results, we study
the general decay rates of solution for problem (1.1)-(1.6). We put a minimal and general assumption on

relaxation function g, namely

g'(t) < —ut)G(g(t), (1.7)

where p is a positive nonincreasing function and G is linear or it is strictly increasing and strictly convex
function near the origin. Also, our results obtained without imposing any restrictive growth assumption
on the damping term. The decay rates of the energy depend on the functions u, G and on the function F

defined by fo which represents the growth at the origin of fi. Recently, Al-Gharabli et al. [21] considered
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the general and optimal decay result for the viscoelastic equation with nonlinear boundary feedback. When
relaxation function g satisfies the condition (1.7), the general decay of solution for the viscoelastic equation

has been studied by several researchers(see [22, 23] and references therein).

2. PRELIMINARY AND STATEMENT OF MAIN RESULTS
Throughout this paper, we use the notation
V={ucH(Q):u=0 only}.

For a Banach space X, || - ||x denotes the norm of X. For simplicity, we denote || - ||p2(qy and || - ||p2(ry)
by || - || and || - ||r,, respectively.
The Poincaré inequality hold in V, that is, there exist the smallest positive constants A and A. such

that

[ul® < A|Vaul® and [ullZ, < A\||[Vul® for all u € V. (2.1)

As in [5, 19, 21, 22, 23], we consider the following assumptions on g, f1, f2, 7, h and m.
(H1) g : [0,00) — (0,00) is a differentiable function satisfying

1- /00 g(s)ds=1>0 (2.2)

and there exists a C'' function G : (0,00) — (0,00) which is linear or it is strictly increasing and strictly

convex C? function on (0,70], ro < g(0), with G(0) = G’(0) = 0, such that
g'(t) < —u(t)G(g(t), Vt=0, (2.3)

where p is a positive nonincreasing differentiable function. G in (2.3) has been introduced for the first
time in [24]. These are weaker conditions on G than those introduced in [24].
(H2) f1 : R — R is a nondecreasing C° function such that there exists a strictly increasing function

fo € CHR™), with fo(0) = 0, and positive constants ci, c2 and € such that
folls) < [f1(s)] < fo (Is]) for all |s| <e, (2.4)
cls| < 1f1(s)| < cz|s] for all |s| > e. (2.5)
Moreover, we assume that the function F defined by F(s) = v/sfo(1/s), is a strictly convex C? function
on (0,71], for some 1 > 0, when fo is nonlinear.

(H3) f2 : R — R is an odd nondecreasing C' function such that there exist positive constants cs3, cs and cs

satisfy
If2(s)| <3, casfa(s) < Fa(s) < cssfi(s), for s €R, (2.6)

where Fy(t) = fot f2(s)ds.
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(H4) For the time-varying delay, we assume that 7 € W2>°([0,7]) for T > 0 and there exist positive

constants 71,72 and 73 satisfy
0<m <7(t) <7 and 7'(t) <713 <1 forallt>0. (2.7)

Moreover, for c473 < 1, we assume that a1 and as satisfy
C4(1 — 7‘3)
65(1 — C4T3)

(H5) We assume that h,m € C(I'1) and h(z) > 0 and m(z) > 0 for all z € I';. This assumption implies

0 < |az| < ar. (2.8)

that there exist positive constants h; and m;(i = 1,2) such that

h1 < h(z) < he, mi <m(z) <mg forall xe€T};. (2.9)

Remark 2.1. ([23]) 1. By (H1), we obtain \ 115{1 g(t) = 0. Then there exists to > 0 large enough such
—+o0
that
g(to) =ro = g(t) <ro, Vi =>to. (2.10)

As g and p are positive nonincreasing continuous functions and G is a positive continuous function then
ce < p(t)G(g(t)) < cr, Vt € [0,to],

for some positive constants cs and c7. From (2.3), we obtain

g(t) < —u()G(g(t) < —%g«n < —esg(t), Vi€ [0,to), (2.11)

where cg = % is a positive constant.
2. If G is a strictly increasing and strictly convex C? function on (0, ro], with G(0) = G’(0) = 0, then
it has an extension G, which is strictly increasing and strictly convex C? function on (0,00). The same

remark can be established for F.

We recall the well-known Jensen’s inequality which will be used essentially to establish our main result.
If ¢ is a convex function on [a,b], p : & — [a,b] and k are integrable functions on Q, k(z) > 0 and
Jo k(z)dx = ko > 0, then Jensen’s inequality states that
1 1
ol [ < L [ sk (2.12)
0 Jq 0.Ja

Let H* be the conjugate of the convex function H defined by H*(s) = sup(st — H(t)), then

>0
st < H*(s)+ H(t), Vs, t>0. (2.13)
Moreover, due to the argument given in [25], it holds that
H*(s) = s(H')""(s) — H((H')"'(s)), Vs>0. (2.14)

As in [6, 8], we introduce the following new function

z(x, K, t) = u(z,t — k7 (t)), for (z,k,t) € T'1 x (0,1) x (0, 00).
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Then, problem (1.1)-(1.6) is equivalent to
wu(z,t) — Au(z,t) + /Otg(t — 5)Au(z, s)ds = 0, in Q x (0, 00), (2.15)
T(t)ze (@, 5 t) + (1 — w7 (£)) 2 (@, 5, ) = 0, in Ty x (0,1) x (0, 00), (2.16)
u(z,t) = 0, in Ty x (0,00), (2.17)
%(Js, t) — /Ot glt — s)%(x, s)ds + a1 f1(ur (2, 1)) + as fo(2(z, 1, 1)) = wi(x,t), on Ty x (0, 00),(2.18)
wi(z, ) + h(z)w(z,t) + m(z)w(z,t) =0, on Ty x (0, 00), (2.19)
u(z,0) = uo(z), wu(x,0)=wu(z), in Q, (2.20)
2(z, k,0) = jo(z, —k7(0)), in Ty x (0,1). (2.21)

We state the global existence result, which can be established by the arguments of [18, 26].
Theorem 2.1. Let initial data (uo,u1) € (V N H*(Q)) x V and jo € L*(I'1 x (0,1)). Suppose that

(H1)-(H5) hold. Then, for any T' > 0, there exists a unique pair of functions (u,w, z) which is a solution
to problem (2.15)-(2.21) in the class

we L0, T;VNH*(Q), u e L®0,T;V), uy € L®(0,T;L*(Q)),

z € L0, T; L*(T1 x (0,1))), w,w; € L*(0,00; L*(I'1)).

Now, we introduce the energy

20 = g1 + 5 (1= [ oIVl + Goo vu0)+ 5 [ mlau?wr
+CTT(“ /Fl /01 Fa(2(x, 5, £))drdT, (2.22)
where (g0 Vu)(t) = [ g(t — )| Vu(t) — Vu(s)|2ds and
7222(‘1(1_;;4) < ¢ < 2a1~lazfes) _(:5|a2|05)’ (2.23)

To show the main results of this paper, we need the following lemma.

Lemma 2.1. Let (H3) and (H4) hold. Then, there exist positive constants 7o and ;1 satisfying

B0 < (6o V0 ~ 500IVuOI — | heyui@dr
—Yo0 g 1 (ue () ue (8)dl — 71 ; fo(z(z,1,¢))2(z, 1, t)dT. (2.24)

Proof. Multiplying in (2.15) by u.(t), integrating over Q and using Green’s formula, (2.18) and (2.19), we

have

{Hm(t)H2 + (1 — /Ot g(s)ds) [Vu(t)]|* + (g o Vau)(t) + m(at)w2(t)df] +/F h(z)w} (t)dl

IS

N —
vi- &

(9" o Vu)(t) — %g(t)HVU(t)H2 - Ja(ue(t))ue(£)dT — a2 g Ja(z(z, 1, 8))uc()dT,  (2.25)
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where we used the relation

/ Vu(t / (t — s)Vu(s)dsdx

= & [3e v - 5 [ d@asIVulE| - 5@ 0 o + ja@ITu®

From (2.22) and (2.25), we obtain

E'(t) = 29 o Vu)(t) — 2o Vu()|* ~ | h(e)wi(t)ar

ry

—a g f1(ue(t)ue (8)dl — a2 g fo(z(z, 1,¢))us(t)dl

JrCT,(t)/F /IFQ(Z( :

where F5(t fo f2(s)ds. We multiply in (2.16) by f2(z(z, k,t)) and integrate over I'; x (0,1) to obtain

CTT/FI/O fa(2(z, 5, 1)) 20 (@, K, t)drdl
¢

(z(z, &, t))2e(z, K, t)drdT, (2.26)

=2 [(1 — 7' (#))Fa(z(z,1,t)) — Fa(z(z,0,t)) —&-/0 7' (t)Fo(2(z, /i,t))dm] dr.

2 r
Applying this to (2.26) and noting that z(z,0,t) = u¢(z,t), it follows that
E'(1) = 5(g' o Vu)(t) — 59()[Vu(t)|? - [ ha@pd@ar— o [ fiwe)uenr
~az [ fa(a(e, 1)) - g j [(1 — () Fa(2(x, 1,1)) — FQ(ut(x,t))} dr. (2.27)

From (2.6) and (2.7), we get

—§ [ {(1—7'/(15))F2(z(x,1,t))—Fg(ut(x,t))]dF

< —%(1 =) [ falee 1 0)x(, 1, 0T + % o (e (£)yue (£)dT. (2.28)

Substituting (2.28) into (2.27), we obtain

(9' o Vu)(1) — 3o(0) [ Vu(t)|? —/

Ty

E'(1) < i — (o= ) [ Au@mar

M\»—A

fo(z(z, 1,8))ue(¢)dl — Cﬁ(l — T3) fo(z(z,1,¢))2(x, 1, t)dT. (2.29)
The definition of F» anld (2.14) give B
F3(s)=sfy ' (s) = Fa(fs ' (s)), fors>0. (230)
Hence, using (2.6), (2.13) and (2.30) with s = fa(z(x, 1,t)) and ¢ = u(t), we get(see details in [20])

—as g fa(z(z, 1,t))uc(t)dl
< |a2|/F (f2z(@, 1,2, 1,8) = Fa(z(w,1,0)) + Fa(us(£)) )dT

g|a2|((1—C4) | a1, 0)2(a, 1,00 s | fl(ut(t))ut(t)dl"). (2.31)
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By using (2.29) and (2.31) and selecting ¢ satisfying (2.23), we obtain the desired inequality (2.24) where

Yo = a1 — 252 —|azles > 0 and 1 = @4 (1 —73) —|az|(1 —c4) > 0. O
Our main results are the following.

Theorem 2.2. Assume that (H1)-(H5) hold and fy is linear. Then there exist positive constants k1, k2, k3

and k4 such that the energy functional satisfies, for all ¢ > ¢,

E(t) < kae ™ o "% it G is linear, (2.32)
t

E(t) < kaG7" <k3/ u(s)ds), if G is nonlinear, (2.33)
to

where G1(t) = [/° SG}WdS is strictly decreasing and convex on (0, ro].

Theorem 2.3. Assume that (H1)-(H5) hold and fo is nonlinear. Then there exist positive constants

a1, a2, a3 and au such that the energy functional satisfies
t
E(t) < o Ft (al/ ,u(s)ds), YVt > to, if G is linear, (2.34)
to

where Fi(t) = [ ds and

t sF’ (s)
asg
to) f:l wu(s)ds

where Ki(t) = tK'(eat), 0 < g2 < T2 = min{ro,m1} and K = (é_l +F_1)71.

E(t) < as(t— to)Kfl (( >7 Vt > t1, if G is nonlinear, (2.35)

3. TECHNICAL LEMMAS

In this section, we prove the following lemmas to obtain the general decay rates of the solution for

problem (2.15)-(2.21).

Lemma 3.1. Under the assumption (H1), the functional ®; defined by

D (t) :/Qu(t)ut(t)dm—&-/r u(t)w(t)df‘-i—%/r h(x)w?(t)dl

satisfies
@4(0) < ()P SIvuI? + 258 6o vy @) + 2 w02,
+ 2 [ gy + 129 [ e - [ mewe?odr, @)
I Iy 'y
for any 0 < £ < 1, where
oo 2
cte)= [ E8as ana i) = o)) g') (3.2)

Proof. Using equation (2.15), (2.17)-(2.19) and utilizing (2.2) and Young’s inequality, we obtain
t
80 = fuF — (1= [ 9)a) Va0 + [ gt = 9)(Vuls) = Tu(o), u(o)ds

fi(ue(®)u(t)dl — a2 g fo(z(z,1,t))u 0ll“—l—2/F w(t)wy (t m(x)w(t)dl

I
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<lu@lF - FIvu@+ 2 [ ([ o= 91vue) - w(t)\ds) o
—ay g filue(®)u(t)dl — as g fo(z(z,1,¢))u dF—I—Q/F u(t / m(x)w?(t)dl

Using Cauchy-Schwarz inequality and (3.2), we have(see [23, 27])

/Q (/ot g(t — )| Vu(s) — Vu(t)|d8)2da: < (/ot QZQ(S) d5> (io Vu)(t) < C(&)(io Vu)(t). (3.3)

Applying Young’s inequality and (2.1), we obtain for n > 0,

—ay f1(ue(0)u(t)dl'| < naiA«||Vu(t H —|——/ f1 (ue(t (3.4)
I
‘ — as fa(z(z, l,t))u(t)df‘ < n|a2|)\*\|Vu(t)H + %/ 13 (2(z,1,t))dr, (3.5)
Ty 181
and
l 5 8. 2
2 [ uu()dl < | Vu@®)|” + == [lwe(®llr,- (3.6)
Iy
Combining estimates (3.3)-(3.6), we see that

20(¢) 8A
—

3l . *
D1(1) < Jlue(®)|” — (4 —mai - nlaz|X) [ Vu(t)|* + ioVu)(t) + T\lwt(t)l\%l

o [ gt + 2 [ e - [ m@u@r.
477 NS 77 Iy I8
Setting asz = (a1 + |az2|) A« and choosing n = @ leads to (3.1). a

Lemma 3.2. Under the assumption (H1), the functional ®5 defined by

Dy(t) = f/ﬂut(t)/o g(t — s)(u(t) — u(s))dsdz

satisfies
w4(0) < ~( [ a(s)ds = 8) lu®)I + 81vu) | + LEELED o vuye) + x (o),
+oarhe [ fi(ue(t))dD + Slaz|Ae [ f3(2(x,1,t))dT, (3.7)

for any 0 < 9§ < 1.

Proof. Using equation (2.15), (2.17) and (2.18), we get

ég(t):( / ds>/Vu / (t — s)(Vu(t) — Vu(s))dsdz

+/Q </Otg(t = 8)(Vu(t) — Vu(s))ds > dx — /n we(t )/Otg(t— $)(u(t) — u(s))dsdl

t

+a1 g fl(u,g(t))/0 g(t — s)(u(t) — u(s))dsdl’ + as g fa(z(z, 1,t))/0 g(t — s)(u(t) — u(s))dsdl’

= [ty [ o= s)utt) — utoasds — ([ g(o)is) et

t
=hLh+L+Iz+1i+ 15+ Is — (/ g(s)ds) [ (£)]].
0
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By Young’s inequality, (2.1) and (3.3), we obtain for § > 0,

1< aIva@P + S o vuyo,

I < C(§)(io Vu)(t),

., CO),
1] < oAl ()], + 132 (00 Tu)(@),

L] < dah. [ F2(us(t))dr + “1406(5) (i 0 Vu) (1),

Ty

1I3] < 8las |, / Fet, 1, )ar + 12190 .6 g 1),

Using Young’s inequality, (2.1), (2.2), (3.2) and (3.3), we see that
Is = /Qut(t)/o i(t — s)(u(t) — u(s))dsdz — / ut(t)/ Eg(t — s)(u(t) — u(s))dsdx

< Sllue()|)? + 1 t i(t — s)|u(s) — u(t)|ds dac + g— tg(t — 8)|u(t) — u(s)|ds Qdm
26 Ja \Jo 26 0

< 5l[ue ()] + 7“9(22;“ &) (10 Vu)(t) + 2 2(;(5)

(i o Vu)(t).

Combining all above estimates and taking C; = max{ A(g(g)ﬁ) , 0+ 1*;52 + “1'2‘“2' 1, the desired inequality
(3.7) is established. O

Lemma 3.3. Under the assumptions (H3) and (H4), the functional ®3 defined by

1
:Tt)/ / e "™ By (2(z, K, t))drdl
r, Jo

DL(t) < —e 27 (L) /r / Fr(z(z, K, t))drdl — ca(1 — 3)e” ™ fa(z(z, 1,t))z(x, 1,t)dl

1Y

satisfies

+65 f1 (ut(t))ut(t)dl“ (38)

Ty

Proof. Using the equation (2.16), integration by parts, (2.6) and (2.7), we obtain(see [19])

O4(t) = 7'( / / e " By (2(z, K, t))drdl — 7(t / / k7' (1)e "™ By (2(x, &, t))drdl
F1 r
—kT(t) ’ d
— e (1= &7 (t))— F2(2(z, K, t))drdD
r, Jo dk

= —D3(t) — e*““/ (1 —7'(t)Fa(2(z,1,8))d0 + | Fa(u(z,t))dl

IS

< 767727'(15)/11 / Fo(2(z, k,t))drdl — ca(1 — 73)e™ ™ g fa(z(z, 1,t))2(x, 1,t)dD

+cs . fl(ut(t))ut(t)dl_‘
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Lemma 3.4. ([23]) Under the assumption (H1), the functional ®4 defined by

Dy(t) = /Q/Ot Go(t — 5)|Vu(s)|*dsdz,

satisfies
’ 1
@(t) <31 =) Vu(®)|* - 5 (g0 Vu)(®), (3.9)
where Ga(t) = [~ g(s)ds.
Next, let us define the perturbed modified energy by
L(t) = NE(t) + qu)l(t) + NQ‘I)Q(t) + q)g(t) + b1E(t), (310)

where N, N1, N2 and b; are some positive constants.

As in [3, 19], for N > 0 large enough, there exist positive constants $1 and B2 such that
BIE(t) < L(t) < BE(2).

Lemma 3.5. Assume that (H1), (H3)-(H5) hold. Then, there exist positive constants 83, 84 and 85 such
that

L'(t) < —B3E(t) +B4/ /|Vu — Vu(t — s)|*dxds + s ff(ut(t))dl‘, vt > to, (3.11)

where to was introduced in (2.10).

Proof. Let go = fo s)ds. Using the fact that (t) = £g(t) — ¢'(¢) and combining (2.24), (3.1), (3.7), (3.8)
and (3.10), we get, for all ¢ > to,

L) < (g0 vu)e) — (5 — 6N ) IVu(e)lP — (90N — N = N ) e ()]
—(% - 20(?]\“ _ada +f(5))N2)(io V) () = Ny [ m(z)w?(£)dT + b B (1)

Iy

8\ N1 5 . b
—| haN — T OXN2 | [Jwe ()|, — e 27'(26)/ / F(z(z, k,t))dkdD
r; Jo

— (0N = ¢5) : f1(ut(t))ut(t)dF—(71N+C4(1—T3)6_T2) | ha(e(a, 1, 0)2(w 1,6

(alalg,Nl

|a2|a3N1
+ (™

+5a1/\*N2) F2(ug(t))d + +6|a2|/\*N2)/ F2(2(x,1,1))dD. (3.12)
ry I8

From (2.6), we find that

f2(2(2,1,8))dl < ¢3 fo(z(z,1,¢t))2z(x, 1,¢)dT. (3.13)
ry
Applying (3.13) to (3.12) and taking & = ﬁ, we get, for all ¢t > to,
’ é-N lNl 2 l 2
L't) < X (govu)t) — (5 = L) Ivu(n)|® — (goNa — Ny — )0

3 ( N 4C)N2 2N, N 4C N2

N_AAN g2 z ])(ioVu)(t)—Nl /F m(a)w? (£)dT
—(th_ SA*INI - l?f)nwt(t)u%l —e_TQT(t)/Fl /01 Fa(2(a, s, 1)) drdl
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— (N —cs) | fr(ue(t))u(t)dl + (ala;Nl ali)\*

IS

) : f1(ut(2))dD + b1 E'(t)

N *
—(71N+C4(1 —ry)e T — '“2|“703 L |a2'j"“ ) fo(2(z,1,8))2(x, 1, t)dT.
Ty
We choose N; large enough so that
WL ga -,

then N3 large enough so that

l
goNQ—Nl—Z>1.

Using the fact that % < ¢(s) and the Lebesgue dominated convergence theorem, we deduce that
e} 2
fC(é):/ 'Eg_i(s)dsﬁ()asfﬁo.
0 i(s)

Hence, there is 0 < &y < 1 such that if £ < &, then

2N; | 4C1N5, 1
coE [+ —2] < <.
l l 8
Finally, selecting & = ﬁ and choosing N large enough so that
1601N22 1 8A>«N1 l)\* Cs 1 |a2\a363N1 \a2|03l)\* —79
N>max{ ;I hl( I 4)’ "o’ 71( ] + 7 al-me )}

we obtain

L'(t) < ~Jlue(@)]* = 401 = DIIVu@)l* + i(g o Vu)(t) = N | m(z)w®(t)dl

I
1
7677—27'(13)/ / Fy(z(z, k,t))dkdl + Bs fi(ue(t))dl +biE'(t), Yt>to, (3.14)
r; Jo ry
where 5 = % + %. Using (2.11) and (2.24), we find that, for any ¢ > to,
to 2 1 fo ’ 2 2
/ g(s)/ [Vu(t) — Vu(t — s)|"dzds < f—/ g (s)/ |[Vu(t) — Vu(t — s)|"deds < ——E'(t). (3.15)
0 Q ¢ Jo Q Cs

Combining (2.22), (3.14) and (3.15) and taking a suitable choice of bi, we obtain the estimate (3.11). O

Lemma 3.6. ([21]) Assume that (H2) holds and max{ri, fo(r1)} < e, where £ was introduced in (2.4).

Then there exist positive constants Ca, C3 and Cy such that

Co fr(ue(®)ue(t)dl, if fo is linear,
ry

i (ug(t))dr < (3.16)
I CsF~ ' (x(t)) — C3E'(t), if fo is nonlinear,
where
X = o [ At < -CiE' @) (3.17)

I' = {J} el : |ut(t)| < 51} and 0 < g1 = min{rl,fo(rl)}.

Next, we define p(t) by

p(t) == — /tt g'(s) /Q |Vu(t) — Vu(t — s)|*deds < —2FE'(t). (3.18)
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Lemma 3.7. Assume that (H1) and (H2) hold and G is nonlinear. Then, the solution of (2.15)-(2.21)

satisfies the estimates

t % G (9%(;)) , Yt > to, if fo is linear,
/ g(s) i Vu(t) = Vu(t — s)deds < " J‘l 0p(t) (3.19)
. . . .
0 7 G <(t — to),u(t))’ YVt > to, if fo is nonlinear,
where 6 € (0,1) and G is an extension of G.
Proof. First, we prove the estimate (3.19) when fo is linear. We introduce the functional
L(t) = L(t) + Pa(t),
which is nonnegative. From (3.9) and (3.14), we see that, for all ¢ > to,
1
L'(t) < =llue®)]* = (1 = D[ Vu®)|* - 1o Vu)(t) =M m(z)w?(t)dl
I8
1
—e 27(t) / / Fy(2(z, K, t))drdl 4+ B5 f1 (ue(2))dT + b1 E'(t).
Ty J0 Iy
Applying (2.22), (2.24) and (3.16) and selecting a suitable choice of b1, we have
E/(t) S _dlE(t)7
where d; is some positive constant. This implies that
/ E(s)ds < 0. (3.20)
0
For 0 < 6 < 1, we define I(¢) by
t
I(t) := 0/ / |Vu(t) — Vu(t — s)|*dzds.
to /0
By (3.20), 6 is taken so small that, for all ¢ > to,
I(t) < 1. (3.21)
Since G is strictly convex on (0, 79], then
G(qy) < qG(y), (3.22)

where 0 < ¢ < 1 and y € (0,70]. Using the fact that p is a positive nonincreasing function and applying
(2.3), (3.21), (3.22) and Jensen’s inequality (2.12), we find that(see details in [21, 23])

plt) > ;‘% [ 106G () [ 617u) - Vu(t - o) dsds

> %(tt)) /to G(I(t)g(s)) i 0|Vu(t) — Vu(t — s)|*dzds
> % é(e / 9(s) /Q [Vu(t) = Vu(t - s)Pdwds) (3.23)

Since G is strictly increasing, we obtain

/t:g(s)/Q IVu(t) — Vu(t — s)[2dads < éé‘l (iﬂT(tt))
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Now, we show the estimate (3.19) when fj is nonlinear. Since we cannot guarantee (3.20), we define the

following function

o(t) := — //|Vu — Vu(t — s)|*dxds, Yt > to.
—to

Using the fact that E'(t) < 0 and (2.22), we have

20 ¢ 80E(0
)< 22 [ QIva +1Vute - )| Pyds < 22O,
0 to
Choosing 6 small enough so that, for all ¢ > to,
o(t) < 1. (3.24)

Similar to (3.23), using (2.3), (3.22), (3.24) and Jensen’s inequality (2.12), we obtain

o) = Grzir | S0/ | o ITult) = Ve = o) dads
C [ awat) [

to at—to

> (t_tg)”(t) C(t_ato /tg(s)/ﬂ V() —Vu(t—s)|2dxds>.

to

|Vu(t) — Vu(t — s)|*deds

This implies that

4. PROOF OF THEOREM 2.2.

In this section, we prove the main result of our work. Now, we consider the following two cases.
Case 1: G(t) is linear. Multiplying (3.11) by the positive nonincreasing function p(¢) and using (2.3),
(2.24) and (3.16), we get

p(t)L'(t) < —Bsu(t) E(t )+54/ / [Vu(t) = Vu(t — )] deds + B5p(t) . J7 (ue(t))dr

IN

Ben(t)E(t) / / IVu(t) = Vult = 5)Pdads + 5sCon0) [ fiuult)a(t)dr
< —Beu(E(t) — C5E'(8),

where C5 = 284 + %‘5(0) is a positive constant. From pu(t) is nonincreasing, we have
(WL + C5E)'(t) < =Bsu(t) E(t), V> to.
Since p(t)L(t) + CsE(t) ~ E(t), for some positive constants k1 and k2, we obtain

E(t) S kze*kl .[tto u(s)ds
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Case 2: G(t) is nonlinear. This case is obtained through the ideas presented in [23] as follows. Using

(2.24), (3.11), (3.16) and (3.19), we obtain

L'(t) < —BsE(t) + %@‘1 <9:T(tt))) - ﬂf? E'(t), Vt>to. (4.1)
Let L1(t) = L(¢) + %E(t) ~ E(t), then (4.1) becomes
L4 (8) < —BsE(t) + %@_1 <9/%)) VE > to. (4.2)

For 0 < g9 < 79, using (4.2) and the fact that E' <0, G >0and G > 0, we find that the functional Lo,
defined by
— E(t)
Lo(t) := G (co=r2 | Li(t) ~ E(t
2(t) G(soE(O)) 1(t) (t)

satisfies

L4(t) < ~ABWE (o ]’;f((é))) + O <so gg) a (%) vt to. (4.3)

With s = G (80%) andt =G (ep((tt))), using (2.13), (2.14) and (4.3), we get

, (o B | 0B BQ) (B, Bl
£t < =06 (o) + 2P E () +
B(t)

where, we have used that o555 < 7o and G =G on (0,70]. Multiplying this by p(t) and using (3.18),

T

we obtain

w(t)Lh(t) < —(63E(O) - ‘50954) “(25)(” el <Eo 558) — 26.4E'(1).

By defining L3(t) = u(t)L2(t) + 284 E(t), we see that, for some positive constants 2 and s,
Y2L3(t) < E(t) < v3Ls(t). (4.4)

With a suitable choice of g, we get, for some positive constant da,

Ly < fdgu(t)%@ <50 g((é))) — —dop(t)Cs (%) Vi > to, (4.5)

where G2(t) = tG'(eot). Using the strict convexity of G on (0,ro] and G5(t) = G’ (eot) + eotG” (eot), we
see that Ga2(t), G5(t) > 0 on (0,1]. Finally, defining

_ 72Ls(t)
and using (4.4), we have
E(t)
Qt) < m <1 and Q(t) ~ E(1). (4.6)

From (4.5), (4.6) and the fact that G5(¢) > 0 on (0, 1], we arrive at

Q'(t) < —ksu(t)G2(Q(1)), ¥Vt = to,

where k3 = ‘23(7)2) is a positive constant. Integrating this over (¢o,t) and using variable transformation, we

find that(see details in [23])

to e0Q’'(s) t 20Q(to) t
| aviceam® 2 b o= [ 2 et
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Since €9 < 79 and Q(t) < 1, for all ¢ > to, we have

T0o 1 t 1 —1 ¢
C1(200(t)) = / L s kg/ p(s)ds = Q1) < ¢ kg/ 1(s)ds), (4.7)
=0t 5G'(5) to b ( " )
where G1(t) = [/° ﬁ@d& Here, we have used the fact that G is strictly decreasing function on (0, ro].

Therefore, using (4.6) and (4.7), the estimate (2.33) is established.

5. PROOF OF THEOREM 2.3

Case 1: G(t) is linear. Multiplying (3.11) by the positive nonincreasing function u(t) and using (2.3),
(2.24) and (3.16), we get

p()L'(8) < =Bsp()E(t) + BsCap(t)F " (x(1) — CE' (1), (5.1)
where Cs = 284 + B5C5u(0) is a positive constant. Since u(t) is nonincreasing, (5.1) becomes
Fi(t) < =Bop(t) E(t) + BsCap(t)F " (x(1), ¥t > to, (5.2)

where F3(t) = u(t)L(t) + C6¢E(t) ~ E(t). For 0 < e1 < r1, using (5.2) and the fact that B’ < 0,F’ > 0
0,71

and F” > 0 on (0, 7], the functional Fy defined by

— (. E®)

satisfies

For) 4 ssComOF (& gk ) P (xlo).

Fit) < —Bap(t) B()F' (

As (2.13) and (2.14) with s = F'(e; %) and t = F~!(x(t)), using (3.17), we obtain that
Fi(0) < -8 BOF (21 g} ) + 210 DED (2 Z ) + pcumtonn

tYE(t E(t
< —(B3E(0) —€185C3) M(E’)(O)( )F/ (61 E((O))> — B5C3Capu(0)E' (1), Vit > to.

Let F5(t) = Fui(t) + B5C3C4p(0)E(t), then which satisfies, for positive constants 4 and s,
W5 (t) < B(t) < 15 F5(0). (5.3)

Consequently, with a suitable choice of €1, we have, for some positive constant ds,

Fi(t) < fdgu(t)%F' (sl g(?)) = —dzu(t)Fo (%) vt > to, (5.4)
where Fy(t) = tF'(e1t). From the strict convexity of F on (0,71], we obtain Fy(t), Fg(t) > 0 on (0,1]. Let
_ 7als(t)
J(t) = “B(O)
and from (5.3) and (5.4), we get
71 < 2O <1 and (1) < —arp®) Fo(J (1)), ¥t > to,



16 GENERAL STABILITY FOR THE VISCOELASTIC WAVE EQUATION...

where a1 = %’%‘; is a positive constant. Then, similar to (4.7), the integration over (¢o,t¢) and variable

transformation yield
1 B t
a0 < 2F ([ (e)is). (5.5)
€1 to
where Fi(t) = [/ ﬁ(s)ds, which is strictly decreasing function on (0, r1]. Combining (5.3) and (5.5), the

estimate (2.34) is proved.
Case 2: G(t) is nonlinear. This case is obtained by the ideas presented in [21] as follows. Using (3.11),
(3.16) and (3.19), we obtain

, t—10)=5— Op(t _
v < -pam(o + B (L) g ) - OB, st (69
0 (t—to)u()
Since lim = 0, there exists t1 > to such that
t—o0 — to
LI (.7)
t—to ’ = ’
Using the strictly increasing and strictly convex function of F and (3.22) with g = ﬁ, we see that
—— F— t
P < - oF (20), vz, (5.9
—to

Combining (5.6) and (5.8), we arrive at

R (t) < —B3E(t) + 54(t0— to) 51 ((t ffSL(t)) + BsCs(t —to)F <tx£tt)0)7 Vit >, (5.9)

where Ri(t) = L(t) + BsCsE(t) ~ E(t). Let

- Op(t) x(t) 1 =1y -1
= t) = d K= F t> 1. 1
ro = min{ro, 71}, ©(t) = max { Gt t—to an (G + ), Vt>t (5.10)
So, (5.9) reduces to
Ri(t) < —BsB(t) + Cr(t — to) K (p(t)), Vt >t (5.11)
where C7 = max{24, B5C3}. The strictly increasing and strictly convex properties of G and F imply that
— ==/ —! == 2 —/ 2*//
G +F (G +F)?
on (0,72]. Now, for 0 < g2 < r2, using (5.7), we see that tf’io % < 1. Defining

Ra(t) = K,<tio%>&@’ Vit > b,

and using (5.11) and (5.12), we find that
Ré(t):(*( €2 E(t)+ €2 E/(t))Ku( €2 w>R1(t)+K/( €2 &)R’l(t)

t—1t0)2 E(0) ¢—to E(0) t —to E(0) t —to E(0)
< —,Bg,E(t)K/(t = %) + Ot — to)K'<t 2 %)K—l(w)), V> . (5.13)

Using (2.13) and (2.14) with s = K'(tf—‘io 1};2((3%) and t = K~ '(p(t)) and applying (5.13), we get
Ry(t) < —BsE()K' (t io %) +£2C5 g((é)) K’ (t 20 g((é))) + Cr(t — to)p(t). (5.14)
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From (3.17), (3.18) and (5.10), we obtain
(t —to)u(t)p(t) < —CsE'(t), (5.15)

where Cs = min{26, C4u(0)}. Multiplying (5.14) by the positive nonincreasing function p(¢) and using
(5.15), we have

Rg(t)s—(53E(0)—5207)’“‘“)E(“K’( 2 E(”>, V>t

E(0) t —to E(0)
where R3(t) = p(t)R2(t) + C7CsE(t) ~ E(t). For a suitable choice of €3, we find that
, WOE@) o e B
< - > .
(1) <~ R et K (g ) vz (5.16)

where dy is a positive constant. An integration of (5.16) yields

S — to E(O)
Using (5.12) and the non-increasing property of E, we see that the map ¢ — E(t)K/(tf";O %) is non-
increasing and consequently, we obtain
E{t) ., e E{) /f
d K ds < Rs(t YVt > t1. 5.17
4E(O) t—to E(O) " /’L(S) S = 3( 1)7 — U ( )

Multiplying (5.17) by ﬁ, we get
t
d4K1( ! w) / w(s)ds < LIGIVAS t1,
t1

t—to E(0)
where Ki(s) = sK'(e2s) which is strictly increasing. Therefore, we deduce that
as

—t) vt >,
(t = to) Ji; 1(s)ds

where a3 and ay4 are positive constants. This completes the proof.

E(t) < ot — to)K;1<
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