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Abstract

In this work, we prove a generalized version of Hermite-Hadamard-Mercer type inequalities using the Beta function. Moreover,

we prove some new trapezoidal type inequalities involving Beta functions for differentiable convex functions. The main advantage

of these inequalities is that these can be converted into similar classical integral inequalities, Riemann-Liouville fractional integral

inequalities and $k$-Riemann-Liouville fractional integral inequalities. Finally, we give applications to special means of real

numbers for newly established inequalities.

1



GENERALIZATION OF HERMITE-HADAMARD-MERCER AND TRAPEZOID
FORMULA TYPE INEQUALITIES INVOLVING BETA FUNCTION

MUHAMMAD AAMIR ALI AND ZHIYUE ZHANG

Abstract. In this work, we prove a generalized version of Hermite-Hadamard-Mercer type inequal-
ities using the Beta function. Moreover, we prove some new trapezoidal type inequalities involving
Beta functions for di¤erentiable convex functions. The main advantage of these inequalities is that
these can be converted into similar classical integral inequalities, Riemann-Liouville fractional integral
inequalities and k-Riemann-Liouville fractional integral inequalities. Finally, we give applications to
special means of real numbers for newly established inequalities.

1. Introduction

In both pure and applied mathematics, the concept of convex functions is extremely important.
Convex functions have a wide range of applications in �elds such as �nance, economics, and engineering.

De�nition 1. [19] A function z : [�1; �2]! R is called convex for all {;  2 [�1; �2] and � 2 [0; 1] if

(1.1) z ( + � ({ � )) � �z ({) + (1� �)z () :

Function z is said to be a strictly convex if the inequality in (1.1) is strict for z, while z is said to be
a concave function if �z is convex.

Many important inequalities hold for convex functions, including Jensen, Jensen-Mercer, Hermite-
Hadamard, and support line inequalities. The traditional Jensen�s inequality is one of the most well-
known inequalities, as stated below:

Theorem 1. [10,11] For a convex function z : [�1; �2]! R, the following inequality holds:

(1.2) z

 
nX
i=1

wi{i

!
�

nX
i=1

wiz ({i) ;

where {i 2 [�1; �2], wi 2 [0; 1] and
1X
i=1

wi = 1:

In 2003, Mercer presented a variant of Jensen�s inequality known as Jensen-Mercer inequality in [14].

Theorem 2. For a convex function z : [�1; �2]! R, the following inequality holds:

(1.3) z

 
�1 + �2 �

nX
i=1

wi{i

!
� z (�1) +z (�2)�

nX
i=1

wiz ({i) ;

where {i 2 [�1; �2], wi 2 [0; 1] and
1X
i=1

wi = 1:

Due to its geometrical signi�cance and applications, the Hermite-Hadamard inequality is one of the
most studied inequality in the theory of convex functions. Because of the relevance of the Hermite�
Hadamard inequality, there has been a signi�cant amount of research committed to its expansions,
generalizations, modi�cations, and applications. The Hermite�Hadamard inequality is shown in [7].

1991 Mathematics Subject Classi�cation. 26D10, 26D15, 26A51.
Key words and phrases. Jensen-Mercer Inequality, Hermite-Hadamard-Mercer Inequality, Beta Function, Convex

Function.
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2 MUHAMMAD AAMIR ALI AND ZHIYUE ZHANG

For a convex function z : I � R! R and �1; �2 2 I with �1 < �2; we have

(1.4) z
�
�1 + �2
2

�
� 1

�2 � �1

Z �2

�1

z (w) dw � z (�1) +z (�2)
2

:

The inequality (1.4) holds in the reversed way if z is concave.
Recently, Kian and Moslehian [12] presented the following variant of Hermite-Hadamard inequality

(1.4) using the inequality (1.3) and it is known as Hermite-Hadamard-Mercer inequality.

Theorem 3. For a convex function z : [�1; �2]! R, the following inequality holds:

z
�
�1 + �2 �

{ + 
2

�
� 1

 � {

Z �1+�2�{

�1+�2�
z (w) dw(1.5)

� z (�1 + �2 � ) +z (�1 + �2 � {)
2

� z (�1) +z (�2)�
z ({) +z ()

2

and

(1.6) z
�
�1 + �2 �

{ + 
2

�
� z (�1) +z (�2)�

Z 

{
z (w) dw � z (�1) +z (�2)�z

�
{ + 
2

�
;

where {;  2 [�1; �2] :

Fractional integral operators have been used to expand the Hermite�Hadamard inequality. The
Riemann�Liouville fractional operators are de�ned as:

De�nition 2. [15, 18] For an integrable function z on [�1; �2], the left and right Riemann-Liouville
fractional integrals are de�ned as:

J��1+z ({) =
1

� (�)

Z {

�1

({ � w)��1z (w) dw;

J��2�z ({) =
1

� (�)

Z �2

{
(w � {)��1z (w) dw;

where � represents the Gamma function and de�ned as � (�) =
R1
0
e�����1d� :

De�nition 3. [16] For an integrable function z over [�1; �2], the left and right k-Riemann-Liouville
fractional integrals are de�ned as:

J�;k�1+z ({) =
1

k�k (�)

Z {

�1

({ � w)
�
k�1z (w) dw;

J�;k�2�z ({) =
1

k�k (�)

Z �2

{
(w � {)

�
k�1z (w) dw;

where �k (�) is k-Gamma functions and de�ned as �k (�) =
R1
0
e�

�k

k ���1d� :

Recently, Sarikaya and Ata presented the generalized variant of Hermite-Hadamard inequality (1.4)
using the notions of Beta functions.

Theorem 4. [22] For a convex functions z : [�1; �2]! R, the following inequality holds:

z
�
�1 + �2
2

�
� (m;n) � 1

2 (�2 � �1)m+n�1
Z �2

�1

� (w)z (w) dw(1.7)

� z (�1) +z (�2)
2

� (m;n) ;

where � (m;n) =
R 1
0
�m�1 (1� �)n�1 is a Beta function and

� (w) = (�2 � w)m�1 (w � �1)n�1 + (�2 � w)n�1 (w � �1)m�1 :
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The fundamental bene�t of inequality (1.7) is that it can be turned into classical Hermite-Hadamard
inequality (1.4), fractional Hermite-Hadamard inequality [21] and k-fractional Hermite-Hadamard in-
equality [8] without having to prove each one separately.
Many studies have been conducted in the topic of integral inequality, particularly in Hermite-

Hadamard inequality, using various integral operators. For example, the authors of [6] demonstrated
various Hermite-Hadamard type inequalities for convex functions and applied them to numerical in-
tegration formulas. In [13] Kirmaci established Hermite-Hadamard type inequalities for di¤erentiable
convex functions. The authors of [21] used Riemann-Liouville fractional integrals to prove Hermite-
Hadamard type inequalities for convex functions. The authors of [5] established Hermite-Hadamard
type inequalities for (�;m)-logarithmically convex functions. Riemann-Liouville fractional integrals
were used by Awan et al. [3] to re�ne fractional Hermite-Hadamard type inequalities for strongly
convex functions. Using the generalized fractional integrals, Hermite-Hadamard type inequalities for
convex functions were found in [20]. Using generalized fractional integrals, the authors showed some
new Hermite-Hadamard type inequalities for harmonically convex functions in [25].
On the other hand, di¤erent authors have o¤ered distinct versions of Hermite-Hadamard-Mercer

type inequalities. For example, in [1], fractional Hermite-Hadamard-Mercer type inequalities are
demonstrated using the Jensen-Mercer inequalities. Chu et al. [4] showed some new fractional es-
timates of the Hermite-Hadamard inequality for di¤erentiable convex functions. Using the k-Caputo
fractional derivative, the authors demonstrated Hermite-Hadamard type inequalities for convex func-
tions in [26]. In [9], ·Işcan demonstrated a weighted variant of the Hermite-Hadamard-Mercer inequality.
In [24], the authors showed Hermite-Hadamard-Mercer inequality for Harmonically convex functions.
Inspired by recent research, we establish a generalized version of Hermite-Hadamard-Mercer inequal-

ities using the Beta function. The fundamental bene�t of these inequalities is that these can be turned
into classical Hermite-Hadamard-Mercer inequalities (1.6) and (1.5), fractional Hermite-Hadamard-
Mercer inequalities [17] and k-fractional Hermite-Hadamard-Mercer inequalities [2,23] without having
to prove each one separately.
This article�s structure is as follows: Section 2 proves the Hermite-Hadamard type inequality for

convex functions using the Beta function. We prove some trapezoid formula type inequalities in Section
3. In Section 4, we present various applications to special means based on the recently demonstrated
inequalities. Section 5 �nishes with a few suggestions for future research.

2. Hermite-Hadamard-Mercer Inequalities

In this section, we prove some new Hermite-Hadamard-Mercer type inequalities involving the Beta
function.

Theorem 5. For a convex function z : [�1; �2]! R, the following inequality holds:

z
�
�1 + �2 �

{ + 
2

�
� (m;n)(2.1)

� [z (�1) +z (�2)]� (m;n)�
1

2 ( � {)m+n�1
Z 

{
� (w)z (w) dw

� [z (�1) +z (�2)]� (m;n)� � (m;n)z
�
{ + 
2

�
;

where � (m;n) is a Beta function,

� (w) = ( � w)m�1 (w � {)n�1 + ( � w)n�1 (w � {)m�1

and {;  2 [�1; �2] :

Proof. From Jensen-Mercer inequality and u; v 2 [�1; �2], we have

(2.2) z
�
�1 + �2 �

u+ v

2

�
� z (�1) +z (�2)�

z (u) +z (v)
2

:

Now by setting u = �{ + (1� �)  and v = � + (1� �){ in (2.2), we have

(2.3) z
�
�1 + �2 �

{ + 
2

�
� z (�1) +z (�2)�

z (�{ + (1� �) ) +z (� + (1� �){)
2

:
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Integrating to inequality (2.3) with respect to � over [0; 1] after multiplying �m�1 (1� �)n�1 ; we have

z
�
�1 + �2 �

{ + 
2

�
� (m;n) � � (m;n) [z (�1) +z (�2)](2.4)

�1
2

�Z 1

0

�m�1 (1� �)n�1z (�{ + (1� �) ) d�

+

Z 1

0

�m�1 (1� �)n�1z (� + (1� �){) d�
�
:

Thus, we obtain the �rst inequality in (2.1) by using the change of variables of integration.
We use the convexity of z to prove the second inequality in (2.1) and we obtain

(2.5) z
�
{ + 
2

�
� z (�{ + (1� �) ) +z (� + (1� �){)

2
:

Integrating to inequality (2.5) with respect to � over [0; 1] after multiplying �m�1 (1� �)n�1 ; we have

z
�
{ + 
2

�
� (m;n) � 1

2

�Z 1

0

�m�1 (1� �)n�1z (�{ + (1� �) ) d�(2.6)

+

Z 1

0

�m�1 (1� �)n�1z (� + (1� �){) d�
�
:

By using change of variables of integration, we have the following inequality

z
�
{ + 
2

�
� (m;n) � 1

2 ( � {)m+n�1
Z 

{
� (w)z (w) dw

which implies that

(2.7) �z
�
{ + 
2

�
� (m;n) � � 1

2 ( � {)m+n�1
Z 

{
� (w)z (w) dw:

As a result, we may get the last inequality of (2.1) by adding z(�1) + z(�2) on both sides of the
inequality (2.7). The proof is �nished. �

Remark 1. In Theorem 5, if we set m = n = 1, then we recapture inequality (1.6).

Remark 2. In Theorem 5, if we set m = 1 and n = � or m = � and n = 1, then we recapture
inequality (2.1) in [17, Theorem 2].

Theorem 6. For a convex function z : [�1; �2]! R, the following inequality holds:

z
�
�1 + �2 �

{ + 
2

�
� (m;n) � 1

2 ( � {)m+n�1
Z �1+�2�{

�1+�2�
�(w)z (w) dw(2.8)

� z (�1 + �2 � ) +z (�1 + �2 � {)
2

� (m;n)

� � (m;n)

�
z (�1) +z (�2)�

z ({) +z ()
2

�
;

where � (m;n) is a Beta function and

�(w) = (�1 + �2 � { � w)m�1 (w � (�1 + �2 � ))n�1

+(�1 + �2 � { � w)n�1 (w � (�1 + �2 � ))m�1

and {;  2 [�1; �2] :

Proof. From convexity of z and u; v 2 [�1; �2], we have

(2.9) z
�
�1 + �2 �

u+ v

2

�
� z (�1 + �2 � u) +z (�1 + �2 � v)

2
:
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Now by setting �1+�2�u = � (�1 + �2 � {)+(1� �) (�1 + �2 � ) and �1+�2�v = � (�1 + �2 � )+
(1� �) (�1 + �2 � {) in inequality (2.9), we have

z
�
�1 + �2 �

{ + 
2

�
(2.10)

� 1

2
[z (� (�1 + �2 � {) + (1� �) (�1 + �2 � )) +z (� (�1 + �2 � ) + (1� �) (�1 + �2 � {))] :

Integrating to inequality (2.10) with respect to � over [0; 1] after multiplying �m�1 (1� �)n�1 ; we have

z
�
�1 + �2 �

{ + 
2

�
� (m;n)

� 1

2

�Z 1

0

�m�1 (1� �)n�1z (� (�1 + �2 � {) + (1� �) (�1 + �2 � )) d�

+

Z 1

0

�m�1 (1� �)n�1z (� (�1 + �2 � ) + (1� �) (�1 + �2 � {)) d�
�
:

Thus, we obtain the �rst inequality in (2.8) by using the change of variables of integration.
We use the convexity of z to prove the second inequality in (2.8) and we obtain

z (� (�1 + �2 � {) + (1� �) (�1 + �2 � ))(2.11)

� �z (�1 + �2 � {) + (1� �)z (�1 + �2 � )
and

z (� (�1 + �2 � ) + (1� �) (�1 + �2 � {))(2.12)

� �z (�1 + �2 � ) + (1� �)z (�1 + �2 � {) :
By applying Jensen-Mercer inequality after addition of (2.11) and (2.12), we have

z (� (�1 + �2 � {) + (1� �) (�1 + �2 � )) +z (� (�1 + �2 � ) + (1� �) (�1 + �2 � {))(2.13)

� z (�1 + �2 � ) +z (�1 + �2 � {)
� 2 [z (�1) +z (�2)]� [z ({) +z ()] :

Thus, we obtain second and third inequality of (2.8) by integrating to inequality (2.13) with respect
to � over [0; 1] after multiplying �m�1 (1� �)n�1 and using the change of variables of integration. The
proof is completed. �
Remark 3. In Theorem 6, if we set m = n = 1, then we recapture inequality (1.5).

Remark 4. In Theorem 6, if we set m = 1 and n = � or m = � and n = 1, then we recapture
inequality (2.2) in [17, Theorem 2].

Remark 5. In Theorem 6, if we setm = 1 and n = �
k orm = �

k and n = 1, then we obtain [2, Theorem
2.1].

Remark 6. In Theorem 5, if we set { = �1 and  = �2, then we recapture inequality (1.7).

3. Trapezoidal Type Inequalities

In this section, we prove some trapezoid formula type inequalities involving Beta functions.
Let�s start with the following new Lemma.

Lemma 1. For a di¤erentiable mapping z : [�1; �2] ! R over (�1; �2) and z 2 L [�1; �2], then the
following equality holds:

z (�1 + �2 � ) +z (�1 + �2 � {)
2

� (m;n)� 1

2 ( � {)m+n�1
Z �1+�2�{

�1+�2�
�(w)z (w) dw(3.1)

=
 � {
2

Z 1

0

�� (m;n) [z0 (�1 + �2 � (�{ + (1� �) )) +z0 (�1 + �2 � (� + (1� �){))] d�

=
 � {
2

Z 1

0

�
�� (m;n)� �1�� (m;n)

�
z0 (�1 + �2 � (�{ + (1� �) )) d� ;
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where

�� (m;n) =

Z �

0

zm�1 (1� z)n�1 dz

and {;  2 [�1; �2] :

Proof. From integration by parts, we haveZ 1

0

�� (m;n)z0 (�1 + �2 � (�{ + (1� �) )) d�(3.2)

= �� (m;n)
z (�1 + �2 � {)

 � {

� 1

 � {

Z 1

0

�m�1 (1� �)n�1z (� (�1 + �2 � {) + (1� �) (�1 + �2 � )) d�

= �� (m;n)
z (�1 + �2 � {)

 � {

� 1

( � {)m+n
Z �1+�2�{

�1+�2�
(�1 + �2 � { � w)n�1 (w � (�1 + �2 � ))m�1z (w) dw

and Z 1

0

�� (m;n)z0 (�1 + �2 � (� + (1� �){)) d�(3.3)

= �� (m;n)
z (�1 + �2 � )

 � {

� 1

( � {)m+n
Z �1+�2�{

�1+�2�
(�1 + �2 � { � w)m�1 (w � (�1 + �2 � ))n�1z (w) dw:

Thus, we obtain the required equality by subtracting (3.2) from (3.3) and later multiplying 2
(�{) : The

proof is completed. �

Remark 7. In Lemma 1, if we set m = n = 1, then Lemma 1 becomes [17, Corollary 1].

Remark 8. In Lemma 1, if we set m = 1 and n = � or m = � and n = 1, then we obtain [17, Lemma
1].

Remark 9. In Lemma 1, if we set m = 1 and n = �
k or m = �

k and n = 1, then we obtain equality
(3.3) in [23, Remark 3.1].

Remark 10. In Lemma 1, if we set { = �1 and  = �2, then we obtain [22, Lemma 5].

Theorem 7. We assume that the conditions of Lemma 1 hold. If jz0j is a convex function, then we
have the following trapezoid formula type inequality:�����z (�1 + �2 � ) +z (�1 + �2 � {)2

� (m;n)� 1

2 ( � {)m+n�1
Z �1+�2�{

�1+�2�
�(w)z (w) dw

�����(3.4)

� ( � {)
�
jz0 (�1)j+ jz0 (�2)j �

jz0 ({)j+ jz0 ()j
2

�Z 1
2

0

�
�1�� (m;n)� �� (m;n)

�
d�:

Proof. Taking modulus in (3.1) and using Jensen-Mercer inequality, we have�����z (�1 + �2 � ) +z (�1 + �2 � {)2
� (m;n)� 1

2 ( � {)m+n�1
Z �1+�2�{

�1+�2�
�(w)z (w) dw

�����
�  � {

2

Z 1

0

����� (m;n)� �1�� (m;n)��� jz0 (�1 + �2 � (�{ + (1� �) ))j d�
�  � {

2

"Z 1
2

0

�
�1�� (m;n)� �� (m;n)

�
[jz0 (�1)j+ jz0 (�2)j � � jz0 ({)j � (1� �) jz0 ()j] d�
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+

Z 1

1
2

�
�� (m;n)� �1�� (m;n)

�
[jz0 (�1)j+ jz0 (�2)j � � jz0 ({)j � (1� �) jz0 ()j] d�

= ( � {)
�
jz0 (�1)j+ jz0 (�2)j �

jz0 ({)j+ jz0 ()j
2

�Z 1
2

0

�
�1�� (m;n)� �� (m;n)

�
d�

and the proof is completed. �
Remark 11. In Theorem 7, if we set m = n = 1, then Theorem 7 becomes [23, Corollary3.5].

Remark 12. In Theorem 7, if we set m = 1 and n = � or m = � and n = 1, then we obtain [17,
Theorem 4].

Remark 13. In Theorem 7, if we set m = 1 and n = �
k or m = �

k and n = 1, then we recapture
inequality (3.11) in [23, Remark 3.7].

Remark 14. In Theorem 7, if we set { = �1 and  = �2, then we obtain [22, Theorem 6].

Theorem 8. We assume that the conditions of Lemma 1 hold. If jz0jq ; q > 1 is convex functions,
then we have the following trapezoidal type inequality:�����z (�1 + �2 � ) +z (�1 + �2 � {)2

� (m;n)� 1

2 ( � {)m+n�1
Z �1+�2�{

�1+�2�
�(w)z (w) dw

�����
�  � {

2

�Z 1

0

����� (m;n)� �1�� (m;n)���p d�� 1
p
�
jz0 (�1)jq + jz0 (�2)jq �

jz0 ({)jq + jz0 ()jq

2

� 1
q

;

where 1
p +

1
q = 1:

Proof. Taking modulus in equality (3.1) and applying Hölder�s inequality, we have�����z (�1 + �2 � ) +z (�1 + �2 � {)2
� (m;n)� 1

2 ( � {)m+n�1
Z �1+�2�{

�1+�2�
�(w)z (w) dw

�����
�  � {

2

�Z 1

0

����� (m;n)� �1�� (m;n)���p d�� 1
p

�
�Z 1

0

jz0 (�1 + �2 � (�{ + (1� �) ))jq d�
� 1

q

:

From Jensen-Mercer inequality, we have�����z (�1 + �2 � ) +z (�1 + �2 � {)2
� (m;n)� 1

2 ( � {)m+n�1
Z �1+�2�{

�1+�2�
�(w)z (w) dw

�����
�  � {

2

�Z 1

0

����� (m;n)� �1�� (m;n)���p d�� 1
p

�
�Z 1

0

�
jz0 (�1)jq + jz0 (�2)jq � � jz0 ({)jq � (1� �) jz0 ()jq

�
d�

� 1
q

=
 � {
2

�Z 1

0

����� (m;n)� �1�� (m;n)���p d�� 1
p
�
jz0 (�1)jq + jz0 (�2)jq �

jz0 ({)jq + jz0 ()jq

2

� 1
q

and the proof is completed. �
Remark 15. In Theorem 8, if we set m = n = 1, then Theorem 8 becomes [23, Corollary 3.8].

Remark 16. In Theorem 8, if we set m = 1 and n = � or m = � and n = 1, then we obtain [23,
Corollary 3.9].

Remark 17. In Theorem 8, if we set m = 1 and n = �
k or m = �

k and n = 1, then we recapture
inequality (3.11) in [23, Corollary 3.10].

Remark 18. In Theorem 8, if we set { = �1 and  = �2, then we obtain [22, Theorem 7].
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4. Application to Special Means

In this section, we give applications of newly established inequalities in the context of special means
of real numbers. For arbitrary positive real numbers �1 and �2 (�1 6= �2), we consider the means as
follows:

(1) The arithmetic mean

A = A (�1; �2) =
�1 + �2
2

:

(2) The harmonic mean

H = H (�1; �2) =
2�1�2
�1 + �2

:

(3) The geometric mean
G = G (�1; �2) =

p
�1�2:

Proposition 1. For 0 < �1 < �2 and p 2 N, p � 2, the following inequality holds for all {;  2 [�1; �2]:

(2A (�1; �2)�A ({; ))p � (m;n) � 2A (�p1; �
p
2)� (m;n)�

1

2 ( � {)m+n�1
Z 

{
� (w)wpdw

� (2A (�p1; �
p
2)�Ap ({; ))� (m;n) :

Proof. The needed inequality can be obtained by applying Theorem 5 to the convex function z (w) =
wp, w > 0. �
Proposition 2. For 0 < �1 < �2, the following inequality holds for all {;  2 [�1; �2]:

(2A (�1; �2)�A ({; ))�1 � (m;n) � 2H�1 (�1; �2)� (m;n)�
1

2 ( � {)m+n�1
Z 

{

� (w)

w
dw

�
�
2H�1 (�1; �2)�A�1 (�1; �2)

�
� (m;n) :

Proof. The needed inequality can be obtained by applying Theorem 5 to the convex function z (w) =
1
w , w 6= 0. �
Proposition 3. For 0 < �1 < �2, the following inequality holds for all {;  2 [�1; �2]:

ln (2A (�1; �2)�A ({; ))� (m;n) � 2 ln (G (�1; �2))� (m;n)�
1

2 ( � {)m+n�1
Z 

{
� (w) lnwdw

� (2 ln (G (�1; �2))� ln (A ({; )))� (m;n) :

Proof. The needed inequality can be obtained by applying Theorem 5 to the convex function z (w) =
lnw. �
Proposition 4. For 0 < �1 < �2 and p 2 N, p � 2, the following inequality holds for all {;  2 [�1; �2]:

(2A (�1; �2)�A ({; ))p � (m;n) � 1

2 ( � {)m+n�1
Z �1+�2�{

�1+�2�
�(w)wpdw

� A ((�1 + �2 � {)p ; (�1 + �2 � )p)� (m;n)
� (2A (�p1; �

p
2)�A ({p; p))� (m;n) :

Proof. The needed inequality can be obtained by applying Theorem 6 to the convex function z (w) =
wp, w > 0. �
Proposition 5. For 0 < �1 < �2, the following inequality holds for all {;  2 [�1; �2]:

(2A (�1; �2)�A ({; ))�1 � (m;n) � 1

2 ( � {)m+n�1
Z �1+�2�{

�1+�2�

�(w)

w
dw

� H�1 (�1 + �2 � {; �1 + �2 � )� (m;n)
�

�
2H�1 (�1; �2)�H�1 ({; )

�
� (m;n) :

Proof. The needed inequality can be obtained by applying Theorem 6 to the convex function z (w) =
1
w , w 6= 0. �



GENERALIZATION OF HERMITE-HADAMARD-MERCER 9

Proposition 6. For 0 < �1 < �2, the following inequality holds for all {;  2 [�1; �2]:

ln (2A (�1; �2)�A ({; ))� (m;n) � 1

2 ( � {)m+n�1
Z �1+�2�{

�1+�2�
�(w) lnwdw

� ln (G (�1 + �2 � {; �1 + �2 � ))� (m;n)
� (2 ln (G (�1; �2))� ln (G ({; )))� (m;n) :

Proof. The needed inequality can be obtained by applying Theorem 6 to the convex function z (w) =
lnw. �

Proposition 7. For 0 < �1 < �2 and p 2 N, p � 2, the following inequality holds for all {;  2 [�1; �2]:�����A ((�1 + �2 � {)p ; (�1 + �2 � )p)� (m;n)� 1

2 ( � {)m+n�1
Z �1+�2�{

�1+�2�
�(w)wpdw

�����
� p ( � {)

�
2A
�
�p�11 ; �p�12

�
�A

�
{p�1; p�1

�� Z 1
2

0

�
�1�� (m;n)� �� (m;n)

�
d� :

Proof. The needed inequality can be obtained by applying Theorem 7 to the convex function z (w) =
wp, w > 0. �

Proposition 8. For 0 < �1 < �2, the following inequality holds for all {;  2 [�1; �2]:�����H�1 (�1 + �2 � {; �1 + �2 � )� (m;n)�
1

2 ( � {)m+n�1
Z �1+�2�{

�1+�2�

�(w)

w
dw

�����
� ({ � )

�
2H�1 ��21; �22��H�1 �{2; 2�� Z 1

2

0

�
�1�� (m;n)� �� (m;n)

�
d� :

Proof. The needed inequality can be obtained by applying Theorem 7 to the convex function z (w) =
1
w , w 6= 0. �

Proposition 9. For 0 < �1 < �2, the following inequality holds for all {;  2 [�1; �2]:�����ln (G (�1 + �2 � {; �1 + �2 � ))� (m;n)� 1

2 ( � {)m+n�1
Z �1+�2�{

�1+�2�
�(w) lnwdw

�����
� ( � {)

�
2H�1 (�1; �2)�H�1 ({; )

� Z 1
2

0

�
�1�� (m;n)� �� (m;n)

�
d� :

Proof. The needed inequality can be obtained by applying Theorem 7 to the convex function z (w) =
lnw. �

5. Conclusions

We used the Beta function in this paper to prove several new generalizations of Hermite-Hadamard-
Mercer type inequalities. We also proved some new trapezoidal type inequalities involving the Beta
function for di¤erentiable convex functions. Finally, we demonstrated the application of special means
of real numbers for newly established inequalities. Researchers can obtain comparable inequalities for
di¤erent types of convexity and special functions in their future work, which is a new and interesting
problem.
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[17] H. Ö ¼GÜLMÜŞ and M. Z. Sarikaya, Hermite-Hadamard-Mercer type inequalities for fractional integrals. Research-

Gate Article, https://www.researchgate.net/publication/337682540.
[18] K. B. Oldham and J. Spanier, The fractional calculus, Academic Press, San Diego, 1974.
[19] J. Peµcaríc, F. Prochan, and Y. L. Tong, Convex Functions, Partial Ordering and Statistical Applications, Academic

Press, New York, NY, USA, 1991.
[20] M. Z. Sarikaya and F. Ertugral, On the generalized Hermite-Hadamard inequalities. Annals of the University of

Craiova-Mathematics and Computer Science Series, 47 (2020),193-213.
[21] M. Z. Sarikaya, E. Set, H. Yaldiz and N. Basak, Hermite-Hadamard�s inequalities for fractional integrals and related

fractional inequalities. Mathematical and Computer Modelling, 57 (2013) 2403-2407.
[22] M. Z. Sarikaya and F. Ata, On the generalized Hermite-Hadamard inequalities involving Beta function. ResearchGate

Artice, https://www.researchgate.net/publication/337103933.
[23] M. Vivas-Cortez, M. A. Ali, A. Kashuri and H. Budak, Generalizations of fractional Hermite-Hadamard-Mercer like

inequalities for convex functions. AIMS Mathematics, 6 (2021), 9397�9421.
[24] X.You, M. A. Ali, H. Budak, J. Reunsumrit and T. Sitthiwirattham, Hermite-Hadamard-Mercer-Type Inequalities

for Harmonically Convex Mappings. Mathematics, 9 (2021), 2556.
[25] D. Zhao, M. A. Ali, A. Kashuri, and H. Budak, Generalized fractional integral inequalities of Hermite�Hadamard

type for harmonically convex functions. Adv. Di¤ er. Equ., 2020 (2020), 1-37.



GENERALIZATION OF HERMITE-HADAMARD-MERCER 11

[26] S. Zhao, S.I. Butt, W. Nazeer, J. Nasir, M. Umar and Y. Liu, Some Hermite-Jensen-Mercer type inequalities for
k-Caputo-fractional derivatives and related results. Advances in Di¤ erence Equations, 2020 (2020), 1-17.

Jiangsu Key Laboratory for NSLSCS, School of Mathematical Sciences, Nanjing Normal University,
Nanjing, China.

E-mail address : mahr.muhammad.aamir@gmail.com

Jiangsu Key Laboratory for NSLSCS, School of Mathematical Sciences, Nanjing Normal University,
Nanjing, China.

E-mail address : 05298@njnu.edu.cn


