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Abstract

A molecular descriptor, also known as a topological graph index, is a mathematical formula that may be implemented to any

network that reflects a molecule structure. This index can be used to explore some physical aspects of a molecule and examine

mathematical values. As a consequence, it is a better solution for costly and time-consuming laboratory experiments. In this

work, we calculate the first temperature index, the second temperature index, the first hyper temperature index, the second

hyper temperature index, the sum temperature index, the product temperature index, the reciprocal product temperature index

and the $F$-temperature index. These defined indices are computed for the Non-KuKulean benzenoid graph.
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Abstract

A molecular descriptor, also known as a topological graph index, is a mathematical

formula that may be implemented to any network that reflects a molecule structure.

This index can be used to explore some physical aspects of a molecule and examine

mathematical values. As a consequence, it is a better solution for costly and time-

consuming laboratory experiments. In this work, we calculate the first temperature

index, the second temperature index, the first hyper temperature index, the second
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hyper temperature index, the sum temperature index, the product temperature index,

the reciprocal product temperature index and the F -temperature index. These defined

indices are computed for the Non-KuKulean benzenoid graph.

1 Introduction

Using chemical graph theory, one can determine a wide range of characteristics of chemical

networks such as physical, chemical, thermal properties, biological activity, and chemical

activity [10]. Topological indices, which are molecular descriptors, can characterize these

features and specific graphs [7]. In chemical graph theory, vertices represent atoms and

edges represent chemical bonding between the atoms [3]. The topological index of a chemi-

cal composition is a numerical value or a continuation of a given structure under discussion,

which indicates chemical, physical and biological properties of a structure of chemical com-

pound [6, 9, 16].

Mathematical chemistry explains how to use polynomials and functions to provide instruc-

tions hidden in the symmetry of molecular graphs, and graph theory has many applications in

modern chemistry, particularly organic chemistry. Many applications of topological indices

are used in theoretical chemistry, particularly QSPR/QSAR research. Many well-known re-

searchers have investigated topological indices in order to learn more about various graph

families [13, 15]. In Qualitative Structure Property Relationships and Qualitative Structure

Activity Relationships, topological indices are used directly as simple numerical descriptors

in comparison with physical, biological, or chemical parameters of molecules, which is an

advantage of chemical industry. Many researchers have worked on various chemical com-

pounds and computed topological descriptors of various molecular graphs over the last few

decades [10, 17].

In chemical graph theory, the molecular graph is a simple connected graph which contains

atoms and bonds, which are often known as vertices and edges, respectively and there must

be linkage among the vertices set VG and edges set EG. If two atoms have an atom-bond

then it is denoted by ui ∼ vj for all ui, vj contain in EG, the valency of every atom of G is

actually the total number of atoms connected to vj of G and it is denoted by dvj [12].

Fajtlowicz defined the temperature of a every vertex ui of a graph G in [4] as

Tui
=

dui

|VG| − dui

where ∀ ui ∈ VG (1)

2



The first temperature index [19] is defined as follows:

T1(G) =
∑
ui∼vj

(
Tui

+ Tvj

)
(2)

In 2020, Kulli introduced second temperature index [8], which is defined as follows:

T2(G) =
∑
ui∼vj

(
Tui
× Tvj

)
(3)

Kulli introduced the first and second hyper temperature indices in [8], which are defined as

HT1(G) =
∑
ui∼vj

(
Tui

+ Tvj

)2
(4)

HT2(G) =
∑
ui∼vj

(
Tui
× Tvj

)2
(5)

Also introduced in the same paper [8] were the sum connectivity temperature index, the prod-

uct connectivity temperature index, and the reciprocal product connectivity index, which

are defined as

ST (G) =
∑
ui∼vj

1√(
Tui

+ Tvj

) (6)

PT (G) =
∑
ui∼vj

1√(
Tui
× Tvj

) (7)

RPT (G) =
∑
ui∼vj

√(
Tui
× Tvj

)
(8)

Kulli introduced the F-temperature index and general temperature index of a graph G in

[8], and they are defined as

FT (G) =
∑
ui∼vj

(
T 2
ui

+ T 2
vj

)
(9)

By using the above equations from (2) to (9) and manufactured by the atom-bond partition

of Non-Kekulean benzenoid graph, we compute the first temperature index, second tem-

perature index, first and second hyper temperature index, sum temperature index, product

temperature index, reciprocal product temperature index, and F-temperature index. These

indices are helpful in comparison of certain physio-chemical properties like strain energy,

boiling point, stability etc [11, 14, 18].
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2 Non-Kekulean benzenoid graph Kn

The Kekulean and Non-kekulean structures of benzene are real and distinct due to the

presence of rings in the benzenoid form. The specific arrangement of rings in the benzenoid

system provides the transformation in series of benzenoid structures of the benzenoid graph

thats way the structures are changed. In the series of concealed Non-Kekulean benzenoid

graph Kn [1, 2, 5], where n shows the number of bridges [20] in the center of Kn, as shown

in Figure 1. Similarly for n = k, there are k bridges. Here in the Non-Kekulean benzenoid

graph Kn, we observed that there are three type of atom-bonds on the bases of valency of

every atom. Therefore by observing this concept of atom-bonds, there are two types of atoms

vi and vj such that dvi = 2 and dvj = 3, where dvi and dvj means the valency of atoms ∀
vi, vj ∈ Kn. The order and size of Non-Kekulean benzenoid graphs Kn is [5]:

|V (Kn)| = 2(6n + 7) and |E(Kn)| = 17n + 14 (10)

Following are the three figures of Non-Kekulean benzenoid graphs K3, K4 and K5:

Figure 1: Non-Kekulean benzenoid Graphs Kn [5]

According to the degree of the atoms, there are three types of atom-bonds in Kn: (2 ∼ 2),

(2 ∼ 3) and (3 ∼ 3). The atom-bonds partition of Kn is shown as [5]:

E2∼2 =
{
e = u ∼ v,∀ u, v ∈ V (Kn)

∣∣∣du = 2, dv = 2
}
, |E2∼2| = 8

E2∼3 =
{
e = u ∼ v,∀ u, v ∈ V (Kn)

∣∣∣du = 2, dv = 3
}
, |E2∼3| = 4(n + 3)

E3∼3 =
{
e = u ∼ v,∀ u, v ∈ V (Kn)

∣∣∣du = 3, dv = 3
}
, |E3∼3| = 13n− 6.
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Table 1 shows three types of edges based on the temperature of end vertices of each edge

using equation (1) and the above division of Kn.

Table 1: Atom-bonds based partition of each atom of Kn

(Tui
, Tvj)

(
2

2(6n+7)−2 ,
3

2(6n+7)−3

) (
2

2(6n+7)−2 ,
6

2(6n+7)−6

) (
6

2(6n+7)−6 ,
6

2(6n+7)−6

)
Frequency 8 4(n + 3) (13n− 6)

2.1 Results and discussion

In this section, we investigate some temperature indices for Non-Kekulean benzenoid graph.

Theorem 2.1. Let Kn be a Non-Kekulean benzenoid graph. Then the first temperature index

is 8
3
(n + 1) + 2(30n2+119n+87)

3(12n2+23n+11)
+ 6(13n−6)

12n+11
.

Proof. Using the atom-bonds partition from Table 1 in the formula of the first temperature

index (2), we obtain

T1(Kn) =
∑
E2∼2

(T2 + T2) +
∑
E2∼3

(T2 + T3) +
∑
E3∼3

(T3 + T3)

= 8

[
2

2(6n + 7)− 2
+

2

2(6n + 7)− 2

]
+ 4(n + 3)

[
2

2(6n + 7)− 2
+

3

2(6n + 7)− 3

]
+ (13n− 6)

[
3

2(6n + 7)− 3
+

3

2(6n + 7)− 3

]
After simplification, we get

T1(Kn) =
8

3
(n + 1) +

2(30n2 + 119n + 87)

3(12n2 + 23n + 11)
+

6(13n− 6)

12n + 11
. (11)

Theorem 2.2. Let Kn be a Non-Kekulean benzenoid graph. Then the second temperature

index is 2
9(n+1)2

+ 2(n+3)
12n2+23n+11

+ 9(13n−6)
(12n+11)2

.
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Proof. Using the atom-bonds partition from Table 1 in the formula of the second temperature

index (3), we obtain

T2(Kn) =
∑
E2∼2

(T2 × T2) +
∑
E2∼3

(T2 × T3) +
∑
E3∼3

(T3 × T3)

= 8

[
2

2(6n + 7)− 2
× 2

2(6n + 7)− 2

]
+ 4(n + 3)

[
2

2(6n + 7)− 2
× 3

2(6n + 7)− 3

]
+ (13n− 6)

[
3

2(6n + 7)− 3
× 3

2(6n + 7)− 3

]
After simplification, we get

T2(Kn) =
2

9(n + 1)2
+

2(n + 3)

12n2 + 23n + 11
+

9(13n− 6)

(12n + 11)2
. (12)

Theorem 2.3. Let Kn be a Non-Kekulean benzenoid graph. Then the first hyper temperature

index is 8(n+1)2

9
+ (n+3)(30n+29)2

36(n+1)2(12n+11)2
+ 36(13n−6)

(12n+11)2
.

Proof. Using the atom-bonds partition from Table 1 in the formula of the first hyper tem-

perature index (4), we obtain

HT1(Kn) =
∑
E2∼2

(T2 + T2)
2 +

∑
E(2,3)

(T2 + T3)
2 +

∑
E3∼3

(T3 + T3)
2

= 8

[
2

2(6n + 7)− 2
+

2

2(6n + 7)− 2

]2
+ 4(n + 3)

[
2

2(6n + 7)− 2
+

3

2(6n + 7)− 3

]2
+ (13n− 6)

[
3

2(6n + 7)− 3
+

3

2(6n + 7)− 3

]2
After simplification, we get

HT1(Kn) =
8(n + 1)2

9
+

(n + 3)(30n + 29)2

36(n + 1)2(12n + 11)2
+

36(13n− 6)

(12n + 11)2
. (13)

Theorem 2.4. Let Kn be a Non-Kekulean benzenoid graph. Then the second hyper temper-

ature index is .

6



Proof. Using the atom-bonds partition from Table 1 in the formula of the second temperature

index (5), we obtain

HT2(Kn) =
∑
E2∼2

(T2 × T2)
2 +

∑
E2∼3

(T2 × T3)
2 +

∑
E3∼3

(T3 × T3)
2

= 8

[
2

2(6n + 7)− 2
× 2

2(6n + 7)− 2

]2
+ 4(n + 3)

[
2

2(6n + 7)− 2
× 3

2(6n + 7)− 3

]2
+ (13n− 6)

[
3

2(6n + 7)− 3
× 3

2(6n + 7)− 3

]2
After simplification, we get

HT2(Kn) =
1

162(n + 1)4
+

n + 3

(n + 1)2(12n + 11)2
+

81(13n− 6)

12n + 11
. (14)

Theorem 2.5. Let Kn be a Non-Kekulean benzenoid graph, then the sum connectivity tem-

perature index is 8
√
3√

n+1
+ 4(n + 3)

√
12n2+23n+11

6(30n2+119n+87)
+ (13n−6)

√
12n+11

6
.

Proof. Using the atom-bonds partition from Table 1 in the formula of the sum connectivity

temperature index (6), we obtain

ST (Kn) =
∑
E2∼2

1√
(T3 + T2)

+
∑
E2∼3

1√
(T2 + T3)

+
∑
E3∼3

1√
(T3 + T3)

= 8
1√[

2
2(6n+7)−2 + 2

2(6n+7)−2

]
+ 4(n + 3)

1√[
2

2(6n+7)−2 + 3
2(6n+7)−3

]
+ (13n− 6)

1√[
3

2(6n+7)−3 + 3
2(6n+7)−3

]
After simplification, we get

ST (Kn) =
8
√

3√
n + 1

+ 4(n + 3)

√
12n2 + 23n + 11

6(30n2 + 119n + 87)
+

(13n− 6)
√

12n + 11

6
. (15)
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Theorem 2.6. Let Kn be a Non-Kekulean Benzenoid graph. Then the product connectivity

temperature index is 24(n + 1) + 4(n + 3)
√

2(12n2 + 23n + 11) + (13n−6)(12n+11)
3

.

Proof. Using the atom-bond s partition from Table 1 in the formula of the product connec-

tivity temperature index (7), we obtain

PT (Kn) =
∑
E2∼2

1√
(T2 × T2)

+
∑
E2∼3

1√
(T3 × T3)

+
∑
E3∼3

1√
(T3 × T3)

= 8
1√[

2
2(6n+7)−2 ×

2
2(6n+7)−2

]
+ 4(n + 3)

1√[
2

2(6n+7)−2 ×
3

2(6n+7)−3

]
+ (13n− 6)

1√[
3

2(6n+7)−3 ×
3

2(6n+7)−3

]
After simplification, we get

PT (Kn) = 24(n + 1) + 4(n + 3)
√

2(12n2 + 23n + 11) +
(13n− 6)(12n + 11)

3
. (16)

Theorem 2.7. Let Kn be a Non-Kekulean benzenoid graph. Then the reciprocal product

temperature index is 4
3(n+1)

+ 4(n+3)√
2(12n2+23n+11)

+ 3(13n−6)
12n+11

.

Proof. Using the atom-bonds partition from Table 1 in the formula of the second temperature

index (3), we obtain

RPT (Kn) =
∑
E2∼2

(T2 × T2) +
∑
E2∼3

(T2 × T3) +
∑
E3∼3

(T3 × T3)

= 8

[
2

2(6n + 7)− 2
× 2

2(6n + 7)− 2

]
+ 4(n + 3)

[
2

2(6n + 7)− 2
× 3

2(6n + 7)− 3

]
+ (13n− 6)

[
3

2(6n + 7)− 3
× 3

2(6n + 7)− 3

]

8



After simplification, we get

RPT (Kn) =
4

3(n + 1)
+

4(n + 3)√
2(12n2 + 23n + 11)

+
3(13n− 6)

12n + 11
. (17)

Theorem 2.8. Let Kn be a Non-Kekulean benzenoid graph. Then the F-temperature index

is 4
9(n+1)2

+ 4(n + 3)(468n2 + 328n + 445) + 18(13n−6)
(12n+11)2

.

Proof. Using the atom-bonds partition from Table 1 in the formula of the F-temperature

index (9), we obtain

FT (Kn) =
∑
E2∼2

(
T 2
2 + T 2

2

)
+
∑
E2∼3

(
T 2
2 + T 2

3

)
+
∑
E3∼3

(
T 2
3 + T 2

3

)
= 8

[{ 2

2(6n + 7)− 2

}2

+
{ 2

2(6n + 7)− 2

}2
]

+ 4(n + 3)

[{ 2

2(6n + 7)− 2

}2

+
{ 3

2(6n + 7)− 3

}2
]

+ (13n− 6)

[{ 3

2(6n + 7)− 3

}2

+
{ 3

2(6n + 7)− 3

}2
]

After simplification, we get

FT (Kn) =
4

9(n + 1)2
+ 4(n + 3)(468n2 + 328n + 445) +

18(13n− 6)

(12n + 11)2
. (18)

2.2 Numerical and graphical comparison temperature indices for

Kn

In this section, we present a numerical and graphical comparison temperature indices for

p = 2, 3, 4, ..., 15 of Non-Kekulean benzenoid graph Kn.

9



Table 2: Temperature indices of Non-Kekulean benzenoid graph Kn for n ≥2

p T1 T2 HT1 HT2 ST PT RPT FT

2 15.63 0.27 8.69 46.29 28.63 595.16 3.54 59460

3 18.55 0.21 14.83 56.87 45.41 1078.38 3.67 135384

4 21.32 0.18 22.75 63.15 65.94 1704.78 3.81 258860

5 24.04 0.15 32.46 67.31 89.58 2474.38 3.85 441120

6 26.74 0.13 43.96 70.27 115.03 3387.17 3.88 693396

7 29.43 0.11 57.25 72.47 144.72 4443.15 3.9 1026920

8 32.1 0.1 72.33 74.18 174.18 5642.33 3.92 1452924

9 34.79 0.09 89.19 75.55 208.81 6984.69 3.93 1982640

10 37.46 0.084 107.83 76.67 243.83 8470.25 3.94 2627300

11 40.13 0.08 128.26 77.6 280.69 10099 3.95 3398136

12 42.8 0.072 150.46 78.39 319.28 11871 3.96 4306380

13 45.47 0.067 174.45 79.06 359.53 13786 3.97 5363264

14 48.14 0.063 200.21 79.64 401.38 14844 3.98 6580020

15 50.81 0.059 227.75 80.15 444.75 18046 3.99 7967880

10
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Figure 2: 2D-graphical comparison of temperature indices of Kn
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Figure 3: 3D-graphical comparison of temperature indices of Kn

3 Conclusion

In this article, we propose computing the first temperature index, second temperature index,

first hyper temperature index, second hyper temperature index, sum temperature index,

product temperature, reciprocal product temperature index, and F-temperature index of

a Non-Kekulean benzenoid graph Kn, which correlates well with entropy, acentric factor,

enthalpy of vaporisation, and standard enthalpy of vaporisation.
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