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1 Introduction

Since the double disc motor system was derived in [1], its dynamic behavior has been widely
concerned. And from it and based on the azimuth current distribution, the segmented disc
generator model was given in [2] with the following reduced form:

i(t) =r(y — ),
y(t) = mx — (1 +m)y + xu, (1)
u(t) = g(ma® + 1 — (1 +m)zy)

where z(t) and y(t) denote the magnetic radial and azimuthal current distributions, w(t)
measures the angular velocity of the disc, g represents the applied torque, moreover, m and r
are dimensionless parameters. For system (1), the author of [3] investigated comprehensively
its dynamic properties including Darboux integrability and existence of Hopf bifurcation. The
author of [4] studied multi-stability and coexistence of three types of attractors: equilibrium
points, limit cycles and hidden chaotic attractors, and found hidden chaotic solutions to occur
well away from the subcritical Hopf bifurcation. Subsequently, the control of hidden chaos
in system (1) was studied and applied to electronic circuit design in [5]. The authors of [6]
also analyzed its mechanism of chaos from the perspective of geometry.

Furthermore, to make the segmented disc dynamo model better to reflect the practical
significance in physics, especially for azimuthal currents in the rotating discs, the authors of
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[7] proposed a new description of the two-disc dynamo, yielding the segmented disc dynamo
system with mechanical friction as follows:

(1) = mar — (14 m)y + v, @
u(t) = g(mal:2 +1—- 14+ m)zy) — fu,

where f is a mechanical friction coefficient, naturally system (1) is one special case of system
(2). Recently, the authors of [8] studied the complex dynamics of the equilibrium point of
system (2) by using the center manifold theory, and determined the existence conditions of
Hopf bifurcation, at the same time, the Darboux integrability of the system was discussed in
detail. For the mechanism of chaos in system (2), some theoretical and numerical analyses
were also given in [9] and [10] successively.

However, there is a little with respect to the report of investigating the multiple small-
amplitude limit cycles bifurcation and local integrability restricted to one single center mani-
fold in system (2). Then we will continue to study its dynamic properties in the two aspects,
particularly, the maximal number of limit cycles in the vicinity of a Hopf singular point.

In planar polynomial systems, the maximal number of limit cycles bifurcating from an
elementary focus or center is sometimes called the local version of the second part of the
Hilbert’s 16th problem, each reader can refer to the literatures [11, 12, 13] to learn about
this famous problem and its research progress. As for the local version around an elementary
focus or center, in general quadratic systems, the maximal number M (2) = 3 was solved by
Bautin in 1952 [14]. However, in general cubic systems, the maximal number M (3) is still
open, many results have been obtained on its low bound [15, 16], so far, the best result is
M(3) > 12 [17]. For other relevant results, one can see [18, 19] and references therein.

Compared with two-dimensional systems, the maximal number of limit cycles bifurcating
from a Hopf singular point is more challenging for a three-dimensional systems [20, 21].
Such problems are solved in only a few specific models, e.g. [22, 23, 24]. For general three-
dimensional systems, only some low bounds were obtained, e.g., the examples of 12 small-
amplitude limit cycles in quadratic vector fields were given recently [25, 26], the readers can
also refer to [21, 27] for other results.

In general, the main task of solving the above problem is to compute the focus values and
determine the center conditions at the equilibrium, which is exactly a extended version from
planar systems to center manifold of three dimensional systems. There exist some classical
methods such as Liapunov-Schmidt method [28], the direct dimension reduction method [23]
and the averaging theory [29]. And more some new research approaches were put forward,
e.g., the inverse Jacobi multiplier [30, 31], the formal first integral method [32] and the
simple normal form [33]. Recently, the authors of [34] also presented a useful conclusion on
the bound of the cyclicity around a center on center manifold in terms of the Bautin ideal.
In our research, the linear and simple algorithm proposed in [35] is applied to compute the
singular point quantities corresponding to the focal values.

The rest of the paper is organized as follows. In the section 2, some preliminary methods
for studying Hopf bifurcation of three-dimensional systems are given. In the section 3 and
4, the maximum number of bisymmetric limit cycles of the segmented disk generator system
with friction and without friction are determined and proved strictly respectively. In the
section 5, the Jacobian stability at the equilibrium point is obtained. Finally, we draw some
conclusions about this work.



2 Preliminary results and method

In this section, we first introduce the method and basic results about limit cycle bifurca-
tion at Hopf singular point on center manifold. Based on the works of Liu and Li [36], the
authors of [35] extended these methods of computing singular point quantities from the pla-
nar polynomial system to three-dimensional systems, namely the following three-dimensional
systems are considered:

d . :
ditn =—y+ Z AppaFyiul = X (z,y,u),
k+j+1=2
dy R
B N
i Z Brjx"y'u' =Y (z,y,u), (3)
k+j+1=2
du = i
zﬁiZH_du_+ j{: [hjwﬁy]ul::U(x,y,u%

kHjH=2

where z, y, u, Agji, Biji, Diji €€ R (k, j, 1 € N).

In general, we analyze the Hopf bifurcation of system (3) by applying the center manifold
theory [37], thus system (3) has a center manifold u(x,y), which can be expressed as the
following series:

u(z,y) = uz(x,y) + h.o.t., (4)

where us is a quadratic homogeneous polynomial in z and y, h.o.t. stands for higher-order
term. By means of transformation:

z=x4+1iy, w=r—1Yy, U=1uU,

T=it, i=+—1,

system (3) can be transformed into the following complex system:

(5)

dZ > kil
T =% + E agj2 vt = Z(z,w,u),
E+j+1=2

dw >

_ k_j, 1l __
o7 = W + g bpjjw” 2 v = =W (z,w,u), (6)

E+j+i=2

du o0

_ ok gl
o7 = idu + E dpjiz"wu' = U(z,w,u)

k+j+i=2

where z, w, u, ag;i, bpji, diji € C (k, j, 1 € N) and brji = Gyj with agj denotes the conjugate
complex number of ayj;, we call that system (6) and (3) are concomitant. For system (6), we
can obtain the following Lemma.

Lemma 2.1. For system (6), when taking c110 = 1, ¢101 = ¢o11 = 200 = 020 = 0, cxro = 0,

k=2,3---, we can derive successively and uniquely the following series:
oo
F(z,w,u) = zw + Z camzawﬂu“’, (7)
a+pB+v=3
such that

dF _OF OF OF = < 1
aT - os —&UW+%U—H;/~%(ZU}) ) (8)



and if a # 8 or a = 3, v # 0, cap 15 determined by the following recursive formula:

1
Cam_ﬁ—a—id'y

a+p+y+2

X Z (@ =k +VDakj-1,— B —J+Dbjk—11+ (v — Ddk-1,-1,1+1] (9)
ki =3

X Ca—k+1,—j+1,y—1s
and for any positive integer m, ., is determined by the following recursive formula:

2(m+1)
o, = Z [(m —k+Dagj—11— (m—j+1)bjr—11 — ldg—1,j-1,1+1]

k+j+1=3 (10)

X Cm—k+1,m—j+1,—15

and when o <0 or <0 ory <0 orvy=0, a=f, we have let cogy = 0. i, is called m-th
singular quantity at the origin of system (6).

Lemma 2.2 (see [35]). The first nonvanishing focal value of the origin of system (3): vom+t1
and the first nonvanishing singular quantity of the origin of system (6): pm, are related as

Vom+1 = iﬂ’um.

Definition 2.1. If the values pu1 = po = -+ = pug_1 = 0 and pi # 0, then the origin of
system (3) is called the fine focus of order k, k = 1,2,---. If for any positive integer k,
ux = 0 hold, then the origin of system (3) is called a center.

Lemma 2.3 (see [35]). If the origin of undisturbed system (3) is a fine focus with n order as
its highest order, then the origin of the system (3) can bifurcate n at most small amplitude
limit cycles under a suitable perturbation.

In order to obtain sufficient conditions for the existence of limit cycles, we introduce the
following lemma.

Lemma 2.4 (see [38]). Suppose that the focus values depend on k parameters, expressed as
vy = ’Uj(61,€2,"' 7€k)’j =13, 72k+1; satzsfymg Uj(o?ov' o 70) =0,7=13,-- 72k—17
’U2k+1(0, 07 e 70) 7é 0; and

det[Luvsvat) (g ... ()] £ 0. (11)

d(e1,e2, €r)

then the origin of the perturbed system (3) has k limit cycles.

3 Hopf bifurcation cyclicity of a segmented disk dynamo mod-
el with friction.

In this section, we analyze the limit bifurcation of system (2), namely segmented disk
dynamo model with friction f # 0. It is easy to know that when f < g, system (2) has three

equilibrium points Ey = (0,0, %) and E) 2 = (£do, +dp, 1) with writing /1 — 5 = dp, when
f > g, system (2) has only equilibrium point Ej.



3.1 Singular point quantities of equilibrium point F;

Here we will study the Hopf bifurcation at the symmetric equilibrium point E 5 of system
(2). For system (2), due to the invariance under transformation (x,y, z) — (—x,—y, z), we
only need to consider the equilibrium point Fy = (dy, do, 1). By choosing appropriate per-
turbation parameters, we will obtain at most three limit cycles at the symmetric equilibrium
points of system (2) via a Hopf bifurcation synchronously and respectively.

For the convenience of analysis, we translate the equilibrium point E; to the origin, then
the system (2) changes to the following form:

i(t) =r(y —z),
y(t) = (1 +m)(z — y) + u(z + do), (12)
a(t) =g — f(1+u) + gm(z +do)* — g(1+m)(z + do)(y + do)

where dy = /1 — g.
It is easy to know that the Jacobian matrix of system (12) at the origin is
—r r 0
A = 1+m —1—-m do |, (13)
(m — l)do —(1 + m)do —f

and its corresponding characteristic polynomial is
PO =X+0+r+m+ HN+(f+g+gm\+2r(g— f). (14)

Then we let
P(N) = (A +w?) (A + Ao) (15)

where w > 0 and A9 > 0, such that there is a pair of purely imaginary conjugate eigenvalues
eigenvalues +wi and one negative eigenvalue —\g, which implies that F; is of center-focus
type. Further, we obtain its necessary and sufficient condition:

Xo=1+r+f+m, W*=rf+g+gm, fr(f+m+r+3)—gd =0 (16)

where d; = r(1 —m) — (1 +m)(1 + f +m). And from the above third equation, if d; = 0,
then f +m 47+ 3 =0, yielding A\g = —2 < 0, therefore d; can not vanish, we have

g=G(f,m,r):= 7fr(f+z+r+3), and w? =: O(f,r,m) = 72“(1;1”7”) > 0. (17)

Above all, we conclude that if and only if the parameters lie in the set
Qi :=A{(r,m,g,f): g=G(f,r,m), O(f,r,m) >0, 1+r+ f+m>0}, (18)

the equilibrium Fj, i.e., the origin of system (12) is a weak focus on the center manifold.
For system (12) in the parameter set €, there exists an invertible matrix 75 such that
A becomes the following diagonal matrix:

Tw 0 0
T'AT,= 0 —iw 0o |, (19)
0 0 —Xo



where
T T2 T3

To = | Txn 1o Tas |,
1 1 1

in which T].].a T12, T13, Tgl, T22 and T23 see Appendix (Al)
Further, by non-degenerate linear transformation (z,y,u) = Ta(z,w,u)’, system (12)
becomes the following complex symmetric system:

dz 2 2 2

a7 = 2z 4 a2002” + ap20w” + agou” + ar1p0zw + ajo1zu + apriwu = Z(z, w,u),

dw

d7 = —(w + b20022 —+ b020w2 + boogu2 + bllozw + blolzu + bonwu) = —W(Z, w, u), (20)
du

a7 doo1u + dapoz? + dogow? + dooau® + di102w + dior2u + doywu = U(z,w, u),

where z,w,u,T € C and 4 is still written as u, the coefficients byj; = ayji, di;i are represented
by the parameters of system (12), kjl = 200,020, 002,110,011, 101.

When applying the transformation: z = x+iy, w = x—iy, T = it, we can get its complex
conjugate system with the same form of (3):

% = —y—|—P2(m,y,u) :X7
Y =2+ Qa(z,y,u) =Y, (21)

% = —Xou+ Us(z,y,u) = U,

where P5, Q2 and Uj are all quadratic homogeneous polynomials in (x,y,u). In fact, there
exists necessarily a nondegenerate real matrix 77 such that system (12) ban be changed
directly into (21) via the transformation: (x,y,u) — T} (x,y,u)’.

Next, according to Lemma 2.1, we figure out easily the first 10 singular point quantities
at the origin of system (20) as follows

2iw>\3(f — )\0)3F1 (f, Ao, w)
=2+ BN+ ?)Dy
_ W (f — M)’ Fa(f, Xo,w)
H2 =760 = Mo)? + w2)2(A2 + w2)3Dy’ (22)
iw)\é(f - /\0)7F3(f, Ao, w)

3= 576((F — Mo)2 + w2)3(AZ + w2)P D3’
where
Fi(f, Mo, w) = 2300 — 3F208 — 10£%w? + 2f ow? + 2w,
Di(f, Ao,w) = (AF +4w?)(2f(f — Xo) + (24 Xo)w?)?,
Da(f, Ao, w) = (A§ + 4w?)? (A + 9?) (2f (f — Xo) + (2 + Xo)w?)?,
D3(f, Moy w) = (A3 + w?)P(4X3 + w?) (A3 + 4w?) (A3 + 9w?)2 (N2 + 16w?)

X (2f(f = Xo) + (2 + Ag)w?)°

F5(f, Ao,w) is shown in Appendix (A.2). The polynomial F3(f, \g,w) of 1026 terms is too
long for display, and we have let py = po = pus = 0 for each p;,i > 3.



3.2 Center-focus problem of equilibrium points E; ,

Here, we search possible center conditions and determine the highest order of focus at
E1 2, which is closely related to the maximum number of limit cycles via Hopf bifurcation
around the equilibrium points for system (2).

By analyzing the singular point quantities in (22), one can see a common factor (f—Xg) in
w1, pe and pg. When the factor (f — \g) is not zero, real zeros of p1, pu2 and pg are determined
by Fl(f, )\0, w) (Z = 1, 2, 3).

Next, By computing the polynomial resultants of Fy, F3 for F; with respect to f via
Mathematica, we get the following results:

Resultant[Fy, F1, f] = 7077888 3w ¥ (A2 4+ w?)0 (A2 + 4w?)3Gy,
Resultant[F3, F1, f] = 16307453952\3w?2 (A3 + w?)® (402 + w?)3 (A3 + 4w?)7 Gy,

where

G = 171501 + 26411052w? 4 1339770 0w + 126353\8w° — 640648 \5w®
— 1518912X\3w'® — 2592000\3w'? + 419904

and G9 is a polynomial of degree 50 with respect to w and Ao, see Appendix (A.3).
Furthermore, we have

Resultant[Gy, G2, A\g] = 779218637 - - - 0w £ 0, (23)

this shows that there is no A\g or w to make G; = 0 and Go = 0 hold at the same time, that is,
when G1 = 0, G must satisfy G # 0, namely Fy = F3 = 0 can not hold. Now, set Gy = 0,
and calculate the following resultants

Resultant[G1, F1, Ao] = 7T077888X0%w!8(A\o? 4 w?)8(N\o? + 4w?)? HgHog,
Resultant[G1, Fz, Ao] = 163 - 200°w?2 (Ao + w?)8(4ho” + w?)3 (Ao + 4w?)" HsHya,  (24)
Resultant|Hog, Hgy, f] = 535890196 - - - 0?2352 £ 0,

where Hg = 180 — 3953 f12w? — 27816 f0w* — 139446 f8w6 4 156764 f6w® — 38553 f4w!0 —
3528 f2w!? + 1372w, Hog = Zio N;f? and Hgy = Z?io N;f% where N; and Nj are
polynomials in w?. From the above three resultants (24), we easily know that under the
condition G1 = 0, if and only if Hg = 0, F1 = F5 = 0 holds, and at this time Fj # 0.

From the above analysis, we get the following lemma.

Lemma 3.1. For the first three singular point quantities at the origin of system (20), if
w1 = p2 =0, then pus # 0 holds under the condition \g # f.

In fact, when \g = f, from (16), we get 1+ +m = 0, then yielding w? = 0 in (17), this
contradicts the fact w > 0, so A\g # f must be satisfied. This also implies that the origin of
system (20) is not a center, then we have

Theorem 3.2. The equilibrium points E1o can not be centers on the center manifold of
system (2).

Similarly, we can verify that when F} = F> = 0, the signed indeterminate factor
da == 2f(f — o) + (2 + Ao)w?

is not equal to zero in Dy, Dy and D3 for (22), which shows that all the denominators in the
three expressions (22) can not vanish. According to Lemma 3.1 and the above analysis, the
following theorem obtained.



Theorem 3.3. If (r,m, g, f) € Q1 and \g # f, the symmetrical equilibrium E o of system (2)
are weak foci of order at most 3. Moreover, E1 o are of order i, if and only if (r,m, g, f) € Cj,
i =1,2,3, where

Cre=M\{(r,m, g, f) 1 d2 # 0, # f}\ C2\ Cs,
Co:={(r,m, g, f) € Y : Fi(f, Ao, w) = 0, Fa(f, Ao, w) # 0,da # 0, Ao # [},
C3 = {(T,m,g,f) S Ql :Fl(fv)\(]’w) :FQ(f7)\07w) :07)\0 #f}

3.3 Limit cycles bifurcation at equilibrium points £ 5

Now we turn to the discussion about the maximum number of small-amplitude limit cycles
from E; 2 of system (2). According to the lemma 2.3 and the theorem 3.3, we know that
there are at most three small-amplitude limit cycles around the origin of system (21) or the
equilibria Ej 2 of system (20), but whether the number of limit cycles can reach three, we
need further analysis and demonstration.

From the discursion in the last subsection, we know that F}, F5 and F3 have no common
zero, but F} and F5 should have. In fact, only two classes of solution groups satisfy F} =
F5 = 0 and the other conditions in Cs3 of the theorem 3.3 as follows

(A, £ D) = (1.58165284021w, 5.32357646783w),

(2) £(2 (25)
(A7, f) = (0.38513387878w, 0.48551387918w).
Further, if g and r in the parameter conditions (17) are perturbed as follows
_ _52()\04»2)745)\04»()\04»2)&)2 _ ()\0+2)w2
9= 225+ o) = =270 T 00 (26)
_ Ao (8%+w?) (26+F—Xo) _ Aow? (Mo—f) o(s
r= 62XN0+202—45N0+2f2+46F —2f Ao+ Aow?+2w? T 2f2—-2f Ao+ Aow?+2w? + ( )

where [0| < 1, then we can add linear perturbations to system (21) yielding

& =—y+ox+ Pz, y,u), y =+ 6y + Qa(z,y,u), &« = —Xou+ Us(z,y,u).  (27)

According to the lemma 2.2, for the perturbed real system (27), each focal values vg;—1 of
the origin is analytic at 6 = 0 to parameter ¢ (the detail can be seen in [15, 35]), thus its first
4 focal values can be expressed as follows

vy =e¥™ — 1 =216 +0(5), w3 =imp(w? Ao, f) + O(0),
U5 = i7TM2(W27 )\07 f) + 0(5)7 Ur = iﬂﬂ3(w2, )\07 f) + 0(6)

Next, we calculate the Jacobian determinant of the function group (v1,vs,vs) with respect
to the variables(d, Ao, f). Without loss of generality, we choose freely positive real number
w = 1/1000 and the first set of solutions for which the first three focal values become v; =
vy = v5 = 0,v7 = 0.000592461 - - - # 0. Moreover, one can directly verify that the Jacobian
evaluated at the critical point has

v Jui Ovi

Boy o i

% g of = —27 - (0.31506761---) # 0, (28)

Ovs  Ouy  Ouvs
% Do BT 1(6.00,)=0A",fD)

implying that system (27) can have necessarily three small-amplitude limit cycles bifurcating
from the origin by Lemma 2.4.

Based on the above analysis, we know that system (2) can have three small-amplitude
limit cycles bifurcation from the equilibrium £, and the following theorem can be established.



Theorem 3.4. At most six limit cycles can be bifurcated around the two symmetric equilibria
Ey and Ey with a (3, 3) distribution via a Hopf bifurcation under small perturbation within
the system (2).

Using numerical method, we get an example of two limit cycles bifurcated from the origin
of system (27) and the symmetrical equilibria Ej 5 of system (2) respectively. First we choose

-1 . _ _ _ 5lt+e . :
W = 1900, @ = —1,b2 = %7 with € > 0, then we set
__ 326 _ e _ 1431 _ 146 e 39
b1 = =3 5 — 150 4= 115 ~ 11§ (29)

where 6 > 0. As a matter of fact, by comparison with the conditions (17), it is easy to see
how the perturbation of coefficients occurs in (29), which just makes system (21) become
(27) with perturbed linear parts. Moveover, letting ¢ = 0.7, = —0.001, we have the first
two focal values of the origin vg = 0.000119---, v5 = —1.49094---.

Fig.1. Phase portraits of system (27) with the initial points (z,y,u) = (0.2,0.2,0.2) and
(0.02,0.02,0.02) respectively in the projection plane z-y for (a) and in the 3-d space x-y-u for (b).

As shown in Fig.1, these figures illustrate that the trajectories of the system (27) spiral
toward one big stable limit cycle and away from another small unstable limit cycle in the
neighborhood of the origin on a certain approximate center manifold.

4 Hopf bifurcation of friction free segmented disk dynamo
model

In this section, we analyze the limit cycle bifurcation of system (1) at the equilibrium
point. It is easy to know that system (1) has only two symmetric equilibrium points
Ey = (£1,+£1,1) for any parameter value. Since the system (1) is invariant under the trans-
formation: (z,y,z) — (—z, —y, z), thus we only analyze equilibrium point £, = (1,1,1).

4.1 Limit cycle bifurcation at equilibrium point F,

First, we note the Jacobian matrix of system (1) at equilibrium point E; as follows

—r T 0
A= 1+m —-1-m 1. (30)
g(—1+m) —g(14+m) 0



Moreover, the characteristic polynomial of A is
POA) =X+ (1 +7+m)A2 + g(1 +m)\ + 2rg. (31)

In order to make the equilibrium point £ undergo Hopf bifurcation, that is, the Jacobian
matrix A has a pair of purely imaginary eigenvalues +iw (w > 0) and a real eigenvalue with
negative real part —\g (Ag > 0), we can obtain the following critical conditions:

(14 m)?

o1 (32)

I+r+m)(14+m)g=2rg=1r=

)

and yielding

2(1+m) (Ao + 2) w? Ao — 2
w=+/g(L+m), N T—m ;0r g g ,m o 12 (33)

where —1 < m < 1,9(1 +m) > 0. For the convenience of calculation, we translate the
equilibrium point F to the origin, then system (1) becomes the following form.

i(t) =r(y — ),
y(t) =z(1+z)+ (1 +m)(x —y), (34)
At) = glm(z+1)° + 1= (1 +m)(z+1)(y +1)].

We can construct a matrix 77, which transforms A into a diagonal matrix, that is, using the
non-degenerate linear transformation (x,y, z) = T1(z,w, u), so that

w 0 0
T 'AT = | 0 —iw 0 : (35)
0 0 —Ao
where
w? w? w?
" 9(29+F2iw—w?) " 9(29+2iw—w?) —2g+w?
— 2% 2—i 2+ 3 —92i 2+' 2+ 3
L - goj??g—%?w—:}) o nggg-&-gx—w‘;) 1 ’ (36)
1 1 0

Therefore, by nonlinear transformation (z,y, z) = T1(z,w,u)’ and setting T = iwt, system
(34) becomes the following form similar to system (6):

dz 2z + agoo?”® + 2+ 2+ + =Z( )

ar 20072 ap0wW apo2U a1102W + a1012U + ag WU = 2, W, u),

dw

T = —(w + b2002% + bo2ow? + booau? + briozw + big1zu + borywu) = —W(z,w,u), (37)
du

i = doo1t + dago2? + dogow? + doogu® + di1ozw + diorzu + dorrwu = Uz, w, u),

where T' € R, z, w, u € C, and byj; = ag;i, dij (kjl = 200,020, 002,110,011,101) Appendix
(A4).
Now, using the recursive formula in Lemma 2.1, we can easily calculate the first 10 singular

point quantities of the origin of system (37):
If m # 1, then

2i(—14+m)3(1 +m)%\/g(1 +m)
14+ g(=14+m)2+m)(g(=1+m)2+4(1 +m))?

le(
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From the condition of (32), we know that m # £1, g # 0, therefore p1 must satisfy g # 0
(namely the equilibrium point E is never a center). This also implies that equilibrium F
can produce a limit cycle at most. However, we can take g as a small perturbation parameter
(ie. g =€ < 1,1 = 0), so that the equilibrium point Ey becomes a second-order weak
focus.
If m # 1, then

2i(—1+m)3(1 +m)8 fi(e,m)

3M;i(e,m) ’ (39)

p2 = —

Hy = pia oo =0,

where fi(g,m) = 80(1 +m)3 + Y7 Hie!, My(e,m) = 4096(1 + m)® + >°°_, Hjel (H; and
Hj are all polynomials just in m).

In fact, when the perturbation parameter € is small enough to approach zero, the first
singular point quantity also approaches zero (i.e.u; =~ 0). Thus f; ~ 80(1 + m)® # 0
(i.e.p2 # 0). Further, we obtain the following Theorem.

Theorem 4.1. At most two limit cycles can be bifurcated around the two symmetric equilibria
E; and Ey with a (2, 2) distribution via a Hopf bifurcation under small perturbation within
the system (1).

In order to verify the results of the theoretical analysis, in the next subsection, we perturb
the bisymmetric limit cycle at the symmetric equilibrium point E of system (1) by numerical
simulation.

4.1.1 Numerical simulation of bisymmetric limit cycles at symmetric equilibri-
um point F
By satisfying conditions (32) and (38), the parameter values are set as follows:
r=12.25 m=0.75, g=20.

Then this characteristic equation (31) has a pair of purely imaginary roots and a real root with
negative real part, £5.91608¢, —14. First, we set a sufficiently small perturbation parameter
0 on the coefficient m. And ¢ as a new independent variable, namely,

m = 0.75+ 4,
then system (34) can be converted into the following form:

Zl = —5.9160822 + fl(Zl, Z9, 23,5),
,2:2 = 5.9160821 + fg(zl, 29,23, (5), (40)
Z3 = —l4z3 + f3(21, 22, 23, 9),

via the variable transformation:

x —0.0530303 —0.125493 =7 21
y | = | 0.00757576 —0.151103 1 2 |, (41)
z 1 0 0 23

where
fi(z1, 20, 23,8) = 0,004329(1.18322 x 102298 — 280(13223 + 21)8) + N f1(21, 22, 23, 0),
fa(z1, 22, 23,0) = 47.3286230 — 0.151515228 + 0.35855210 + N fa(z1, 22, 23, 0),
f3(z1, 22, 23,0) = 0.363636239 + 0.000196773(—5.91608220 + 14219) + N f3(z1, 22, 23, 9),
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and N f; (i =1,2,3) can be seen in Appendix (A.5).
Similar to the previous calculation, system (40) is restricted to the following two-dimensional
center manifold.

2 = —2.4242421 (1 + 0.03620625)6 + 0.000070553 22
x (83853 4 145208 + 128062) 4 O(||(z1, 22)|[?),
Zog = —0.000834794296(363 + 325) + 0.1792752;
x (—33 + 46 4 0.1448256%) + O(| (21, 22)|?).
Thus, the eigenvalues of the linear part of system (42) are a(d) £ 3(d)i, where
a(8) = —0.1212126 — 0.05724362,

B(0) = 0.5\/140 + 7.272730 — 5.9153562 — 0.62446963 — 0.01310715%.

Then we have

a(0) =0, [(0)=>5.91608 > 0,

da

%’5:0
According to the Hopf bifurcation theorem, system (42) will produce a Hopf bifurcation near
the origin. In other words, system (40) experiences a Hopf bifurcation near the origin. In
order to verify the results of the theoretical analysis in the previous section, we can obtain
the Hopf bifurcation solution and its stability via the calculation of the normal form [33]:

d
dl = 7(—0.1212125 — 0.0289052r2),
t (43)

de
i 5.91608 + 0.358550 — 1.060617 — 0.0124997%,

where r and 0 represent the phase and amplitude of periodic orbital motion respectively.

By equation (43), we can obtain an initial equilibrium solution r; = 0 and a unique Hopf
bifurcation solution r? = —4.193436. When § < 0, the stability of the Hopf bifurcation
solution is determined by %(%) = 0.242994, which means that the limit cycle bifurcation
solution is stable, as shown in Fig. 1.

= —0.121212 # 0.

)
il

et

Figure 1: Trajectory projection of system (34) with initial condition (zg, yo, 20) =(0.15, 0.15,
0.15) when § = —0.01. (a) z(t)-y(t)-z(t)-space and (b) x(t)-z(t)-plane.

5 Jacobi Stability of The Segmented Disc Dynamo System
with Friction Coefficient

In this section, we calculate the KCC invariant of system (2), by changing system (2) into a
second-order differential equation. From the first equation of system (2), y can be expressed

12



as i
rT + @
y = . (44)

r

By substituting y into the second equation of system (2), we obtain
.. L
——(re+Z+mi+x)+zz—x=0. (45)
r
Taking the derivative of the third equation of system (2) with respect to time t we get
2= —fz4 2gmai — gmay — gmiy — gry — gITy. (46)

Substituting Eq. (44) and Eq. (45) into Eq. (46), we obtain the following equation for Z,

- %[rzfQ +axfg(m+1) + fgr («® —1) + grai((m — 1) (47)

—xz(m+1)(z—1))+gi(m+1)(mz+x—2)] =0.
In above system of equation, let us change the notation as

dx dz

T = 1, E:yl, Z = T2, at

= Y2,
then Eq. (47) can be changed into the following second-order differential equation

d2$i

=3 —2G%(zi,yi,t) =0, i=1,2,

where

1
G (21, 72,91) = Z[Txl(_l +x2) — (1 +m)yr — ry1],

G*(v1,22,91) = jj[ng(—l +27) — fPras — fgriyi (1 +m)
—groi(z1(=1—m)(=1+x2) + (=1 +m)y1)
—gy1(1 +m)(z1 +mxy — y1)].

Therefore, we can first get the components of nonlinear connection, as shown in the following
form

1
Nf:§(—1—m—r), N3 = N3 =0,
1
NE = oo l=g(L4m® + f(L4m) —r 4 m(2+ )21 +29(1+ m)yi].

For the components of the Berwald connection we obtain
G%z = G%l = G%Q = G%z = G%1 = G§2 = G%l =0,
1
2
G1, = ;9(1 +m).

Meanwhile, the components of the first KCC-invariant and the deviation curvature tensor
namely the second KCC-invariants can be obtained as

1
el = rey(—1+z2) — 5[(1 +m)y1 — ryil,

2 1 2 2

¢ = g [2f res = fg2r(=1+21) + (1 + m)z1yn)

+ g1 (—(1+m)%y + 721 (1 +m)(—=1 + 22) + y1 — ma))],
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and
Pl—r+1(1+m+r)2—m Pl =—
1= 4 2, 2 = —T'T1,

Py =~ gl +mat, PP = lg((1L+m)3+ ] +3my, (18)

+r(dfry — 621 (1 +m)(—=1+ z2) + y1 + 3my1)))]-

In fact, the matrix of the deviation tensor is given by

Pl P
P P
and its characteristic equation is
N — (Pl + PHN+ PP} — PEPy = 0. (49)

Via the definition [39] and the Routh-Hurwitz criteria, we can determine the Jacobi stability
of the segmented disc dynamo system. That is, system (2) is Jacobi stable only when

—(P} +P}) >0, P!P;— PP} >0, (50)

otherwise it is Jacobi unstable. Therefore, the results of Jacobi stability at the equilibrium
point can be obtained as follows.

Theorem 5.1. (a) The equilibrium point Eg = (0,0, %) of the system (2) is Jacobi unstable
for any parameter value.
(b) The equilibrium point £y o = (£do, £do, 1) are Jacobi stable if it satisfies simultaneously

the constraints
r(2m+r+ 2)

4m+1)
1 1
5(—\/5—m—1) <f<§(\/ﬁ—m—1),
where A = 4g(m + 1) — r(2m + r + 2), and Jacobi unstable, otherwise.

reR and g> m > —1

(51)

Proof. (a) Calculation the components of the deviation curvature tensor at the the equilibri-
um point Fy,
gr 1
Pi(E0) = = + g(m+r+1)* +r, Py(Eo) = Pi(Eo) =0, Py(Eo)=f*
Then it is easy to obtain the eigenvalues of the deviation curvature tensor at at the the
equilibrium point Ey by using Eq. (53) as
2 1 4g 2

A (Ep) = f7, )\_(EO):Z T —7—&—7’—1—6 +m +2m(r+1)+1). (52)
Therefore, Eq. (52) means that the eigenvalue is always positive, so the equilibrium point Ey
is Jacobi unstable.
(b)Due to the system (2) are invariant under the transformation (z,y, z) — (—x, —y, z), thus
we only analyze equilibrium point F;. The Jacobi matrix at the equilibrium point F; is

1 2 1L
i i(m+r+1) ry1—=15

BT e —af PrmenG-g) |

14



its characteristic equation is
p- tr(pé-))\ + det(pé-) =0

By using Routh-Hurwitz criteria, we obtain the result (51).

6 Conclusion

In this work, we have studied the limit cycle bifurcation problem of two kinds of segment-
ed disc dynamo system by applying the formal series method of computing singular point
quantities. And we have strictly proved that the SDD model perturbs at most four small
amplitude limit cycles simultaneously at the symmetric equilibrium point Fy = (£1,+1,1),
two of which are stable. Furthermore, we also study in detail that SDDF model perturbs at
most six limit cycles synchronously at the symmetric equilibrium point E4 o = (£do, £do, 1),
four of which are stable. In addition, by choosing the appropriate bifurcation parameters,
we have found the bifurcation path of the limit cycle and judged the bifurcation direction.
Via numerical simulation, the results of theoretical analysis have been perfectly verified. At
the same time, it also implies that limit cycle oscillation will occur when SDD and SDDF
systems are operating on a certain parameter interval.
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Appendix A
Ty = ng)\o(—f + )\o)w Tyy = — ngAo(—f + )\o)w
(f = Xo —iw)(2f(f = Xo) + (2 + Ao)w?)’ (f = Xo +iw)(2f(f — Xo) + (2 + Ao)w?)’
Tiy= 10 J = MRS = do) +if = Ao)how + (24 Ao)w?)
2Maf + MafXo’ (f = Ao —iw)(2f(f = Xo) + (2 + Ao)w?)

T = M22f(f = Ao) —i(f = do)Aow + (2 + Ao)w?) Ty = M22f(=f + o) — (2 + fw?)
- (f =2 +iw)2f(f — o)+ 2+ A)w?) 27 FRAf - o)+ 2+ A)w?)

My = /T+2f(f — X0)/(2 + do)w?.

(54)
A (=3i + 4w) iA3 (Ao + 2iw)
a200 = - ,  a1io = )
4(2 4 Xo)( Ao + iw)?w 2(2 4 Ao)w(A2 + w?)
dor — ~ Ao(Ao + 2iw) toan — iA
4(No + iw) 4(2 4+ M) (Ao — iw)2w’
)\(2) ’l:)\(](2 + )\o)w
OU= T —diw’ M2 T T 1 -
dong — — AS(2A3 + idow + 2w?) i — 2i\g (55)
(2+ X0)2(Xo — iw) (Ao + iw)3w?’ (2 + X0)2w(AG +w?)?’
duot iIN(Z + idow + w?) A (202 — idgw + 2w?)

(2+ Xo) (Ao — iw) (Ao + iw)2w’ doz0 = (2+ X0)2(Ao — iw)3 (Ao + iw)w?’
dort = N(IN + Aow + iw?) doos = iNw
(24 Xo) (Ao — iw)2(No + iw)w’ 4(N3 + w?)’
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Nf1 = 23(—0.4274568 — 0.06427156) + 23(979.99999 + 119.999998) + 21 (0.05644260792,

— 1.2122112125 + 0.062715518210) + 22(—0.0475363121 + 0.51246986 + 0.12494432,6)

+ 25(14.848488482; — 159.9999998 + 16.969696216 + 29(—6.27463007 + 16.493313334)),
N fo = 41.412582321 + 0.72422521 + 0.3133122 + 47.32882236 — 0.155151250 + 0.3585284215,
N f3 = 22(—7.42424 — 8.484445) + 22(0.00383 4 0.0008690) + 23(—0.8541242 + 25(0.047535

— 0.1249936) + 0.363660 — 0.12858218) + 22(—0.0129472; — 0.0141275 — 0.094658216)

+ 21(—0.0060505121 + 0.002754828 — 0.0004869621 ).
(56)

fo = 64f4(F — No)2AS(=2f + 3X0) + 2N (—640° 4 3536 f1 N9 — 56883\
+ 3128203 — 270 f A4 + 152))w? — 2f N3 (4486 — 47845\ + 129921\
— 12528 F3N3 + 3330205 — 3T8FA) + 5AS)w* + A (—3456 f7 + 220325\
— 69400502 + 100440 f4\3 — 43966 fF3\s + 6311205 + 412 A5 — 10A])w®
+ 2X0(14688 f5 — 558801 \g + 96856 f1 A2 — 60508 £\ + 10865 f2 )\
+ 1LILFAS + 50AS)w® + 2(—31968 f° 4+ 67296 f* \g — 70904 f3)\2 4 16000 f2\3

+ 2724 F A5 — 233)03)w'® — 192(180 3 + 46 f2 N\ — 109 A2 4 22)3)w'? 4 8640 fw!?).
(57)

Go = 512613550 + 268110066 \¢°w? + 1502553085\ — 040w? — 520598497926 \34w5
— 34949021828178\3%w!t — 1260337141317916) w!® — 29914183333475478 \38,12
— 500020317085453044 30w — 6094302809080027349\31w!® — 5531653499158 3%w!®
— 378944349371621917791\3%w*° 1974010350900251%28 22 _ 7823811734456,
— 232478181683428)\34 w0 — 4853512758411730803)\2%w?® — 50557038465137280A\2°
+ 9177992526648467 A\ 8w3? + 62198405253177866829)\1%34 + 179615716630024)\14 36
+ 35355356946162879894\3%w3® 4 505917133669081 A w® + 5187437948120 \5w??
+ 351790582998186433 5wt + 12050077796558696223 3w + 56540934714576 13w

— 475383650683862464000w°°.
(58)

References

[1] Rikitake, T. [1958] “Oscillations of a system of disk dynamos,” Proc. Camb. Phil. Soc.
54,89-105.

[2] Moffatt, H. K. [1979] “Magnetic Field Generation in Electrically Conducting Fluids,”
Cambridge University Press.

[3] Bao, J. H. [2016] “Complex dynamics in the segmented disc dynamo,” Discrete. Cont
And.Dyn-S 21,3301-3314.

[4] Wei, Z. C & Moroz, I et al. [2017] “Detecting Hidden Chaotic Regions and Complex
Dynamics in the Self-Exciting Homopolar Disc Dynamo,” Int. J. Bifurcation and Chaos.
27,1730008-1-19.

16



[5]

[15]

[16]

[17]

[20]

[21]

[22]

Wei, Zhou. Chao & Akgul, A et al. [2018] “Control, electronic circuit application and
fractional-order analysis of hidden chaotic attractors in the self-exciting homopolar disc
dynamo,” Chaos, Solitons, Fractals. 111,157-168.

Liu, A. M & Chen, B. Y et al. [2020] “Jacobi analysis of a segmented disc dynamo
system,” Int. J. Geom. Methods. M 17,2050205-1-21.

Plunian, B. F & Marty, P. H et al.. [1998] “Chaotic behaviour of the Rikitake dy-
namo with symmetric mechanical friction and azimuthal currents,” Proc. R. Soc. Lond
454,1835-1842.

Liu, Y. B & Li, J. Z et al. [2018] “Bifurcation analysis and integrability in the segmented
disc dynamo with mechanical friction,” ADV. Differ. Equ-Ny.

Xu, M. T. [2018] “Impact of nonlinearity on a homopolar oscillating-disc dynamo,”
Physics. Letters. A. 382,601-607.

Azam, A & Aqeel, M et al. [2022] “Segmented disc dynamo with symmetric multidirec-
tional patterns of multiscroll chaotic attractors,” Math. Comput. Simulat. 200,108-127.

Li, J. [2003] “Hilbert’s 16th problem and bifurcations of planar polynomial vector fields,”
Int. J. Bifurc. Chaos. 13,47-106.

Li C, Liu C, Yang J. A cubic system with thirteen limit cycles, J. Differential Equations
2009; 246:3609-3619.

Li J, Liu Y. New results on the study of Zqg-equivariant planar polynomial vector fields.
Qual. Theory Dyn. Syst. 2010; 9: 167-219.

Bautin N. On the number of limit cycles which appear with the variation of coef-
ficients from an equilibrium position of focus or center type. Math Sbornik (N.S.)
1952;30:181C96.

Liu, Y &Hunag, W. T. [2005] “A cubic system with twelve small amplitude limit cycles,”
Bulletin. Des. Sci. Mathematiques. 129,83-98.

Lloyd N, Pearson J. A cubic differential system with nine limit cycles. J Appl Anal
Comput 2012;2:293C304.

Yu, P & Tian, Y. [2014] “Twelve limit cycles around a singular point in a planar cubic-
degree polynomial system,” Commun. Nonlinear. Sci. Numer. Simulat. 19,2690-2705.

Huang, W. T et al. [2013] “Bifurcation of limit cycles and isochronous centers for a
quartic system,” Int. J. Bifurc. Chaos. 10,6637-6643.

LiF., Liu Y, Liu Y, et al. Bi-center problem and bifurcation of limit cycles from nilpotent
singular points in Zg-equivariant cubic vector fields, J. Differential Equations,265(2018):
4965-4992.

Romanovski, V.G., Shafer, D.S.: Centers and limit cycles in polynomial systems of
ordinary differential equations. Adv. Stud. Pure Math. 68, 267-373 (2016)

Yu, P., Han, M.: Ten limit cycles around a center-type singular point in a 3-d quadratic
system with quadratic perturbation. Appl. Math. Lett. 44, 17-20 (2015)

Wang,Q.,Huang, W., Feng, J.:Multiple limit cycles and centers on center manifolds for
Lorenz system. 707 Appl. Math. Comput. 238, 281C288 (2014)

17



[23]

[24]

[34]

[35]

[36]

[37]
[38]

[39]

Liu, L & Aybar, OO et al. [2015] “Identifying weak foci and centers in Maxwell-Bloch
system,” J. Math. 430, 549-571.

Huang, W., Wang, Q., Chen, A.: Hopf bifurcation and the centers on center manifold for
a class of 680 three-dimensional Circuit system. Math. Methods Appl. Sci. 43, 1988C2000
(2020).

Guo, L. G & Yu, P et al. [2018] “Twelve limit cycles in 3D quadratic vector fields with
73 symmetry,” Int. J. Bifurc. Chaos. 28, 1850139.

Guo, L. G & Yu, P et al. [2019] “Bifurcation analysis on a class of three-dimensional
quadratic systems with twelve limit cycles,” Appl. Math. Comput. 363,124577-1-13.

Lu J, Wang C, Huang W, Wang,Q. Local Bifurcation and Center Problem for a More
Generalized Lorenz System[J]. Qualitative Theory of Dynamical Systems, 2022, 21(4):
1-27.

Hassard, B., Kazarinoff, N., Wan, Y.: Theory and Application of Hopf Bifurcation.
Cambridge University Press, Cambridge (1981)

Llibre, J., Makhlouf, A., Badi, S.: 3-dimensional Hopf bifurcation via averaging theory
of second order. Discrete Cont. Dyn-A. 25, 1287-1295 (2009)

Buica, A., Garcia, I.A, Maza, S.: Existence of inverse Jacobi multipliers around Hopf
points in R3: emphasis on the center problem. J. Differ. Equ. 252, 6324-6336 (2012)

Buica, A., Garcia, I.A, Maza, S.: Multiple Hopf bifurcation in R3 and inverse Jacobi
multipliers, J. Differ. Equ. 256, 310-325 (2014)

Edneral, V.F., Mahdi, A., Romanovskic, V.G., Shafer, D.S.: The center problem on a
center manifold in R3. Nonlinear Anal-Real. 75, 2614-2622 (2012)

Tian, Y., Yu, P.: An explicit recursive formula for computing the normal form and center
manifold of n-dimensional differential systems associated with Hopf bifurcation, Int. J.
Bifur. Chaos 23, 1350104-1-18 (2013)

Garcia, I.A., Maza, S., Shafer, D.S: Cyclicity of polynomial nondegenerate centers on
center manifolds. J. Differ. Equ. 265, 5767-5808 (2018)

Wang, Q., Liu, Y., Chen, H.: Hopf bifurcation for a class of three-dimensional nonlinear
dynamic systems. Bull. Sci. Math.134, 786-798 (2010)

Liu, Y & Li [1990] “Theory of values of singular point in complex autonomous differential
system.,” Sci. China (Ser. A) 44, 37-48.

Carr, J [1981] Applications of Centre Manifold Theory, (Springer, NY).

Han, M., Yu, P.: Normal forms, Melnikov functions and bifurcations of limit cycles.
Springer, New York (2012)

Gupta, M, K ., Yadav, C. K . Jacobi Stability Analysis of Rossler System Int. J. Bifur-
cation and Chaos. 27,1750056.

18



