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Abstract

In this paper, the cooperative consensus tracking control problem is investigated for hybrid multi-agent systems with slow

interference time-varying signals and directed topology. First of all, the dynamical model of hybrid multi-agent system with

slow interference time-varying signals is built up, which contains second-order continuous and first-order discrete time agents.

Secondly, interference observers of first-order and second-order agents are introduced, which can effectively detect interference

signals, and estimate the velocity of second-order agents to realize compensation. Meanwhile a kind of sliding mode controllers

based on interference compensation are designed to come true the cooperative consensus tracking of hybrid multi-agent systems.

Then, via Lyapunov method, the stability of hybrid multi-agent system is attested. And the sufficient conditions are given for

the realization of cooperative consensus tracking. In the end, simulation examples ulteriorly demonstrate the validity of our

results.
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ed for hybrid multi-agent systems with slow interference time-varying signals

and directed topology. First of all, the dynamical model of hybrid multi-agent

system with slow interference time-varying signals is built up, which contains

second-order continuous and first-order discrete time agents. Secondly, interfer-

ence observers of first-order and second-order agents are introduced, which can

effectively detect interference signals, and estimate the velocity of second-order

agents to realize compensation. Meanwhile a kind of sliding mode controllers

based on interference compensation are designed to come true the cooperative

consensus tracking of hybrid multi-agent systems. Then, via Lyapunov method,

the stability of hybrid multi-agent system is attested. And the sufficient condi-

tions are given for the realization of cooperative consensus tracking. In the end,

simulation examples ulteriorly demonstrate the validity of our results.
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1. Introduction

In general, an multi-agent system consists of multiple agents with autonomous

functions that locally interact with each other. The cooperative control of multi-
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agent systems has attracted the attention of experts and scholars in various

fields such as unmanned aerial systems in the field of aviation, unmanned ship

systems in the marine field, unmanned ground vehicles and so on. It is well

known that consensus tracking is an important branch of cooperative control

for multi-agent systems, which means that multiple simple agents track single

or multiple targets together through the communication between neighbors.

Multi-agent systems can be divided into homogeneous multi-agent system-

s, heterogeneous multi-agent systems and hybrid multi-agent systems. In [1],

Wen et al. designed a class of consensus tracking protocols for the realiza-

tion of multi-agents with Lipschitz-type node dynamics switching topologies.

Hu studied robust consensus tracking of second-order multi-agent systems with

unknown disturbances and unmodeled agent dynamics, which developed a con-

sensus tracking protocol using local information in [2]. For nonlinear high-order

multi-agent systems with unkown parameters and uncertain external distur-

bances, Wang et al. investigated distributed adaptive consensus tracking con-

trol in [3]. Then, the adaptive consensus tracking control of nonlinear high

multi-agent systems was researched in [4-5], which considered communication

constraints and a new event-triggered mechanism. In [6], Mi studied the fixed

time consensus tracking for multi-agent systems with matched disturbances and

nonholomonic dynamics. In practical applications, the fault tolerance of multi-

agent systems should be taken into account. Under different attacks, Feng et al.

achieved secure consensus tracking of linear multi-agent systems in [7]. Under

fixed topologies, Liu et al. proposed a novel distributed fault-tolerant consen-

sus tracking controller in [8]. Under randomly switched topology with faulty

actuator, Cao et al. explored consensus tracking of multi-agent system in [9].

Wan et al. addressed the secure impulsive consensus tracking under deception

attacks in [10]. On basis of intermediate estimator, the consensus tracking of

multi-agent systems with fault estimation was discussed in [11].

Based on the research of consensus tracking of homogeneous multi-agent

systems, the consensus tracking of heterogeneous multi-agent systems was stud-

ied. For heterogeneous multi-agent systems, the proportional-integral consensus
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tracking algorithms were put forward in [12]. In [13-14], the adaptive consensus

tracking of heterogeneous multi-agent systems with unknown nonlinear dynam-

ics under directed graph was researched. Consider switching topologies, input

time delay and interdependency, the collaborative consensus tracking of het-

erogeneous group systems was investigated in [15-16]. Long et al. designed a

backstepping control scheme according to distributed adaptive output feedback

in [17].

From linear to nonlinear, without delay to with delay, undirected topology

to directed topology, as well as unknown parameters and the presence of per-

turbations, the consensus tracking control of homogeneous and heterogeneous

multi-agent systems is studied in the above content. In [18], Zhou et al. investi-

gated the consensus tracking control of linear hybrid multi-agent systems. There

is relatively few research on hybrid multi-agent consistent tracking. Therefore,

the cooperative consensus tracking control of hybrid multi-agent systems with

slow interference time-varying signals and directed topology was researched in

the paper. The contribution of this paper are as follows. 1) Considering the

interference case, the dynamical model of hybrid multi-agent system is con-

structed. 2) To introduce interference observers of agents, estimated values of

interference signals and agents’ velocity can be obtained effectively. 3) A kind of

sliding mode controllers are proposed for the realization of cooperative consen-

sus tracking of hybrid multi-agent systems with slow interference time-varying

signals. As well as, the theorems and analyses are given.

The structure of this paper is arranged as follows. In Section 2, preliminaries

and problem statement are provided. In Section 3, main results contain design

of the observer and design of sliding mode controllers, which are set forth. The

simulation example is given to explain further the validity of our results in

Section 4. In the end, the conclusion is stated in Section 5.

Notations. There are some notations employed in the paper. R is a set

with real numbers. Rn is a set with real vectors. Rn×n is the real matrix space

with n× n.
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2. Preliminaries and problem statement

2.1. Graph theory

How information is exchanged between agents can be described by graph

theory. Let G = (V,E,A) represents the communication relationship between

agents. The weighted directed graph G includes three parts, which are the

vertex set V = {1, 2, 3, · · ·n}, the edge set E = {eij = (i, j) ⊆ V × V, i ̸= j},

and the nonnegative adjacent matrix A = [aij ]n×n. The neighbor set of agent

i is Ni = Nsi ∪ Nfi = {j : aij > 0, i ̸= j}. A directed path between two

different vertices i and j is a finite ordered sequence {(i, k1), (k1, k2), · · · , (ks, j)}

of different edges for the directed graph G. The degree matrix D = [dij ]n×n is

the diagonal matrix with dij =
∑

j∈Ni
aij . And the Laplacian matrix is defined

as L = [lij ]n×n = D − A. C = diag(ci) ∈ Rn×n is the local degree matrix,

where ci = 1 indicates that agent i can receive information about the mobile

target, and ci = 0 denotes that the information of the mobile target can not

been received via agent i.

Lemma 1[19]. For a directed graph with the Laplacian matrix L, when

Rank(L) = n − 1 or L1n = 0 with a zero eigenvalue of L , there that G has a

directed spanning tree.

2.2. Problem statement

Suppose that there is a hybrid multi-agent system, which composed of n

second-order continuous time agents and m−n first-order discrete time agents.

The dynamical model of second-order continuous time agent i is defined as ṗsi(t) = qsi(t),

q̇si(t) = −bqsi(t) + ausi(t)− dsi(t), i = 1, 2, . . . , n,
(1)

where psi(t) ∈ R, qsi(t) ∈ R are the position state and the velocity state of

second-order continuous time agent i respectively, usi(t) is the control input of

second-order continuous time agent i, dsi(t) is a slow interference time-varying

signal, and a > 0, b > 0 are constants. The dynamical model of first-order
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discrete time agent i is as follows

pfi(tk+1) = pfi(tk) + Tufi(tk)− dfi(tk), i = n+ 1, 2, . . . ,m, (2)

where pfi(tk) is the position state of first-order discrete time agent i, ufi(tk)

is the control input of first-order discrete time agent i, and dfi(tk) is a slow

interference signal, and T = tk+1 − tk is a sampling period. In addition, the

dynamical model of mobile target agent is provided by ẋ0(t) = v0(t),

v̇0(t) = u0(t),
(3)

where x0(t), v0(t), u0(t) are the position state, the velocity state and the input

state of mobile target agent separatively.

Definition 1. While the equations are satisfied as follows
lim
t→∞

∥psi(t)− x0(t)∥ = 0, i = 1, 2, . . . n,

lim
t→∞

∥qsi(t)− v0(t)∥ = 0, i = 1, 2, . . . n,

lim
t→∞
tk→∞

∥pfi(tk)− x0(t)∥ = 0, i = n+ 1, 2, . . .m,

(4)

the hybrid multi-agent system can come true the cooperative consensus tracking

for any initial values psi(0), pfi(0), x0(0), qsi(0), and v0(0).

The goal of the paper is to introduce an observer of second-order agents,

which can effectively detect interference signals and realize compensation, and

to propose a kind of sliding mode controllers based on interference compensation

for achieving the cooperative consensus tracking of hybrid multi-agent systems.

3. Main results

In this section, first an observer of second-order agents is brought in to

effectively interfere with the observation of the signal, which come true the

compensation of systems. In the meantime, based on the established dynamic

model of hybrid multi-agent systems, the cooperative consensus tracking of hy-

brid multi-agent systems with slowing interference signals is researched via the

designed sliding mode controllers with interference compensation.
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3.1. Design of the observer

For second-order continuous time agents (1), the observer is parallel to that

in [20], which is given by
˙̃
dsi(t) = k1(ω̃si(t)− qsi(t)),

˙̃ωsi(t) = −bqsi(t) + ausi(t)− d̃si(t)− k2(ω̃si(t)− qsi(t)), i = 1, 2, . . . n,

(5)

where k1 > 0, k2 > 0, d̃si(t) is the estimated value of slow interference signal

dsi(t), and ω̃si(t) is the estimated value of second-order velocity sate qsi(t).

Set
⌢

dsi(t) = dsi(t)− d̃si(t),
⌢
ωsi(t) = qsi(t)− ω̃si(t).

On account of dsi(t) = −q̇si(t)−bqsi(t)+ausi(t), d̃si(t) = − ˙̃ωsi(t)−bqsi(t)+

ausi(t)− k2(ω̃si(t)− qsi(t)), there is
⌢

dsi(t) = ˙̃ωsi(t)− q̇si(t) + k2(ω̃si(t)− qsi(t)) = −⌢̇
ωsi(t)− k2

⌢
ωsi(t).

For any second-order continuous time agent i, the stability analysis is shown

below. Define the Lyapunov function as

V1si =
1

2k1

⌢

d
2

si(t) +
1

2
⌢
ω
2
si(t). (6)

So

V̇1si =
1
k1

⌢

dsi(t)
⌢̇

dsi(t) +
⌢
ωsi(t)

⌢̇
ωsi(t)

= 1
k1

⌢

dsi(t)(ḋsi(t)− ˙̃
dsi(t)) +

⌢
ωsi(t)(q̇si(t)− ˙̃ωsi(t)).

(7)

Assuming the interference dsi(t) is a slow time varying signal, and ḋsi(t) is very

small, there is
1

k1
ḋsi(t)=0, (8)

when k1 takes a larger value.

Substitute eq.(5), (6),(8) into eq.(7), it obtains

V̇1si = 1
k1

⌢

dsi(t)ḋsi(t)− 1
k1

⌢

dsi(t)̇̃dsi(t)

+
⌢
ωsi(t)(−bqsi(t) + ausi(t)− dsi(t)+bqsi(t)− ausi(t)+d̃si(t) + k2(ω̃si(t)− qsi(t)))

= 1
k1

⌢

dsi(t)ḋsi(t)− 1
k1

⌢

dsi(t)(k1(ω̃si(t)− qsi(t)))

+
⌢
ωsi(t)(−dsi(t) + d̃si(t) + k2(ω̃si(t)− qsi(t)))

= 1
k1

⌢

dsi(t)ḋsi(t) +
⌢

dsi(t)
⌢
ωsi(t) +

⌢
ωsi(t)(−

⌢

dsi(t)− k2
⌢
ωsi(t))

= 1
k1

⌢

dsi(t)ḋsi(t)− k2
⌢
ω
2
si(t) ≤ 0
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When V̇1si ≡ 0,
⌢
ωsi(t) ≡ 0,

⌢̇
ωsi(t) ≡ 0,

⌢

dsi(t) ≡ 0. According to LaSalle

invariance principle, there is lim
t→∞

⌢

dsi(t) = 0. Through the observer, dsi(t) is

effectively observed, and then the interference compensation of the system is

realized. �
For first-order discrete time agents (2), the interference observer is similar

to that in [21], which is provided by

d̃fi(tk) = d̃fi(tk−1) + k6[sfi(tk)− sfi(tk−1) + k7sgn(sfi(tk−1))]

+k10
∑

j∈Nfi

aij(pj(tk−1)− pfi(tk−1)),
(9)

where d̃fi(tk), k6 > 0, k7 > 0, k10 > 0 are the estimated value of slow inter-

ference signal dfi(tk) and constants respectively, and sfi is a sliding function

which is given later. The equal-velocity approach law is as follows

sfi(tk+1)− sfi(tk) = −k7T sgn(sfi(tk)), k7 > 0. (10)

Set
⌢

dfi(tk) = dfi(tk)− d̃fi(tk), there is

⌢

dfi(tk+1) = dfi(tk+1)− d̃fi(tk+1)

= dfi(tk+1)− d̃fi(tk)− k6[sfi(tk+1)− sfi(tk) + k7sgn(sfi(tk))]

− k10
∑

j∈Nfi

aij(pj(tk)− pfi(tk))

= dfi(tk+1)− dfi(tk) +
⌢

dfi(tk)− k6[sfi(tk+1)− sfi(tk) + k7sgn(sfi(tk))]

− k10
∑

j∈Nfi

aij(pj(tk)− pfi(tk))

= dfi(tk+1)− dfi(tk) +
⌢

dfi(tk)− k6k7(1− T )sgn(sfi(tk))

− k10
∑

j∈Nfi

aij(pj(tk)− pfi(tk)).

(11)

For any first-order discrete time agent i, the stability analysis is as follows.

Define the Lyapunov function as

V1fi =
1

2

⌢

d
2

fi(tk). (12)
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So

∆V1fi(tk) = V1fi(tk+1)− V1fi(tk)

= 1
2

⌢

d
2

fi(tk+1)− 1
2

⌢

d
2

fi(tk)

= 1
2 [

⌢

dfi(tk+1)−
⌢

dfi(tk)][
⌢

dfi(tk+1) +
⌢

dfi(tk)].

(13)

Substitute eq.(11) into eq.(13), it obtains

∆V1fi(tk) =
η2

2 [ 1η (dfi(tk+1)− dfi(tk)− k6k7(1− T )sgn(sfi(tk))

− k10
∑

j∈Nfi

aij(pj(tk)− pfi(tk)))] · [ 1η (dfi(tk+1)− dfi(tk) + 2
⌢

dfi(tk)

− k6k7(1− T )sgn(sfi(tk)) − k10
∑

j∈Nfi

aij(pj(tk)− pfi(tk)))] .

(14)

Suppose that dfi(tk) is the slow interference time varying signal, ∆dfi(tk) is

smaller value, and there is
∆dfi(tk)

η
= 0, (15)

when η > 0 is relatively a large value. And when t → ∞, k10
∑

j∈Nfi

aij(pj(tk)− pfi(tk)) →

0, it obtains

∆V1fi(tk) =
1
2 [−k6k7(1− T )sgn(sfi(tk))]. [2

⌢

dfi(tk)− k6k7(1− T )sgn(sfi(tk))]

= −k6k7(1− T )sgn(sfi(tk))
⌢

dfi(tk) +
1
2 [k6k7(1− T )]2

≤ −k6k7(1− T )sgn(sfi(tk))
⌢

dfi(tk)

≤ 0,

when and only when 0 < T < 1, k6 > 0, k7 > 0, and sfi(tk),
⌢

dfi(tk) are both

positive and negative.

Based on LaSalle invariance principle, there is

lim
t→∞

⌢

dfi(tk) = 0.

Via the observer (9), dfi(t) is effectively observed, and then the interference

compensation of the system is achieved. �
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3.2. Design of sliding mode controllers

For second-order continuous time agent i = 1, 2, . . . n, the designed sliding

mode function is shown below

ssi = ω̃si(t)−
∫ t

0
[k3

∑
j∈Nsi

aij(pj(τ)− psi(τ))

− k4ci((psi(τ)− x0(τ)) + (ω̃si(τ)− v0(τ)))]dτ,

(16)

where k3 > 0, k4 > 0 are constants, ci is the element of C = diag(ci) ∈ Rn×n,

that is agent i can gain the status of the mobile target when ci = 1. The

equal-velocity approach law is as follows

ṡsi = −k5sgn(ssi), k5 > 0.

So the sliding mode controller of second-order continuous time agent i on basis

of interference compensation is designed as

usi(t) =
1
a [k3

∑
j∈Nsi

aij(pj(t)− psi(t))− k4ci((psi(t)− x0(t)) + (ω̃si(t)− v0(t)))

+ bω̃si(t) + d̃si(t)− k5sgn(ssi)], i = 1, 2, . . . n,

(17)

where a > 0, b > 0, k3 > 0, k4 > 0, k5 > 0 are all constants.

For first-order discrete time agent i = n+1, 2, ...n, the designed sliding mode

function is shown as

sfi = pfi(tk)−
k∑

τ=0

[k8
∑

j∈Nfi

aij(pj(tτ )− pfi(tτ ))− k9ci(pfi(tτ )−x0(tτ ))], (18)

where k8 > 0, k9 > 0 are all constants, and ci is the element of C = diag(ci) ∈

Rn×n, which is agent i can gain the status of the mobile target when ci = 1.

Through (10) and (18), the sliding mode controller of first-order discrete time

agent i on basis of interference observer is designed as

ufi(t) =
1
T [k8

∑
j∈Nfi

aij(pj(tk)− pfi(tk))− k9ci(pfi(tk)− x0(tk))

+ d̃fi(tk)− k7T sgn(sfi(tk))] , i = n+ 1, 2, . . .m,

(19)

where T > 0 is the sampling period, and k7 > 0, k8 > 0, k9 > 0 are all constants.

9



Theorem. Consider an hybrid multi-agent system (1), (2) and (3) with

sliding mode controllers (17) and (19) based on interference observer having

slow interference time-varying signals and directed topology. And the system

has a directed spanning tree. The following conditions (20) are met for the

completion of cooperative consensus tracking.

k5 > 0, 0 < k7 <
2

T
|sfi(tk)| . (20)

Proof. Let the Lyapunov function

V2 = V2si + V2fi =
1

2
s22i +

1

2
s2fi. (21)

Because of

V̇2si = s2iṡ2i = s2i · [ ˙̃ωsi(t)− k3
∑

j∈Nsi

aij(pj(t)− psi(τ))

+ k4ci(psi(t)− x0(t) + ω̃si(t)− v0(t))],

(22)

˙̃ωsi(t) = q̇si(t) = −bqsi(t) + ausi(t)− dsi(t), (23)

so there is

V̇2si = s2i(−k5sgn(ssi)) ≤ −k5 |s2i| . (24)

Through the above eq.(24), when and only when k5 > 0, it obtains

V̇2si ≤ 0. (25)

And, there is

∆V2fi = V2fi(tk+1)− V2fi(tk)

= 1
2s

2
fi(tk+1)− 1

2s
2
fi(tk)

= 1
2 (sfi(tk+1) + sfi(tk))(sfi(tk+1)− sfi(tk))

= 1
2 (sfi(tk+1) + sfi(tk))(−k7T sgn(sfi(tk))).

(26)

Substitute eq.(10) into eq.(26), the following expression is obtained.

∆V2fi =
1
2 (2sfi(tk)− k7T sgn(sfi(tk))(−k7T sgn(sfi(tk)))

= −k7T |sfi(tk)|+1
2k

2
7T

2,
(27)
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where k7 > 0 is a constants. Via the above eq.(27), if only and if 0 < k7 <

2
T |sfi(tk)|, there is

∆V2fi < 0. (28)

Therefore, the differential of V is less than 0. The cooperative consensus

tracking of hybrid multi-agent system can been achieved via sliding mode con-

trollers (17) and (19) based on interference observer. �

4. Simulation

In this section, the validity of our results is further verified by a simulation

example.

Example. Consider a hybrid multi-agent system with interference time

varying signals, the system is compose of second-order continuous agent 1,2,3

with the dynamical model (1) and first-order discrete time agents 4,5,6 with the

dynamical model (2). The topological graph of hybrid multi-agent system is

described as shown in Fig.1.

Fig.1. The topological graph of hybrid multi-agent system.
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The Laplace matrix L of the hybrid multi-agent system is shown below

L =



1 −1 0 0 0 0

0 1 −1 0 0 0

0 0 1 0 −1 0

−1 0 0 2 0 −1

0 0 0 −1 2 −1

0 0 0 0 −1 1


.

And the eigenvalue set of L and the local degree matrix are respectively

λ =



2.5189 + 0.6666i

2.5189− 0.6666i

0.0000 + 0.0000i

0.9811 + 0.6026i

0.9811− 0.6026i

1.0000 + 0.0000i


, C =



1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1


.

The position and velocity vectors of agents are respectively set as

p(0) = [2.5, 1.2,−2.8, 1.3, 2.7, 3.0], q(0) = [0.5, 0.3, 0.4].

The initial position and velocity states of mobile target are x0(0) = 2.2, v0(0) =

0.1, and the estimated value vector of slow interference signals is d̃(0) = [0, 0, 0, 0, 0, 0].

There are dsi(t) = 0.35sin(1.82πt), dfi(t) = 0.01sin(2πtk), and a = 1, b = 0.15.

Other parameters are set as k1 = 50, k2 = 3.6, k3 = 2.8, k4 = 2.8, k5 =

0.1, k6 = 0.05, k7 = 0.1, k8 = 1.5, k9 = 1.5, k10 = 0.1, T = 0.02. Using ob-

servers (5), (9) and sliding mode controllers, the consensus tracking of hybrid

system can be achieved.
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Fig.7. Velocity states of second-order agents.
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In the Fig.2 and Fig.3, curve of changes are shown for interference signal

estimations of second-order and first-order agents. After a certain amount of

time, position errors of agents gradually approach the value of 0 as shown Fig.5.

As well as, it shows that control inputs of agents slowly are close to the value

of 0 in Fig.6. In addition, velocity states of second-order agents can tend to be

consistent, which reach the speed of the mobile target.

5. Conclusion

Consider slow interference time-varying signals and the directed topology,

the cooperative consensus tracking control of hybrid multi-agent systems has

been studied. The dynamical models of second-order continuous and first-order

discrete time agents with interference signals have been structured. Interference

observers of second-order continuous and first-order discrete time agents have

provided for observing interference signals, estimating the speed of the agent,

and thus achieving compensation. Then, a kind of sliding mode controllers

based on interference compensation have been designed for the achievement of

the cooperative consensus tracking of hybrid multi-agent systems. As well as,

the stability of hybrid multi-agent systems have been proved, and the sufficient

conditions have been presented. The simulation examples further have verified

the validity of our results.
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