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Abstract

The normalized Laplacian plays an indispensable role in exploring the structural properties of irregular graphs. Let $L_-
{n}"{8,4}$ represents a linear octagonal-quadrilateral network. Then, by identifying the opposite lateral edges of $L_{n}"{8,4}$,
we get the corresponding M\”{o}bius graph $MQ_{n}(8,4)$. In this paper, starting from the decomposition theorem of
polynomials, we infer that the normalized Laplacian spectrum of $MQ_{n}(8,4)$ can be determined by the eigenvalues of
two symmetric quasi-triangular matrices $\mathcal{L}_{A}$ and $\mathcal{L}_{S}$ of order $4n3. Nextly, owning to the
relationship between the two matrix roots and the coefficients mentioned above, we derive the explicit expressions of the
degree-Kirchhoff indices and the complexity of $MQ_{n}(8,4)$.
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1. Introduction

It is well established that networks can be represented by graphs. The graphs we consider in this
paper are simple, undirected and connected. Let’s first recall some definitions commonly used in graph
theory. Suppose G represents a simple undirected graph with |Viz| = n and |Eg| = m. For more notation,
one can be referred to [1].

Note that D(G) = diag{di,ds, - - ,dy} represents a degree matrix, where d, is the degree of v,. A(G)
is the adjacency matrix of G. The Laplacian matrix of G is L(G) = D(G) — A(G). The (p,q)-entry of
the normalized Laplacian matrix is given by

L, pP=q;
(L(G))pg = _\/dlqu’ p # q and v, < vg; (1.1)
0, otherwise.

As a matter of fact, there are many parameters that can be used to describe the structure and
properties of molecular graphs in graph networks. One of the parameters based on resistance distance is
defined as Wiener index [2,3], which is

W(G) = Z dij;

1<j

where d;; = dg(v;,v;) represents the length of the shortest path between two vertices v; and v, in G.
Wiener index is widely used in chemical and mathematical research. For details, see [4-7].

The parameter of resistance distance was first proposed by Klein and Randic [8] in 1993. It means
that if every edge of a graph G is regarded as a unit resistance, then the distance between any two vertices
i and j in G is called resistance distance, which is denoted as r;;. Similar to Wiener index, we give the
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expression of the Kirchhoff index [9,10] according to the resistance distance, namely

Kf(G)=> rj :nzi

i<j i=2

In 2007, Chen and Zhang [11] proposed that the eigenvalues and eigenvectors of normalized Laplacian
spectrum can be used to describe the resistance distance, and an observation that prompted a new
characteristic parameter, called the degree-Kirchhoff index, which is a kind of structural descriptor [11].
However, it is very difficult to calculate the degree-Kirchhoff index from the complexity division of
graphs, so it is very important to find the explicit expression of degree-Kirchhoff index. In recent years,
many scholars have devoted themselves to the study of degree-Kirchhoff index of various graphs. Huang
and Li et al. [12,13] proved the degree-Kirchhoff index of linear hexagonal chains and linear polyomino
chains, successively. H. Bian et al. [14] determined the normalized Laplacians and degree-Kirchhoff
index of cylinder phenylene chain. Zhao and Liu et al. [15] described the normalized Laplacian and
degree-Kirchhoff index of linear octagonal-quadrilateral networks. For more excellent results, please refer
to [16-21]. After learning the excellent works of scholars, in this paper, we use the correlation properties
of normalized Laplace matrix to calculate the degree-Kirchhoff index and the complexity of M&bius graph
of linear octagonal-quadrilateral networks.

The investigation of complex graph and irregular network has gone through a spectacular development
in the past decades. Especially in organic chemistry, more and more attention has been paid to the
application of polyomino in polycyclic aromatic compounds. Many scholars are interested in the study of
linear octagonal networks and related molecular graphs. As we all know, linear octagonal network is an
octagonal system without branch compression. It is constructed by regularly inserting some new points
on the straight line of the linear polyomino network. The research on the structure and properties of this
kind of natural graph network lays a solid foundation for the advancement of theoretical chemistry, as
well as for the development of applied mathematics.

Let L%% be the linear octagonal-quadrilateral networks and octagons and quadrilaterals are connected
by a common edge, which depicted in Figure 1. Then the corresponding Md&bius graph MQs5(8,4) of
octagonal-quadrilateral networks is obtained by the reverse identification of the opposite edge by L84,
see Figure 2. Obviously, we can obtained that |Vasg, (8,4)] = 8n, |Enq, (8,4)] = 10n.

(4n—2) (4n—1)
13 (4n—3) (4n) (4n+1)

13 (4n-3) (4n) (4n+1)
(4n-2) (4n-1)

8,4
Ln

Figure 1: Linear octagonal-quadrilateral networks.

The rest of the paper will be divided into the following several sections: In Section 2, we put forward
some basic notation and related lemmas. In Section 3, we determine the normalized Laplacian spectrum
of M@, (8,4). In Section 4, we committed to give the Kemeny/s constant, the degree-Kirchhoff index
and the complexity of M@, (8,4) .



MO;(8,4)

Figure 2: Graph MQ3(8,4).

2. Preliminary

In this section, we introduce some common symbols and related calculation methods [1], which are
applied to the rest of the article.

The characteristic polynomial of matrix R of order n is defined as Pgr(z) = det(zI — R). It's not
difficult to find that « is an automorphism of G, we can write the product of disjoint 1-cycles and
transposition, namely

m=(1)(2)- (m)(1,1')(2,2") - - (k, &)
Then one has |V(G)| = m + 2k, let vg = {1,2,---m}, v1 = {1,2---k}, vg = {1',2"--- k’}. Thus the
Laplacians matrix can be expressed in the form of block matrix, that is

‘CVO Vo ['Vo Vi L VoVa
LIG)=| Lvivy Lvivi Lvivya |,
L VaVo L VaVi L A%

where
Lvovi = Lvyvas Lvive = Lvyvy, and Lyyv, = Ly,v,.
Let
I, 0 0
1 1
P = 0 ﬁlk ﬁlk s
0 %Ik. —Lr
2 V2
then £4(C)
/ _ A 0

noted that P’ is the transposition of P, where

L= ( Lvyv, V2L,
V2Lvivy Lvivi + Lviv,

Lemma 2.1. [12] Let L(L,)(G), LA(G), Ls(G) are determined as above, then

) , Ls=Lviv, — Lvvy-

PE(Ln)(G) =P, (G)PES (G)

Lemma 2.2. Let G is a graph with |Vg| =n and |Egl =m, and 0 = p1 < p2 < -+ < pp(n > 2) are the
eigenvalues of L(G). Then we can quickly confirm that the following formulas holds.
(a) [22] The Kemeny s constant of G can be denoted



(b) [11] The degree-Kirchhoff index of G is defined as

Kf*(G):QmZi.

g Mk

(¢) [1] The number of spanning trees of G can also be called the complexity of G. Then the complexity
of G is

[ M =2mr(G).
2

=1 k=

3. The normalized Laplacian spectrum of M@, (8,4)

In this section, we focus on obtain the normalized Laplacian spectrum of M@, (8,4) by lemma 2.1.

Given an n X n matrix 7', and put deleting the pith, poth, --- pgth rows and columns of T are
expressed as T[{p1,p2, - -pr}]- With a suitable labeling, the vertices of M@, (8,4) show in Figure 2.
Apparently, 7 = (1,1')(2,2')--- (4n, (4n)") is an automorphism of MQ,(8,4). Then vy = 0, vy, =
{1,2,3,--- ,4n} and vo = {1/,2/,3',--- , (4n)'}. Besides, we express L4(MQ,(8,4)) and Ls(MQ,(8,4))
as L4 and Lg. Then one can get

EA = £V1V1 + £V1V27 £S = LV1V1 - CVIVQ'

In views of Equation (1.1), we have

—1
L%
=1 1 =t
V6 2
=1 1 =L
2 V6
=1 1 =
N 3
=1 1 =L
3 NG
=1 1 =L
Lv,v, V6 2 ;
-1 -1
3 1 7
=1 1 =
Ve 1 2 1
T 17
=1 16
V6 (4n)x (4n)
and
=1 =1
3 3
0
0
-1
3
0
Lv,v, 0
—1
3
0
0
-1 =1
3 3 (4n) % (4n)



Hence,

2 =1 =1
A0 o ’
V6 2
=1 1 =L
21\?6;1
OO 4 0
AP o
EA: V6 2 )
;iz;l
R R
V6 2
=1 1 =
-1 Qiég
3 V6 3/ (4n)x(4n)
and
4 -1 et §
39 3
NG 2
=1 1 =
SR G
EA I Rt
3 3 6
=1 1 =
ES: V6 2
;ié;l
R
V6 2
=1 1 =L
=1 2;1\26
3 V6 3/ (4n)x(4n)

Assuming that 0 = gy < 12 < 13 < -+ < gy, are the roots of Py, (z) = 0, and 0 < ¢ < g <
w3 < -+ < gy are the roots of P (x) = 0, respectively. Then according to lemma 2.1 we can
get the spectrum of M@, (8,4) is just 11,72, .., Nan, ©1,92, ..., Pan, and it is directly to check that
m=0,m,>0(p=2,3,...,4n), and ¢, > 0(¢ =1,2,...,4n).

Nextly, we will committed to calculate some main results of MQ,,(8,4) related to the normalized
Laplacian spectrum.

4. The degree-Kirchhoff index and the complexity of MQ,(8,4)

In this section, we first introduce some theorems, which are obtained by describing the eigenvalues and
eigenvectors of normalized Laplacian matrix. Then obtained the Kemeny s constant, the degree-Kirchhoff
index and the complexity of M@, (8,4) based on these theorems.

Theorem 4.1.
L1 2002 —11
; np 60
Proof. Let
Prg(z) det(xl —Lp) =2 + a1z '+ -+ G417 + agp
= 2@ fa "™ b g0+ Aan_1), Gan_1 # 0.



Then we can exactly get 11,72, ..., 74n are the roots of the following equation

dn—1 dn—2
" a1t + -+ Gap_ox + agn_1 = 0.

Based on the Vieta's theorem of Py, (), it's easy to get

4n n—
Lo (=)™ a4 (4.2)

np (1A lag,

Before calculating (—1)4""2ay4,, o and (—1)*""'ay, 1, we must determine pth order principal sub-

matrices, Rg, Rzlj, Rf? and Rf;, which consists of the first p rows and columns of the following matrices
£Y%,£Y,£% and L3, respectively, p=1,2,...,4n. Let

2 =1
2P o
NG 2
=1 1 =L
2
;1\26;1
AERC T S
3 3 /6
—1 —1
Ly = w2 :
;iz;l
A
NG 2
=1 1 =L
oY
V6 3/ (an)x(4n)
1 =t
-1 7
2;1@;1
AT S
A
V6 2
1 _ e
Ly = 2 V6 )
—1 —1
V]
=1 1 =L
2
iégi
oI 8
3 3 7 (4n)x(4n)



1 =L
IR
AR S}
T LW
NG 2
=1 1 =L
W
2 _ <
Ly = Ve 3
and
2 1
L ]
AP o
NG 2
=1 1 =L
L \éé -1
o O
A = 3 3
In this way, we can get four facts.
Fact 1. For 1 < p < 4n,
%
(p+1)<%) :
1 1 N
= B
Lo+ (%) "
p—3
4
é(erl)(%) :

Fact 2. For 1 < p <d4n,

=1
3
=1 1 =1
2 6
=1 \gf
NG 3
=1
3
=1
NG
=1 2 =1
6 3 3
Ve -1 2
3 3
=1
V6

if p=0(modd);
if p = 1(modd);
if p=2(modd);

if p=3(modd).

if p = 0(modd);
if p=1(mod4);
if p=2(modd);
if p=3(modd).

I ‘I
%‘Hw\ww N

[ |
HG)»—'

»—lw“
-

=

»—w“

(4n)x (4n)

(4n)x (4n)



Fact 3. For 1 < p <d4n,

Fact 4. For 1 < p < 4n,

2
3 0 L
p §rp71 Tp—2-
Proof of Fact 1. Take 7’2

1
9
= det Rg rl = det R},, Z = tR2 and 7" = det Rf,. By a straightforward
calculation, one can get the following values, see Table 1.

Table 1: Initial value.

rg Value 7“2 Value 7"2 Value rg Value
0 2 0 T 0 T 0 5
i 3 Ty 3 T3 3 T4 36
0 3 0 T 0 1 0 1
s 54 "6 216 r 54 r 144

%rg_l — %7‘2_2, if p=0(modd);
"0 - %07’2_1 *1352_2, if p = Lmodd);
Tp—1~ 6"p—2 Zf b= (m0d4)7
Tg,l — irgﬁ, if p = 3(mod4)
For 1 <p<n—1 let ap—rgp, 0<p<n-—1, b,=r), 41 ¢p =Tpr9, dp =19, 3. Then we can get
ay, = 36, bo = %, Co , do = 36, b1:53—4, clzﬁ, d1=54,andforp>2 we have

Then it's no difficult to obtain that
ap = 18¢c, — 24dy;
b, = 4c, — 4d,;
p - 1p P . . (4.3)
Cp = 18%—1 — 1296p—2
dp = 75dp—1 — T355dp—2-

According to the equation of dj, in (4.3) is 22 — &2 + 1556
Therefore, dp, = (x, + y)(3—16)1’ is the general solution. Then we can get x = r and y =

3
Thus, we can obtained d, = (p+1)(35)P(p > 1). Similarly ,we have ¢, = (23” + 1) ()PP =1); a
(4p +1)(35)"(p = 1) and by = 3(2p +1)(35)"(p 2 1).

The result as desired.
By the similar consideration, Facts 2 is available. Then based on the conclusion of Facts 1 and 2, we

= 0, and its two roots are % and %

quickly get Facts 3 and 4.
Now, we will further calculate (—1)*"!ay, ; and (—
discussion, it is assumed that rq = 1.

1)4"=2a4,_o in equation (4.2). For the sake of



Claim 1. (—-1)*"lay, | = 4On2(%)”.
Proof of Claim 1. Since the (—1)*""1ay4,_; is the total of all the principal minors of order 4n — 1 of
L 4, we have

4n 4n 4n—3
()" lageor = Y detLalpl= > detCalpl+ Y detLalp|
p=1 p=4,p=0(mod4) p=1,p=1(mod4)
4An—2 4n—1
+ Y detLalpl+ ) detLalp).
p=2,p=2(mod4) p=3,p=3(mod4)
where
4n 4n 1
Z detLslp] = Z (rg_lrgn_p — 51%_27"2"_13_1);
p=4,p=0(mod4) p=4,p=0(mod4)
4n—3 4n—3 1
Z det‘CA[p] = Z (rgflrinfp - 57”11)727&”71)71);
p=1,p=1(mod4) p=1,p=1(mod4)
An—2 An—2 1
Z det’C’A[p] = Z (rgflrinfp - §7‘11772Tinfp71);
p=2,p=2(mod4) p=2,p=2(mod4)
4n—1 4n—1 1
Z detL 4 [p] = Z (Tg—lrin—p - §T117—2Tin—p—1)'
p=3,p=3(mod4) p=3,p=3(mod4)
By Fact 1-2, we have
4an 4n —4 an—
1 p /1N 1 /1 T
0 0 1 0 —
Z (rp—lr4n—p - §Tp—2r4n—p—1) - Z |:E (%) (471 —p+ 1)E (%)
p=4,p=0(mod4) p=4,p=0(mod4)
1 L1501 1=
o) ()]
57 )4<36) pUn =) (55

p=4,p=0(mod4)

1\7

= 12 2(7) .
" \36

Similarly, by Fact 1-4 we can get

4n—3

1 n
> ey gt = 1202 ()"
p=1,p=1(mod4)
4n—2

0 .2 Ly 2 2( 1\™
Z (rp71r4n7p - §Tp72r4n7p71) =38n (%) )
p=2,p=2(mod4)
4An—1

1 n
Z (rgflri)nfp - 57#;727127171771) = 8’”’2 (%) .
p=3,p=3(mod4)

Hence, according to the above results, we have

an

(—)*" tay, 4 = ZdetﬁA[p] = 40n2(%)n.

p=1



The proof of Claim 1 completed. n
Claim 2.(~1)""2ay, 5 = 2(200n* — 11n%)() .

Proof of Claim 2. It's not hard to see that (—1)*"2ay, - is the total of the those principal minors
L 4, which have (4n-2) rows and columns. Thus we have

(—)*Pagm_o= > detLalp,ql. (4.4)

1<i<j<dn

By equation (4.4), it can be seen that the change of i and j values will lead to different detL 4[p, q]
results. Therefore, we will choose different p and ¢ to list the following equations.

4n—4 4n—4 4n—3
Z detL Alp, q] = Z Z detL s[p,q] + Z Z detL 4p, q]
1<p<q<4n p=0(mod4) g=0(mod4) p=0(mod4) g=1(mod4)
4n—4 4n—2 4n—4 4n—1
+ 0y > detLalp.g+ Y > detLalp,q]
p=0(mod4) q:2(mod4) p=0(mod4) ¢g=3(mod4)
4n—3 4n—3 4n—3
+ Z Z detL alp, q) + Z Z detL p, q]
p=1(mod4) q=0(mod4) p=1(mod4) g=1(mod4)
4n—3 4n—2 4n—3 4n—1
+ > > detlalpgl+ Y > detLalp,q]
p=1(mod4) q:2(mod4) p=1(mod4) g=3(mod4)
4n—2 4n—2 4n—3
+ 0y Z detLalp,ql+ Y > detLalp,q]
p=2(mod4) ¢g=0(mod4) p=2(mod4) ¢g=1(mod4)
4n—2 4n—2 4n—2 4n—1
+ > Y detlalpd+ Y, > detLalp,g]
p=2(mod4) q:2(mod4) p=2(mod4) q=3(mod4)
4n—1 4n—2 4n—3
+ > Z detLalp,ql+ ) > detLalp,q]
p=3(mod4) g=0(mod4) p=3(mod4) g=1(mod4)
4n—1 4n—2 4n—1 4n—1
+ > Y detLalpgl+ > > detLalp,q).
p=3(mod4) ¢g=2(mod4) p=3(mod4) g=3(mod4)

where by Fact 1-4, we can compute the following results

Case 1.
4n—4 4n—4 1
0
IR T I SHD SR I I S E U B A
p=0(mod4) g=0(mod4) p=0(mod4) q= O(mod4)

4n—4

= Y sepn-aen (L)

p=0(mod4) q=0(mod4)

= 12(n* —n?) (3716)71

10



Case 2.

An—4 4An—3

> 2

p=0(mod4) ¢g=1(mod4)

Case 3.

4dn—4 4n—2

> >

p=0(mod4) g=2(mod4)

Case 4.

4n—4 4n—1

>, D

p=0(m0d4) ¢g=3(mod4)

Case 5.

4n—3

Sy

p=1(mod4) q=0(mod4)

Case 6.

4n—3 4n—3

IIEDY

p=1(mod4) ¢g=1(mod4)

detL 4 [p, q]

detEA[ ) Q]

det‘cA[ B} q]

detﬁA[ ’ Q]

detL o [p, q]

An—4 4n—3 1
0 0 1 1 0 1
Z Z (rp—1Tq—p-1Tan—gq — §rp72rquflr4nqul)
p=0(mod4) g=1(mod4)
4n—4 4n—3

> Y a-nn—a+n) ()

p=0(mod4) q=1(mod4)

2(8 — 12n° 4 n? +3n)(316)n.

4n—4 4n—2

> D

p=0(mod4) g=2(mod4)
4n—4 4n—2

> Y sa-nn—a+n) ()

p=0(mod4) q=2(mod4)

0 0 2 1 0 2
({rpfqufpflrélnfq - §rp72rq7p71r4n7q71)

(8n* + 8n® + 4n? +4n)<316>n.

4n—4 4dn—1

>, D

p=0(mod4) q=3(mod4)
4n—4 4n—1

> Y 6a-nn-atn)(s)

p=0(mod4) g=3(mod4)

0 0 3 1 0 3
(Tp—qu—p—l’réln—q - §rp—2rq—p—1r4n—q—1)

1\
8nt — dnd +n2 — 5 (7) .
(8n n’ +n n) 36
4n—3 1
Z Z (rg—lr;—p—lrgn—q - §T11)—2T;—p—1’r2n—q—l)
p=1(mod4) q= O(mod4)
4n—3

> Z 9(q - p)(4n—q+p)(316)n

p=1(mod4) g=0(mod4)

3(871 + 12n° 4 n? —3n)(316>n.

4n—3 4n—3

> >

p=1(mod4) q=1(mod4)
4n—3 4n—3

> Y - p><4n—q+p>(316)"

p=1(mod4) q=1(mod4)

12(n* —n?) (3—16)n

1 1 1 1
q p— 17 4n— q §rp—2rq—p—lr4n—q—l)

11



Case 7.

4n—3 4An—2 4n—3 An—2 1
— 0 1 2 1 1 2
E E det‘CA [pv (A - E E (Tpfqufpfl’rélnfq - §rp72’rq7pflr4nfq71)
p=1(mod4) ¢g=2(mod4) p=1(mod4) g=2(mod4)
4n—3 4n—2

= Y Y sw-nun—g+(5)

p=1(mod4) ¢g=2(mod4)

1\7
— 4 3, .2 a
= Bn*+4n°+n +5n)(36) .

Case 8.
4n—3 4n—1 4n—3 4n—1 1
Z Z detEA[pv Q] = Z Z (T;Sflr;fpflri)nfq - 57’11)727”;71)717’2”71171)
p=1(mod4) g=3(mod4) p=1(mod4) g=3(mod4)
4n—3 4n—1 1\n
= Y Y 6a-nun—g+p)(5)
p=1(mod4) q=3(mod4)
1\n
= (30" =80+ 4n% — ) (5 )
(8n n° +4n n) 36
Case 9.
4n—2 4an 4n—2 4an 1
Z Z detLalp,q) = Z Z (Tg_lrg_p_lrgn_q - 57“11)_27“2_17_17"2”_(1_1)
p=2(mod4) q=0(mod4) p=2(mod4) q=0(mod4)
4n—2 4an 1\n
= Y Y 6a-nun—g+p)(5)
p=2(mod4) g=0(mod4)
1\n
= (8n*+8n® 4 4n? +4n)<—) .
36
Case 10.
4n—2 4n—3 4n—2 4n—3 1
Z Z detﬁA[pv Q} = Z Z (rg—lrg—p—lrin—q - §T11)—2T2—p—1rin—q—l)
p=2(mod4) q=1(mod4) p=2(mod4) q=1(mod4)
4n—2 4n—3 1\n
= > > G(q—p)(4n—q+p)(%)
p=2(mod4) q=1(mod4)
1\
= (8n' —an 4+ n? = 5n) (o)
(8n n°+n n) 36
Case 11.
4n—2 4n—2 4n—2 4n—2 1
Z Z detﬁA [pa (ﬂ = Z Z (Tg—lrg—p—lrin—q - §r;11—2rg—p—lrin—q—l)
p=2(mod4) q=2(mod4) p=2(mod4) q=2(mod4)

4n—2 4n—2

= Y Y aa-pen-a+n)(y)

p=2(mod4) q=2(mod4)
16

= 3= "2)(?1(5)n'

12



Case 12.

4n—2 4n—1 4n—2 4n—1

1
Z Z detﬁA[pv Q} = Z Z (rg—lrg—p—lrin—q - §T11)—2r2—p—1rin—q—l)
p=2(mod4) q=3(mod4) p=2(mod4) q=3(mod4)
4n—2 4n—1

= Y Y aa-nun-a+(5)

p=2(mod4) g=3(mod4)

2 1\7
= g(8n4+4n3+n2+5n)<—) .

36
Case 13.
4n—1 4n 4n—1 4n 1
S watd = 53 G- b
p=3(mod4) g=0(mod4) p=3(mod4) g=0(mod4)
4n—1 4n 1\n
= Y Y q-pun—g+p)(5)
p=3(mod4) q=0(mod4)
1\7n
= (8n*+4n®+n?+ 5n)(—) .
36
Case 14.
4n—1 4n—3 4n—1 4n—3 1
Z Z det‘cA[p7 Q] = Z Z (r;zo)—lrg—p—lrin—q - §T11)—2r2—p—lrin—q—l)
p=3(mod4) q=1(mod4) p=3(mod4) q=1(mod4)
4n—1 4n—3 1\7
= Y Y 6a-pun—g+p)(5)
p=3(mod4) g=1(mod4)
1\n
= (30" = 8n® 4+ 4n® — ) (5 )
(8n n° +4n n) 36
Case 15.
4n—1 4n—2 4n—1 4n—2 1
S0 witrd - S S - bt
p=3(mod4) g=2(mod4) p=3(mod4) g=2(mod4)
4n—1 4n—2 1\n
= Y Y 4g-pun—g+p)(5)
p=3(mod4) q=2(mod4)
= g(8n4 —4n® +n? — 5n)(i)n
3 36/
Case 16.
4n—1 4n—1 4n—1 4n—1 1
Z Z det‘CA[pv q] = Z Z (Tg—lrg—p—lTZn—q - §T11)—2r2—p—1T2n—q—1)
p=3(mod4) q=3(mod4) p=3(mod4) q=3(mod4)
4n—1 4n—2

= Y Y a-pn-a+n)(5)

p=3(mod4) g=2(mod4)

Then, according to the value of p, the above sixteen cases can be divided into the following four
categories.
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4n—4 4n—4 4n—3

By o= Y Z detLalp,ql + Y > detlalp,q]

p=0(mod4) q=0(mod4) p=0(mod4) q=1(mod4)
4n—4 4n—2 4dn—4 4n—1
+ Z Z detL4[p, q] + Z Z detL alp, q|
p=0(mod4) q=2(mod4) p=0(mod4) g=3(mod4)
1\n
— (800" = 28n% — 1102 4 T) (5 )
( n? n3 n? + 7n) 36
4n—3 4n—3 4n—3
o= ) Z detCalp,q]+ >, ) detLalp,q]
p=1(mod4) g=0(mod4) p=1(mod4) q=1(mod4)
4n—3 4n—2 4n—3 4n—1
+ >N detLalpd+ > > detLalp,q]
p=1(mod4) q=2(mod4) p=1(mod4) g=3(mod4)

1 1\n
= 5(80n" +28n® — 11n” f7n)<%) .

4n—2 4n—2 4n—3
B o= Y Z detCalp,ql + > detlalp.q]
p=2(mod4) q=0(mod4) p=2(mod4) q=1(mod4)
4n—2 4n—2 4n—2 4n—1
+ Z Z detLalp,q) + Z Z detL 4[p, q]
p=2(mod4) q=2(mod4) p=2(mod4) q=3(mod4)

- (80n +200° 41 +7n)(316)".

4n—1 4n—2 4n—3

F = Z Z detL 4p,q) + Z Z detL 4[p, q]
p=3(mod4) g=0(mod4) p=3(mod4) g=1(mod4)
4n—1 4n—2 4n—1 4n—1
+ > Y detlalpd+ Y. > detLap,q]
p=3(mod4) g=2(mod4) p=3(mod4) ¢g=3(mod4)

_ 1 4 3 2 1y\"
= 5(80n* = 200" + 10n —7n)<36) .

Substituting Fy, Fi, Fb, and F3 to Equation(4.4), one has

2 1\n
(1" Pauno = Fo + Fiy + Fy + Fy = 5(2000* — 11n°) (%) .

The result as desired.
So substituting the results of Claim 1 and 2 into Equation (4.2) yields

1 (=) 2ay,
1;2% (R e,
_ 2(200n* — 11n?)(55)"
40n2 (5"
_200n2 — 11
60
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Theorem 4.2.

i": 1 41n\/ﬁ[ (15 + 4y/TA)" — (15 — 4V/TD)") |
e 28 L5+ 4V + (15— 4v14)") + 20

Proof. Let

Pr,(z) = det(xl —Lg) = 24 4 bt 4 by 1 by,
= 2@+ 012" 2+ 4 ban—o® + ban—1), ban—1 # 0.

Then we can exactly get 1, @2, ..., p4n are the roots of the following equation
gint + b1$4n_2 + oo+ b2t + byyp—1 = 0.

Based on the Vieta's theorem of Py (), one has

i 1 _ (—1)4=1by, _ (—1)4"tby, 4 (4.5)
= Pa (—1)*"by, detLs

Before calculating (—1)4"~1by,, 1 and detLg, we must determine ith order principal submatrices,S 2 , S (}7 S 3

and Sf;’, which consists of the first ¢ rows and columns of the matrices £%,£%.£% and L3, respectively,
q=1,2,....,4n. Let

4 =1
3%
NG 2
=t 1 =L
2;1‘26;1
AR S}
331\/61
£y = 7% ! = ,
;1.%;1
IR
76 2
=1 1 =
oY
V6 3/ (an)x(4n)
1 =t
-1 7 4
2
oY%
CER I Rt
A o
76 2
El_ ;11;1
s - 2 \/6 )
—1 —1
% Loz
=1 1 =L
2;1\26;1
oo i i
3 3 7 (4n)x(4n)

15



1 =1
=1 \éé -1
Ol o
A
NG 2
=1 1 =1
9 oW
Ly = V6 3 3
=1 1 =1
? =1 \éé =1
AL T
33 Vb
v (4n)x (4n)
and
P
O B
AP o
NG 2
=1 1 =L
S L)
; (AT )
-1 o4 o
AR T )
S LT
ve o 2
2 1 (4n)x (4n)
In this way, let's start with the following facts.
Fact 5. For 1 < ¢ < 4n,
4, 914 5 V14 i 4 914 5 14 i - — .
(§+ 56 (ﬁ+T> +(§— 56 )(ﬁ— 9) ) if ¢=0(mod4);
g-1 g1
2, 31/14 5 Vid\ ¢ 2 _ 31/14 5 Vid) 4 ; - .
0 (§+ 68 ) ﬁ+T) +(§— 68 )(ﬁ—T , if ¢=1(modd);
q = g-2 =2
7 53v14 5 Viga) 4 7 53114 5 V14 4 : — .
(ﬁ+ 356 )(§+T) +(ﬁ— 556 )(ﬁ—T) , if ¢=1(modd);
q—3 q—3
5 25v/14 ) ( 5 Vid) 5 25v14\ [ 5 4\ * _
(E+ 224 )(E+T) +(E 224 )(ﬁ* 9 ) ,if q=3(mod4).
Fact 6. For 1 < ¢ < 4n,
q aq
1 1114 5 V14 |4 1 11V/14 5 14\4 . — .
(§+ 56 )(ﬁ""T) +(§— 56 )(ﬁ— 9) ) if ¢ = 0(modd);
1, 173/14\( 5 V14 N 1_ 17/i4\( 5 V14 s : — .
o (§+ Ti2 ><§+T> +(§— Ti2 )(E_T) , if ¢=1(modd);
q= a—2 =2
3, 23/14 5 Vid) * 3 _ 2314 5 14) ¢ : - .
(§+ 224 )(EJFT) Jr(g* 224 (ﬁfT , o if ¢=1(modd);
q—3 q—3
T .
() (B +9) "+ (5-%F) (5 -4) 7 if a=30mods).




Fact 7. For 1 < ¢q < 4n,

Fact 8. For 1 < ¢ < 4n,
11
q 3%a-1 §q2
52
Sq

Proof of Fact 5. Take 32 = det Sg, L= det S1 = det 52 and s = det S’g. By direct calculation,

it's no difficult to get the following Values7 see Table 2

Table 2: Initial value.

82 Value 32 Value 32 Value 52 Value
0 T 0 7 0 5 0 33
51 3 52 6 83 6 S4 36
0 61 0 211 0 25 0 989
S5 54 S6 216 87 36 S8 1296

310 — 359 5, if ¢ =0(modd);

o )30 — 350 5, if ¢ =1(modd);
5¢ =3 .0 1.0 :

Sg—1 — 65¢—2» Zf q= (m0d4)7

82_1 — isg_z, if ¢ = 3(mod4)

For 1 <g<mn,let A; = s49; 0 < q <n—1, By = sag+1, Cq = Sag+2, Dyg = S1¢4+3. Then we may
obtain that

Aq = 4D éCq,l;

B, = 4A Dy_1; (4.6)
Cq= B4 — 6Aqv

D, = Cq — iB

From the first three equations in (4.6), one can get A, = %Cq + 7—180(1_1. Next, substituting A, to
the third equation one has B, = %C’q + ﬁCq_l. Then substituting B, to the fourth equation, we have
Dy = £Cy—13-5Cy—1. Finally, Substituting A, and d, to the first equation, one has ¢, —30c—14cq—2 = 0.

Thus

12 9

co=b(gy e Y)Y )"

In views of Cy = %, C, = %, we have

/{31—|—/€2 %,

and
7 5314 .
ki = 12 T 336 )i
_ (7 _ 53/14
ko = 12 336 |-



Thus it is routine to deduce that

Aq:(%+%)(%+@)q+(gf% (%f%)q, if ¢ = 0(modd);
Bo=(3+200) (5 +57) + (3 - 58) (5 -97) . if 4= 1(moas);
Co= (5 + 250 ) (B+5) + (5 -58) (5 —4") " i/ a=1(mods)
Dy= (% +56°) (5 +5) + (5 -3 (5 9") " if = 3(moan)
The result as desired. u

In the same way, we can quickly prove the result of fact 6.
Then we expand detsfl and 32 according to the properties of determinant, and we can get facts 7 and

Now by exploiting the property of determinant, we can get

4 —1 1
_gl % _01 0 0 g
% 1 F 0 0 0
0o F 1 0 0 0

detLg = : : : Co :
0 0 0 1 20
0 0 0 o 1 =
1 0 0 0 =1 \f
3 \/6 3 4n
4 -1 4 -1 1
5% 91 0 0 0 5w E)l 0 0 1
NG 11 St 0 0 0 = 13 0 0
0 F 1 0 0 0 0 F 1 0 0 O

= : : : s : + : : Do
0 0 0 1 30 0 0 0 1 50
0 0 0 0o 1 =L 0 0 0 0 1 0
1 9 o ... 0 =L \f L0 o 0 =+ o0
3 \/6 3 An 3 \/6 4n
1 1.,
= Sgn_gsin—2+2(%)

Together with Facts 1 and 2, we can obtain one interesting Claim.
Claim 3. detls = (5 + Y1) + (5 - 41) +2(%)

Then we're going to concentrate on calculating (—1)*""1by, ;.

((15+4v1d)" —(15-4v14)") }
(15-+4vI2)" +(15-4v/Td)" ) +2]
Proof. Since the (—1)4"~1b,,,_; is the total of all the principal minors of order 4n — 1 of Lg, we have

Claim 4. (—1)*""1by, | = 412@[(

4n 4n 4n—3
(1) by, = Z detLslq) = Z detLgs[q] + Z detLs]q]
g=1 q=4,q=0(mod4) g=1,q=1(mod4)
4n—2 4n—1
+ ) detLslgl+ ) detLsql.
q=2,q=2(mod4) q=3,q=3(mod4)

18



where

82*182”*11 B 5857252n7q71? if q= (mod4);
detLs[q] = 3%—15421;71_(1 - %3%—25;1171—11—17 if ¢ =1(mod4);
Sq—15in—q — 95¢—25in—q-1> if ¢ = 2(mod4);
Sq-154n—q — 55¢—254n—q—1, 1f ¢ = 3(mod4)

Forq = 0(mod4) and 4 < ¢ < 4n — 4, in views of (4.7) and Fact 5-8, one gets

1
detLslq] = sgflsgnfq - 533725%7(171
_ [<£+25\/14)(3+\/ﬁ>%+(3 25\/14)(3 V14 %}
o 12 224 12 9 12 224 12 9
y [(g N 25\/H> (3 N \/ﬁ)‘*"{-" N (g 25\/14> (3 V14 4";J}
8 56 12 9 8 56 12 9
71[(§+ 23\/ﬁ) (3+ \/14)% N (§ B 23\/ﬁ> (3 B \/ﬁ)%]
9L\8 224 12 9 8 224 12 9
y [(E N 25@) (3 N \/ﬁ) gt N (E B 25@) (3 B \/ﬂ> 74"7374}
12 224 12 9 12 224 12 9
_ 15nv14 {(3 \/14)” _ (3 \/14)"}
N 56 12 9 12 9 ‘
Similarly, forqg = 1(mod4) and 1 < g < 4n — 3, we have
4n—3 1
Z detLslq) = sgfls}qu — §53725}1n7q71
q=1,q=1(mod4)
B iy (o
N 56 12 9 12 9
Forq = 2(mod4) and 2 < g < 4n — 2, we have
An—2 1
Z dEtLS[q} = Sg—lsin—q - gsé—Qsin—q—l
g=2,qg=2(mod4)
13 14 5 14\n 5 14\
- S Y (5
28 12 9 12 9
Forg = 3(mod4) and 3 < g < 4n — 1, we have

4n—1

>

q=3,q=3(mod4)

detLs[q]

1
0 3 1 3
Sq—154n—q — §Sq7284n7q71

- RO
B 28 12 9 12 9 ’
Thus, one has the following equation
, 4InV141/5  V/14\» 5  V/14\n
_1 4dn—1 _ — _ v _ _ A .
(=1 ban—s 28 [(12 9 ) (12 9 ) }

Therefore, substituting the results of

claim 3 and 4 into (4.5) can be obtained

i1:41n\/ﬁ[

= ©q 28

(15 4+ 4V14)" — (15 — 4V/14)")
((15 + 4v/14)™ + (15 — 4v/14)") + 2] '
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The result as desired. u
Note that |Enqg, (8,4)] = 10n. Take the results of Theorems 4.1 and 4.2 to Lemma 2.2 (a) and (b),

we can immediately get the following two Theorems.

Theorem 4.3. Let MQ,,(8,4) be a mébius graph with n octagonal and n quadrilateral. Then

4n 1 4n 1
St
p=2 P

Kc(MQn(8,4)) -
g=1"1

200n? — 11 N 41m/ﬁ[ (15 + 4V14)" — (15 — 4V/14)") }
60 28 L((15+4V14)n + (15 — 4V/14)n) + 20

Theorem 4.4. Let MQ,,(8,4) be a mdbius graph with n octagonal and n quadrilateral. Then

4n

4n
Kf*(MQn(8,4)) = 20n(z ni + Z:l (plq)

p=2"P

- (200n2 —1 41m/ﬁ[ (15 4 4v/14)" — (15 — 4v/14)") D
- " 6o 28 L((15+4V14)" + (15 — 44/14)") + 2
= 200“3%11” + 20no(n),

wherep(n) = 41n\/ﬁ|: ((15+4\/ﬁ)"—(15—4\/ﬁ)n) }
28 ((15+4\/ﬁ)n+(15—4\/ﬁ)n)+2 ‘
The degree-Kirchhoff indices of Md&bius graph of linear octagonal-quadrilateral networks, see Table 3.

Table 3: The degree-Kirchhoff indices of MQ1(8,4), MQ2(8,4), ..., MQ16(8,4).

G Kf*(G) G Kf(G) G K f*(G) G Kf(G)
MQ1(8,4) 16550 MQ5(8,4) 1105443 MQq(8,4) 5744275 MQy5(8,4) 164937.53
MQ2(8,4)  963.33 MQg(8,4) 1832278 MQ1o(8,4) 7758771 MQu(8,4) 204359.11
MQs(8,4) 277512 MQ7(8,4) 2821028 MQ11(8,4) 101951.83 MQq5(8,4) 249599.85
MQ4(8,4) 6005.23 MQs(8,4) 41116.93 MQ12(8,4) 130935.10 MQ16(8,4) 301059.74

[o¢)

)

oo O0 0o

9

Finally, we will concentrate on calculate the complexity of MQ,,(8,4).

Theorem 4.5. Let M Q,,(8,4) denote a Mébius graph of linear octagonal-quadrilateral networks of length
n > 2. Then

T(MQn(8,4)) = 4n<(15 FAVID™ + (15 — VA" + 2).

Proof.
By Claim 1, one can get

4n

1
[Im = (=1 s,y = 400> ()"
11 36

Similarly, according to Claim 3, we have

L= dtes = (5 57) (55 %9) " +2(35)"

q=1

20



Note that H?Zl di(MQy,) = 23 and |Enq, (8,4)] = 10n . By lemma 2.4, one gets
1 4n 4n
2(8,4)) = — : :4(1 AVID)" + (15 — V/14)" 2).
7(Qn(8,4)) mng”p qr:[l% n (15 +4V14)" + (15 - V14)" +

This completes the proof. [
Thus we can get the complexity of M@, (8,4), which are listed in Table 4.

Table 4: The complexity of Q1,Qa, ..., Q10-

G 7(G) G 7(G)

O 128 05 17379554400

0s 7200 0> 607607778176
Qs 322944 Qs 20809093939328
Q4 12902464 Qo 701525710449792
Qs 483303040 Q10 23358178980900000
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