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Abstract

PyLith, a community, open-source code (https://geodynamics.org/resources/pylith/)
for modeling quasi-static and dynamic crustal deformation with an emphasis on earth-
quake faulting, has recently been updated with a flexible multiphysics implementation.

We demonstrate the versatility of the multiphysics implementation by extending the code
to model fully coupled continuum poromechanics. We verify the newly incorporated physics
using standard benchmarks for a porous medium saturated with a slightly compressible
fluid. The benchmarks include the one-dimensional consolidation problem as outlined

by Terzaghi, Mandel’s problem for the two-dimensional case, and Cryer’s problem for

the three-dimensional case. All three benchmarks have been added to the PyLith con-
tinuous integration test suite. We compare the closed form analytical solution for each
benchmark against solutions generated by our updated code, and lastly, demonstrate that
the poroelastic material formulation may be used alongside the existing fault implemen-

tation in PyLith.

Keywords

Permeability and porosity; Mechanics, theory, and modelling; Rheology: crust and
lithosphere

1 Introduction

Observations of the interaction between interstitial fluids and solid earth mechan-
ics have a long history. Pliny the Elder described hydrological changes following ancient
earthquakes (Bostock & Riley, 2011), and Leonardo da Vinci formalized the analogy of
Earth as a living body (da Vinci, 2019). Interaction between pore fluid and porous me-
dia is also key to petroleum recovery and drives the field of subsurface hydrology. Poroe-
lastic coupling between solid and fluid material phases plays an important role in geo-
dynamics problems, including the deformation mechanisms involved in faulting, earth-
quake triggering, and magma movement. Physical interaction between a solid matrix and
the fluid contained within its pore spaces occurs through two complementary mechanisms
coupling the material phases. An increase in pore fluid pressure tends to cause the solid
to dilate, whereas compression of the solid will result in an increase in pore fluid pres-
sure, potentially driving fluid flow. When fluid diffuses through solid material in response
to compression, the solid will deform as the pore fluid pressure falls (Cheng, 2016). These
coupled processes result in deformation that is controlled by fluid flow through the porous
domain. We model this elastic interaction in PyLith, augmenting our existing viscoelas-

tic and elastoplastic models of crustal deformation.
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PyLith (Aagaard et al., 2007, 2013; Aagaard, Knepley, Williams, & Walker, 2022;
Aagaard et al., 2023), is portable, scalable community software for simulation of crustal
deformation across spatial scales ranging from meters to hundreds of kilometers and tem-
poral scales ranging from milliseconds to thousands of years. Its primary applications
are quasi-static and dynamic modeling of earthquake faulting. The original design of PyLith
included a displacement solution field and a Lagrange finite element with linear basis func-
tions. The latest version of PyLith (Aagaard, Knepley, & Williams, 2022b) involves a
complete redesign of the finite-element formulation of the governing equations, using the
discretization and finite element assembly tools from the PETSc libraries (Balay et al.,
2023b). PyLith uses the support for parallel unstructured meshes (Knepley & Karpeev,
2009; Lange et al., 2016; Knepley et al., 2017; Wallwork et al., 2022) including parallel
loading, partitioning and redistribution, finite-element function representation with local-
to-global maps, and assembly of finite-element functions and operators from weak forms.
This allows PyLith to support implementation of different governing equations and so-
lutions containing multiple fields (e.g., displacement, velocity, fluid pressure, and tem-

perature).

We leverage this newly-implemented multiphysics framework to add poroelastic mod-
eling abilities in PyLith, allowing us to model these coupled geomechanical problems.
We create coupled poroelastic simulations, representing both the time-dependent fluid

flow as well as the associated elastic response.

1.1 Observations of Poroelastic Deformation

Poroelastic deformation arises in a variety of contexts. We highlight three categories
of observations that we want to model using the poroelasticity implementation in PyLith:

subsidence, post-seismic deformation, and induced seismicity.

1.1.1 Subsidence

Subsurface fluid withdrawal decreases in situ fluid pore pressure and decreases the
effective stress. This reduces resistance to compaction and produces subsidence. It has

been the subject of study since at least the nineteenth century (Poland & Davis, 1969).

Early recorded subsidence examples tended to be driven by groundwater extraction (Gurevich

& Chilingarian, 1995). Ground subsidence resulting from oil production was noted as
early as 1918 (Pratt & Johnson, 1926). An example of subsidence occurred at the Wilm-
ington, California, oil field, where a combination of heavy oil extracted using pressure
depletion and shallow reservoirs produced a vertical settlement of 8 meters (Poland &

Davis, 1969). The settlement was successfully mitigated through repressurization. The
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subsidence may have also triggered local seismicity (Hough & Bilham, 2018; Hough &
Page, 2016).

1.1.2 Postsesimic Deformation

Poroelastic rebound can be one of the primary mechanisms driving postseismic de-
formation. In modeling the postseismic deformation of the 1992 M7.3 Landers, Califor-
nia, earthquake, Peltzer et al. (1998) found it was important to discriminate between sev-
eral possible deformation mechanisms, including afterslip, poroelastic rebound, and vis-
coelastic relaxation. They proposed poroelastic rebound associated with pore fluid flow
in the shallow crust to explain discrepancies between observations from space-based syn-
thetic aperture radar and the vertical displacement expected at distances of kilometers
from the fault for elastic modeling of horizontal slip occurring on a buried dislocation
in a Poisson’s material. They favored this explanation over the alternative model of vis-
coelastic relaxation. The observed decay time of postseismic uplift fit the characteris-
tic time describing earthquake associated poroelastic rebound in the upper crust iden-

tified in previous studies (Muir-Wood & King, 1993; Nur & Booker, 1972).

1.1.3 Induced Seismicity

Along with the early 21st century boom in North American tight shale production
came a corresponding rise in seismicity (Ellsworth, 2013). Many induced earthquakes
have been attributed to the process of hydraulic fracturing (Skoumal et al., 2015). In
the traditionally accepted model of injection-induced seismicity, pore pressure changes
result in a corresponding reduction of effective normal stress on critically stressed frac-
tures and faults. This was first outlined by the case of the triggered earthquakes at the
Rocky Mountain Arsenal, near Denver, Colorado (Healy et al., 1968), and later confirmed
by the experiment in earthquake control at the Rangely Qil Field in Rio Blanco county,
Colorado (Raleigh et al., 1976). The traditional view considered only the area subject
to pore pressure diffusion as at risk for triggered seismicity, thus permitting modeling
based on fluid diffusivity alone (Seeber et al., 2004; Stein, 1999). Pore pressure diffusion
alone does not account for all observed behavior. Documented earthquakes ascribed as
induced frequently occur in the crystalline basement well below the sedimentary layer
targeted for injection (Zhang et al., 2013). Similarly, seismicity often displays an erratic
spatial pattern when compared to the corresponding fluid injection. Clusters of observed
seismicity may occur well ahead of expected pressure fronts. Some of this may be ex-
plained by faults periodically acting as highly permeable channels such as in the ”fault-

valving” hypothesis (Sibson, 1990), poroelastic stress transfer (Segall, n.d.) and aseis-
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mic deformation can also play roles (Barros et al., 2019). Elastic stress resulting from
coupling of pressure and stress is expected to extend to distances greater than pore pres-
sure alone (Goebel et al., 2017; Segall & Lu, 2015). Fluid injection causes both a change
in pore fluid pressure, resulting in a change in effective normal stress for nearby faults,
as well as poroelasticity-induced stress changes in the porous matrix material. A fully
coupled poroelastic model in conjunction with an earthquake production rate law could

be used to help explain elevated seismicity rates near fluid injection sites.

1.2 Coupled Modeling

Hydrology and petroleum engineering disciplines have a long history of fluid mod-
eling. When applied to the production of hydrocarbons, this has been referred to as reser-
voir simulation and provides a basis for optimizing extraction. Traditionally, reservoir
simulation focused on the numerical approximation of conservation of fluid mass and mo-
mentum via Darcy’s Law. Engineers tasked with optimizing hydrocarbon production his-
torically addressed rock mechanic issues, “only of dire necessity and then with little en-
thusiasm” (Median, 1994). Much has changed since that quote was published. As inter-
est shifted to more complex formations and horizontal drilling has become widespread
geomechanics has become a central concern. Hydrocarbon reservoir simulation began with
an expansion from analytical solutions of the fluid diffusion equation to gridded, numer-
ical approximations of the same fluid flow representation (Odeh, 1982). This permitted
treatment of more complicated domains (Craft et al., 1991). However, the focus was still
firmly on fluid flow, especially multiphase flow. A simple form of reservoir campaction
uses a time-invariant compressibility variable, cg to update porosity through the rela-

tion

¢»=¢o(l+cr(p—po)). (1)

Permeability may also be updated in this fashion through an empirical relation such
as the Kozeny-Carmen equation (Carman, 1997). In numerical modeling the term “cou-
pling” refers to combining multiple physical processes into a single model to determine
a consistent solution. For the case of the coupling between fluid flow and mechanical stress,
different levels of coupling have been described by many authors (R. Dean et al., 2003;
Tran et al., 2004; Samier et al., 2006; R. H. Dean et al., 2006). We will assume the stan-
dard practice of the hydrocarbon reservoir simulation community that the primary vari-
able of interest is reservoir pore pressure. We outline the level of coupling ordered from

least comprehensive to most comprehensive:
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1. An uncoupled or decoupled system, where only only one component is solved

for, and the other is incorporated by means of a coefficient (rock compressiblity
for fluid diffusion, effective stress for mechanics). This is the traditional approach

taken in reservoir simulation.

. In a loosely or explicitly coupled system the value for pore pressure is com-

puted, taking into account a known value for displacement. The resultant value

for pore pressure is then given to the geomechanics implementation in order to com-
pute the displacement. The coupling terms are calculated explicitly and lag one
step behind. In the simplest implementation of this method, known as a one way
coupled system, solutions for the primary variable of interest (in this example,
pore pressure) are fed into the mechanics problem (for example, geomechanics)

without feedback to the flow problem.

. An iteratively coupled system is one where the equations for flow and stress are

solved separately, and the process repeated until the unknowns for stress and fluid
flow each converge. This approach (Jha & Juanes, 2014, 2007; Kim et al., 2011a)
offers the benefit of using separate codes for the flow and solid mechanics prob-
lems with relatively minor additional effort, and using different domains for dif-
ferent solution fields. Iterative coupling tends to be limited to first-order conver-
gence rates for the nonlinear iterations (R. H. Dean et al., 2006). Also, using too
large of a convergence tolerance can introduce spurious solutions (Ropp & Sha-

did, 2009; Béreux, 1996).

. In a fully coupled, or fully implicit, approach all equations are solved simulta-

neously over the same domain. When solved implicitly with proper boundary and
initial conditions, this approach can yield unconditional stability and convergence

(Kim et al., 2011a, 2011b).

Coupling becomes crucial when the flow and deformation have a first-order effect
on each other (Dusseault, 2008; Rothenburg & Bathurst, 1989). The iterative approach
has traditionally been preferred due to the potentially high cost of solving the coupled
nonlinear equations. However, scalable preconditioners for the fully-coupled poroelas-
tic problem (Piersanti et al., 2021) and high performance implementations such as in the
MOOSE Framework (Gaston et al., 2009; Lindsay et al., 2022) have demonstrated that
a fully coupled approach can be both performant and flexible. Along with MOOSE it-
self, applications built off of MOOSE have taken advantage of the modular nature of the
code to produce fully coupled finite element multiphysics. GOLEM presented a fully cou-
pled, fully implicit thermo-hydro-mechanical model that, like PyLith, modeled faults as
one dimension lower than the surrounding domain (Cacace & Jacquey, 2017). FALCON
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featured a second-order, hybrid continuous/discontinuous Galerkin finite-element method
for thermo-hydro-mechanical (THM) problems (Xia et al., 2017; Podgorney et al., 2021).
GOLEM has also been used to model laboratory faulting experiments using rate and state
friction (Hutka et al., 2023), as well as stress changes in geothermal reservoirs (Cacace

et al., 2021). Another package, OpenGeoSys, focused on thermo-hydro-mechanical-chemical
(THMC) processes in porous and fractured media (Naumov et al., 2022).

Another example of a ¢cOlav Mgynerommunity code that has grown to incorporate
coupled poroelasticity is the MATLAB Reservoir Simulation Toolbox (MRST) (Krogstad
et al., 2015). This code took the opposite approach from PyLith, originating as a fluid
flow simulator (Lie, 2019) and treating faults as part of the larger domain. In line with
the sandbox nature of MRST, both iterative and fully coupled approaches are available,
as well as the option of a finite volume representation of poromechanics (Knut-Andreas Lie,

2021).

A plethora of custom implementations for poroelastic models exist, but we high-
light generic, multiphysics implementations that allow users to easily change the domain,
boundary and initial conditions, rheology, and formulation to suit their particular needs.
Mardal et al. (2021) discretize poroelasticity using mixed finite elements in FEniCS (Logg
et al., 2012, 2011) and show that it is not necessary to have a Darcy-stable pairing to
have a stable formulation. Using both FEniCS and Firedrake (Rathgeber et al., 2017;
Ham & Team, 2022), McCormack et al. (2020) model postseismic deformation and de-
termine the contribution from poroelasticity. Wang and Liu (2020) develop linear poroe-
lasticity using a weak Galerkin discretization of the mass balance and continuous Galerkin
treatment of the momentum in deal.IT (Bangerth et al., 2007). Among these efforts, the
PyLith implementation appears to be unique in that it incorporates models of faults as

dislocations in the elastic medium.

2 Multiphysics Framework

PyLith is designed to meet the needs of a wide range of users. Ease of use with ap-
propriate defaults and seamless integration with mesh generation and visualization tools
targets new users, whereas extensibility (Brown et al., 2015) targets advanced users need-
ing custom features. Users can select finite-element discretizations to produce the dis-
crete numerical representation of this system, and algebraic solvers to compute the so-
lution. We strive to make it simple for outside contributors to alter the equations, ini-
tial and boundary conditions, and material models defining a given geodynamics prob-
lem. The poroelastic capability in PyLith is an example of such extensibility. In order

to make this development possible, PyLith version 3 uses a new, extensible architecture
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for governing equations, constitutive models, initial and boundary conditions, spatial dis-
cretizations, and time stepping solvers. In this section, we describe these additions, us-

ing the development of a poroelastic capability in PyLith as an example.

We draw from the mathematical notation in the PyLith User Manual and use sym-
bols in bold to represent tensors, as in the example of the strain tensor, e. We use over-
head arrows to represent vector fields, as in the displacement vector @. Scalar values are

written in normal font, as in the example of porosity, ¢.

2.1 Finite-Element Discretization and Assembly

PyLith follows the abstractions laid out for the finite-element method in (Ciarlet,
1976) and (Kirby, 2004). These form the basis of modern finite-element frameworks, such
as FEniCS (Logg et al., 2011) and Firedrake (Rathgeber et al., 2017). We compute the
solution for displacement and pore pressure (u, p) using some approximation space P.

This space can be defined by an arbitrary basis, but it is usually a space of polynomi-

als defined on each mesh cell and supplemented with continuity conditions at cell bound-
aries. All tests presented here use the simple polynomial Lagrange spaces on simplex cells,
Py, and tensor product cells, Q. However, PyLith supports a much wider variety of spaces.
The dual space P’ is a space of linear functionals or integrals we can compute using a
function, e.g., the solution. Any measurement can be considered an integral of the in-

put function, and thus the basis for this space can be represented by quadrature rules.
These can be thought of as the discrete counterpart to Radon measures, which can rep-
resent any linear functional according to the Riesz-Markov-Kakutani Theorem (Rowland,
n.d.). The dual space allows us to define interpolation into our approximation space. Lastly,
the reference cell K is defined using the DMPlex mesh abstraction from PETSc (Knepley

& Karpeev, 2009; Lange et al., 2016; Isaac & Knepley, 2017). Together these comprise

a so-called Ciarlet triple (P,P’,K) and define our finite-element approximation.

Pylith uses these abstractions, so that users can easily change the default values
for the finite-element discretization. For example, in the simulations settings for the full-
scale Terzaghi benchmark for one-dimensional consolidation in a column, we set the ba-

sis order (order of the finite-element approximation) for each solution field:

[pylithapp.problem.solution.subfields]
displacement.basis_order = 2

pressure.basis_order = 1

I
e

trace_strain.basis_order



230 In fact, we can freely choose any finite element for a given field. Moreover, we can

231 independently change the finite-element mesh, so that basis_order = 2 results in a quadratic
232 approximation space for both a mesh with triangular or tetrahedral cells, giving the P,

233 finite element, and a mesh with quadrilateral or hexahedral cells, giving the Qs finite el-

234 ement. We are also free to change the continuity requirements; for example, we can use

235 discontinuous elements.

PyLith implements the assembly and application of finite-element operators as a
hierarchical sequence following Knepley et al. (2013), a design that is also used in pack-
ages such as libCEED (Brown et al., 2021; Abdelfattah et al., 2021). We represent the
assembly of residuals and Jacobians as the sum of sequences of weak form objects. The
weak forms describe our conservation laws, constitutive equations, and initial and bound-

ary conditions. We can write our finite-element residual evaluation as

@ F@) ~ [ o fo@ VD) + Vo fi(@. V) = . )
Q
236 where the pointwise functions fo, fl capture the problem physics. The function F is our
237 residual function, which takes the approximate solution « as an argument, and the func-
238 tion ¢, called a test function, is any function from our approximation space P.

This approach can be extended to higher order derivatives by adding terms with
additional pointwise functions, but PyLith is only concerned with Cj finite-element meth-
ods, meaning methods enforce continuity of the basis functions, but not their derivatives,
across cell boundaries. PETSc does allow purely local forms with higher derivatives in
order to apply regularization, such as the Streamline-Upwind Petrov-Galerkin stabiliza-

tion method (Brooks & Hughes, 1982). Discretizing the expression in Eq. (2), we have

Fu)~> &r (BTWfO(ﬁq, V') + Y DEW fr (i, Vﬁq)> =0, (3)
e k

239 where @? is the vector of field evaluations at the set ¢ of quadrature points on an ele-
240 ment, W is the diagonal matrix of quadrature weights, B is the matrix of basis func-
201 tion evaluations at quadrature points, D the matrix of basis function derivative evalu-
242 ations, and &, is the element restriction operator mapping coefficients from the global
213 vector to the element vector. Using this model along with automated tabulation of ba-
244 sis functions and derivatives at quadrature points, the user need only specify physics us-
25 ing pointwise functions similar to the strong form of the governing equations. In this way
246 we decouple the problem specification from mesh traversal (looping over cells) and lay-
oa7 out of the degrees of freedom. This means that a PyLith user can write the physics ker-
28 nels once, say for poroelasticity, and then use them with simplex or tensor product meshes
249 and elements of different degree and type.



250

251

252

253

254

255

256

257

258

259

260

261

262

263

264

265

266

267

268

269

270

271

272

273

274

275

276

277

278

279

280

The Jacobian of Eq. (3) needs only derivatives of the pointwise functions,
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Thus we need four pointwise functions to specify the Jacobian of an expression, compared

to just two for the expression itself.

The pointwise functions for the residual are specified for each field in the solution,
whereas the pointwise functions for the Jacobian are specified for each pair of fields in
the solution. This allows sparsity to be preserved in element matrices, which can be cru-
cial for assembled matrices, but it does not allow reuse of possibly costly rheological com-

putations among fields. The pointwise functions for poroelasticity are given in Section 3.5.

The weak forms generally include integrals over the domain and boundaries. As
a result, we have pointwise functions for each of these integrals that capture the physics
of the governing equation, constitutive models, and boundary conditions. We also have
pointwise functions for updating the state variables and projecting the initial conditions
into the finite-element space. We use a small structure, called a PetscFormKey, to man-
age the association of pointwise functions with computation of the residuals and Jaco-
bians. The PetscFormKey specifies the domain associated with the pointwise function
using a DMLabel object (Balay et al., 2023a), which is capable of marking any set of mesh
points. We can mark subsets of the domain, even if disconnected, boundaries, interior
interfaces, collections of points, or unions of any of these sets. This gives us the ability
to identify the degrees of freedom that participate in the evaluation of the pointwise func-
tions. The key also specifies the field of the test function associated with the integral in
the weak form; in the case of the Jacobian, the key also includes the basis field. Finally,
the key specifies the an integer designating the part of the equation; PyLith uses this to
differentiate between implicit terms (terms on the left hand side of an equation) and ex-
plicit terms (terms on the right hand side of an equation) and differentiate between terms
associated with interior interfaces and subsets of the domain. However, a part number

could make arbitrary distinctions.

Once we have specified all pointwise functions using keys to identify how and where

they are used, PETSc divides the domain into regions, each supporting a subset of the

fields, constructs the necessary finite-element spaces and data layouts (embodied in PetscSection

objects (Balay et al., 2023a)), and lays out traversals of these regions. This gives the PETSc

library freedom to optimize the traversal, vectorize the low level operations, and perform

other optimization such as kernel fusion. Packages like LooPy (Kléckner, 2014) and libCEED

—10—
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(Brown et al., 2021; Abdelfattah et al., 2021) are designed to take advantage of this struc-

ture.

3 Physics Formulation

We derive equations for the coupled flow and geomechanical system from conser-
vation and constitutive laws. We assume the fluids and solid matrix occupy the entire
domain (Bear, 1972; Coussy, 2005). We also assume that deformations are small, con-
ditions are isothermal, and the fluid is single phase and slightly compressible. In this pa-

per, we ignore inertia and use a quasi-static formulation.

The first documented solution in the field that would become poromechanics was
given by Terzaghi (von Terzaghi, 1923). Driven by the problem of soil consolidation, the
one-dimensional, empirical approach taken by Terzaghi acknowledged the need to cou-
ple deformation to pore fluid flow, with the assumption of incompressible solid and fluid
phases. A general theoretical treatment for elastic deformation of fluid bearing porous
media was first put forth by Biot in a study of soil consolidation (Biot, 1941). That work
assumed a linear elastic solid grain material, with incompressible pore fluid flow mod-
eled by Darcy’s Law, within the small strain formulation. Dynamic components of both
the conservation of mass and conservation of momentum terms were not considered, re-

sulting in a formulation commonly referred to as quasi-static.

Biot built upon his initial work, providing the theoretical foundation for the mod-
ern understanding of poroelasticity (Biot, 1956a). Touching on the portion relevant to
this study, Biot expanded the initial model of three-dimensional consolidation to the case
involving an anisotropic solid and a viscous, compressible fluid (Biot, 1955), as well as
that of a viscoelastic, anisotropic solid (Biot, 1956b). Additionally, he expanded the model
to wave propagation, reincorporating the dynamic components of the conservation equa-
tions, in a two parts, addressing the low frequency (Range & Biot, 1956) and high fre-
quency (Biot, 1956¢) cases separately, with the ”low frequency” range referring to the
domain where Poiseuille flow may be assumed valid for pore fluid flow. Biot (1956b) also
pointed out an analogy between the equations of poroelasticity and the equations of ther-
moelasticity, stating that temperature in heat diffusion would play a similar role to fluid
pressure in the poroelastic fluid diffusion equation. However, thermoelastic problems solved
in an uncoupled fashion can produce acceptable results where a similarly simplified poroe-
lastic problem will not (Boley & Weiner, 2012; Boley, 1974). Later, Rice and Cleary (1976)
approached the problem of linear poroelasticity by treating it as an extension of the lin-

ear elastic case.

—11—-
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3.1 Conservation of momentum

The quasi-static assumption for displacement means that the momentum balance

takes the same form as elastostatics,
V.o (i,p,e) + f (Z,t) = 0. (4)

The body force term is often just the force of gravity on the combined system ppg, where
we use the weighted average of the fluid density p; and solid density ps, called the bulk
density pp

pp=ps(1—¢)+pso, (5)

using the porosity ¢, the fraction of the porous medium occupied by the fluid. We can
also include other body force terms, such as tidal forcing or artificial forces used in test-

ing with the Method of Manufactured Solutions (Roache, 2002).

For a linearly elastic solid, we can write the Cauchy total stress tensor o in the Biot

model of poroelasticity as

g = Cdr C€— aIp7 (6)

where Cy, is the drained elasticity tensor of rank four, € is the infinitesimal strain ten-
sor with € = % (Vﬁ + VTﬁ), and I refers to the identity tensor of rank two. An isotropic,
homogeneous, and linear poroelastic material, where we define Lamé’s first parameter,

A, shear modulus, p, and the Biot coefficient, «, has Cauchy total stress given by
o = Me, + 2ue — alp. (7)

The terms not related to fluid pressure in the above relation may be combined to form

= Adjj€i+2pe;;), and the Lamé parameter A is consid-

. ’
the effective stress tensor (aij

ered for the drained condition. We include the volumetric strain (trace strain),
€ =V -1, (8)

as an unknown in order to maintain stability, as detailed later.

3.2 Conservation of mass

We only consider equations for the conservation of mass of the fluid phase, as we
assume the mass of the solid phase remains constant. For a slightly compressible, sin-
gle phase fluid within a poroelastic medium, with a stable, non-stress dependent value

for permeability, the statement of conservation of mass is given by,

m+ V-4 = psr. (9)

—12—
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where m denotes the fluid mass content defined as the fluid mass per unit bulk volume
of porous medium, @ denotes the fluid mass flux with w0 = p;q, p;y denotes the fluid
density, ¢ denotes the fluid mass flow rate per unit area and time, and + is the fluid vol-
umetric source defined as the volume of injected fluid per unit porous media volume per
unit time. This may also be expressed as the time derivative of the volume of injected

fluid per unit of porous media volume (v = Q).

In what follows, we assume that fluid density is uniform. Thus, we can divide the

fluid conservation of mass equation by fluid density ps, resulting in
(+V-7=7, (10)

where ( is the variation in fluid content and corresponds to the the amount of fluid vol-
ume entering the solid per unit volume of solid. ¢ may be expanded if we define the Biot
modulus, M,

¢ = %—l—aev. (11)

The specific discharge vector ¢, also referred to as the specific flux, corresponds to the
volume of fluid that passes through a unit area of a porous medium per unit time. As

we neglect inertia in this quasi-static formulation, we can write Darcy’s law as
o k _
7=——(Vp+psg). (12)
Ky

The specific flux corresponds to the time derivative of the specific relative fluid to solid

displacement vector d = ¢ (dy — Us), so that §= d.

3.3 Effective Stress Formulation

In our poroelastic domain, the fluid phase occupies the pore space within the solid
phase (Cheng, 2016). The governing equations enforcing conservation of mass and mo-
mentum relate displacement of the solid phase, #, and the fluid pressure, p. We assume
small deformation (infinitesimal strain) and an isothermal system. In the formulation
presented here, we also assume quasi-static conditions. That is, we neglect the inertial
term in the momentum equation and fluid motion is purely diffusive. Currently, we have
only included a linear elastic bulk rheology for the solid phase, with the intention to im-
plement the viscoelastic bulk rheologies available in PyLith for the poroelastic formu-
lation. Finally, we assume that the pore space is fully connected, the value for effective
porosity is equivalent to the total porosity, and that the pore volume is fully saturated

with a single phase, viscous, slightly compressible fluid.

The theory of poroelasticity as described by Biot (1941) makes use of two coupling

coefficients, the Biot coefficient, a;, and Biot modulus, M. The Biot coefficient represents
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fluid volume change as a result of bulk volume change in the drained condition, and is

expressed as

(13)

where Ky, refers to the bulk modulus of the matrix of the drained porous medium, and
K, the bulk modulus of the solid phase. The “drained condition” in poroelasticity refers
to the case where fluid pore pressure is at ambient pressure. In a poroelastic domain with
a drained boundary, fluid is free to flow out, and the pore pressure at that boundary is
considered to be zero. Thus, the bulk modulus of the drained state is a measure of the
resistance to compression based solely from the material properties of the solid and the
strength of the rock matrix. This contrasts with the bulk modulus for the “undrained”
condition in which fluid pore pressure also accounts for resistance to compression, as the
pore fluid is assumed to be confined within the rock. A Biot coefficient of one corresponds
to an incompressible solid grain material and is the upper limit of possible values. Lower

positive values indicate increasing compressibility of the solid phase.

The other coupling coefficient, Biot’s Modulus, M, is defined as the inverse of the
constant strain storage coefficient, S. (Cheng et al., 2017), or the increase in the volume
of fluid per volume of the solid phase that results from a unit increase in pore pressure
under conditions of constant volumetric strain. For ease of adoption into our constitu-

tive equation for fluid, we use the expression

1_9¢ a-¢
M Ky K’

where K refers to the bulk modulus of the pore fluid.

In order to maintain stability near the incompressible solid limit, we use a mixed-
form discretization by including the volumetric strain, €,, as an unknown. Thus, our so-
lution of the governing equations includes the displacement vector of the solid phase, i,

fluid pore pressure, p, and the volumetric strain, €,.

Consolidation behavior of poroelastic media is bounded by two limiting cases of
deformation mentioned earlier — drained, where deformation occurs under a constant
pore fluid pressure, and undrained, where fluid flux across the control volume bound-
aries does not occur, resulting in no variation of fluid mass. Both of these end-member
cases may be represented as elastic relations, given the insertion of the parameter ap-
propriate for the drained or undrained case. The drained and undrained cases may also
be understood as the limiting states of a porous medium subject to load. Drawing from
the example of the constitutive equation for a linearly (poro)elastic, isotropic medium

subject to a compressive load, the undrained case, applicable at ¢ = 0 may be repre-
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sented as

2
o= <K - ;) Te, + 2pe, (15)

and the drained case, applicable at t — oo

o= (Kdr — 2;) Ie, + 2ue. (16)

Some authors, e.g., Segall (2010), have approximated poroelastic effects by adjust-
ing Poisson’s ratio in purely elastic simulations. For example, a Poisson’s ratio of close
to 0.5 can approximate undrained conditions, and a Poisson’s ratio closer to 0.25 can ap-
proximate drained conditions. However, adjusting the Poisson’s ratio does not capture
the time dependence of the poroelastic deformation (McCormack et al., 2020). Thus, un-
raveling the different physical processes potentially involved in postseismic deformation

requires a fully coupled poroelastic model.

3.4 Strong Form

We create the strong form of our three-field poroelasticity formulation from the con-
servation of momentum and mass in domain 2 with boundary T,

—

V- o(i, e, p) + f(Z,t) =01in Q, 17

C(€v,p) + V- qlp) — (1) =0 in Q, 18

19

21

(17)
(18)
(19)
o-i=7(&1t)onT,, (20)
(21)
(22)
(23)

23

where o is defined in Eq. (6), ¢ is defined in Eq. (11), and ¢ is defined in Eq. (12). 7 refers
to the direction normal to a boundary, and the subscript zero refers to an initial con-
dition. Time dependence in the problem is introduced solely through the loading con-
ditions and constitutive models. A summary of the notation used to specify the prob-

lem is given in Appendix Appendix A.

3.5 Weak form

The PETSc framework, which serves as the algebraic foundation of PyLith, solves

systems of differential equations expressed in the form

ﬁ(t§§> =G (t3)), (24)
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where § denotes the vector containing all solution fields. PyLith generates systems of al-
gebraic equations having this form from assembly of the finite element weak form terms.

Recalling the formulation from Eq. (2), we write

Aﬁu'ﬁ(t,§§>+VJuif1 (tagf)dQ:/QiEu'?])o-i-Vl/;u391(t7§7d9- (25)

We solve the system of equations for our quasi-static formulation using the implicit
time stepping methods provided by PETSc. For these methods it is convenient to put
all terms on the left hand side of the equation so that we have F (t, S, 5) = 0. We can

write the residuals for the system of equations in the form

Fu(t,s,s'):/Ju.f‘(f,t)+v1;u:—a(a,pf)cm, (26)
Q SN—— N—_——
) 7
Pr(ts.d) = [0 () —2@0) + V0 —atpp)de+ [ rm (@ olar. @0
P Bt ! b
Fe(t,s,é):/w€~(V-ﬁ—ev)dQ. (28)
Q —/_'féo

The terms highlighted by the underbraces indicate the portions of the expressions im-

plemented as point-wise functions in PyLith.

We compute the corresponding Jacobians using Jrp = %—f —|—tshiﬂ%—§, where topf
is a scalar determined by the time-stepping integration scheme and time step. For our

three-field quasi-static formulation, we have nine potential Jacobian functions, of which
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seven are nonzero,

OF"
J}j“u - 8 +tsh7,ft /wum zk]l)w 7,1 dQ
———
Jis
oF
s =2 Flain / s 0B de
J“p
ue oF™ u
T = +t9hzﬂ /1/) o (2N e dQ,
———
J}gv

P P
qu = aa + tshift aa =0,

oF?

Jﬁ‘p = TP +t shsz / wtrzal k( 5kl>¢baszsl ds +/ 1/} (tS’”ft )1/} dQ’
-

JPP

OF? OF?
Jp = tshi = P tshi v dQv
F g, Tl g /Q¢ (tshipr)t
J})S”
OFe OF<
Tt = T bt = [ (S0, A9,
F au + hift 871/ /Qw ( J)w 1,7
J;111U
oFe OF<
Jevpzi tshi 7.203
F ap + hift 8p
e OF¢ oF . .
JE = —" +tsnip oe, / Y (=1)y dQ.
€v 0 ——

JEvev

The detailed derivation can be found in Appendix Appendix F.

3.6 Solvers

(35)

(36)

(37)

In our quasi-static formulation of poroelasticity, we use an implicit formulation to

enforce conservation of momentum at each timestep. For the linear systems, we use a

basic Schur complement solver (May & Moresi, 2008; Brown et al., 2012), which couples

displacement and trace strain, and then finds the Schur complement against pressure.

It is also possible to do this split nonlinearly (Brune et al., 2015); however, we have not

yet implemented this feature.

The full scale tests shown in Section 4.2 have an impulsive start, meaning that fi-

nite force or traction is suddenly switched on at time zero. This is necessary for the an-

alytic solution but causes problems evaluating temporal convergence since it appears as

a ramp when discretized. In the simulations in Section 4.2 we configure the adaptive timestep

selector in PETSc to take very small initial timesteps so that all simulations for each test

case have the same initial ramp for the applied loading. This allows clear determinations

of the temporal convergence exponent.
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4 Verification of Numerical Implementation

We verify our numerical implementation using both analytical and manufactured
solutions. We use the Method of Manufactured Solutions to check our finite-element im-
plementation of the governing equations. We use full-scale tests with analytical solutions

to check the complete simulation workflow, including input and output.

4.1 Method of Manufactured Solutions

To verify the accuracy of our multiphysics code, we use the method of manufac-
tured solutions (Roache, 2002; Oberkampf et al., 2004). This approach allows us to ver-
ify the order of accuracy of our discretization and convergence of the solution. The pro-
cess involves generating solutions of sufficient complexity to allow for rigorous testing
of all aspects of the governing equations. The solution in this case is a purely mathemat-
ical exercise, and solutions may be designed solely for ease of analytical manipulation.

A common approach for a method of manufactured solutions test is to use a smooth an-
alytical function for the solution and compute an artificial body force so that the solu-

tion satisfies the governing equations when the body force is included.

We evaluate the accuracy of our implementation using the method of manufactured

solutions in four ways:

1. Representation of the solution in the finite-element space;
2. Residual for the exact solution is smaller than some tolerance;
3. The linear model converges to the residual action at second-order; and

4. A finite-difference Jacobian matches the computed Jacobian.

First, we verify that we can represent the solution for the method of manufactured

solutions in the finite-element space. That is,

5" =5l <, (38)

where § is the solution in the finite-element space, §* is the analytical solution, and e is
some small tolerance. Second, we verify the residual for the solution § is below some tol-

erance, €,

IF(5) = G < e, (39)

where F'(5) is the left hand side residual and G(8) is the right hand side residual (in these

tests G(8) = 0). In the Taylor series test for the Jacobian J, we verify that

||[F (54 60) — F(5) — §J(5)7]| < C&2, (40)
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Test Name Displacement Pore Pressure  Trace Strain

Space Time Space Time Space Time
S2T1 quadratic linear linear linear linear linear
S2Tt quadratic  trig  linear  trig  linear  trig
StT1 trig linear  trig  linear  trig  linear

Table 1: Spatial and temporal functions used in the method of manufactured solutions
test cases. linear: 1st order polynomial; quadratic: 2nd order polynomial; trig: trigono-
metric function. For S2T1 our approximation space contains the analytical solution, so

the finite-element approximation is exact (within machine precision).

where ¥ is a unit perturbation to the solution and C' is some constant independent of
¥. For the finite difference test we compute the Frobenius norm (root mean square of
the matrix elements) of the difference between the analytical and finite difference Jaco-

bians.

For a given method of manufactured solutions test case, we provide

« Analytical functions for each subfield of the solution;
* Analytical functions for each input field (e.g., material properties);
+ Analytical functions for each Dirichlet boundary condition; and

» Finite-element discretization.

For the quasi-static poroelastic coupled problem in PyLith, we perform method of man-
ufactured solutions tests for three sets of exact solutions in both two and three-dimensions,
defined by the type of functions we use for the spatial and temporal variation. Table 1
shows the different functions we use in the solution for our method of manufactured so-
lutions tests. Section Appendix B contains the expressions for all of the analytical func-

tions for each method of manufactured solutions test.

Figs. 1-3 show the solution for S2T1 along with the error, which should be machine
precision as the functions exist in our finite element space. Figs. 4 and 5 show mesh con-
vergence for our method, in both space and time. For spatial convergence, we use the
StT1 solution, and meshes on the unit square ranging from 128 to 8192 triangles. For
temporal convergence, we use the S2Tt solution run for 5 timesteps, using timesteps rang-

ing from 0.1 to 0.0125.
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Figure 1: Plot of the = displacement component solution field for the two-dimensional
method of manufactured solution test with a manufactured solution that varies quadrat-
ically with respect to space and linearly with respect to time (S2T1). A full derivation
of the solution is available in Appendix B1. As our goal is to test the functionality of
our physics implementation, we pick a solution that is easily differentiable, ignore units,
and set all coefficient values to unity, with the exception of A that is set to a value of %
The first row shows the computed solution, the second row shows the analytic solution,
and the third row shows the error. As evidenced by plot of the error, we find a good fit

between the analytical and numerical solutions.
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Figure 2: Plot of the y displacement component solution field for the two-dimensional
method of manufactured solution test with a manufactured solution that varies quadrat-
ically with respect to space and linearly with respect to time (S2T1). A full derivation
of the solution is available in Appendix B1. As our goal is to test the functionality of
our physics implementation, we pick a solution that is easily differentiable, ignore units,
and set all coefficient values to unity, with the exception of A that is set to a value of %
The first row shows the computed solution, the second row shows the analytic solution,
and the third row shows the error. As evidenced by plot of the error, we find a good fit

between the analytical and numerical solutions.
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Figure 3: Plot of the pressure solution field for the two-dimensional method of manufac-
tured solution test with a manufactured solution that varies quadratically with respect to
space and linearly with respect to time (S2T1). A full derivation of the solution is avail-
able in Appendix B1. As our goal is to test the functionality of our physics implemen-
tation, we pick a solution that is easily differentiable, ignore units, and set all coefficient
values to unity, with the exception of A\ that is set to a value of % The first row shows the
computed solution; the second row shows the analytic solution; and the third row shows
the error. As evidenced by plot of the error, we find a good fit between the analytical and

numerical solutions.
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Figure 4: Plot of mesh convergence for the StT1 method of manufactured solutions solu-
tions. We observe the expected rate of spatial convergence for displacement and supercon-
vergence for pressure, due to the symmetric nature of the solution. Note that the slope is

half the convergence rate as we plot against the problem size N rather than resolution h.
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Figure 5: Plot of temporal convergence for the S2Tt method of manufactured solutions

solutions. We observe the expected linear rate of temporal convergence for the Backward

Euler integrator.
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430 4.2 Full-Scale Analytical Test Cases

231 We also test the poroelasticity implementation using full-scale (complete) simula-
e tions. We select three problems with well-resolved analytical solutions that frequently
433 appear as published benchmarks for poroelastic numerical implementations (Coussy, 2005;

434 Selvadurai, 2007; Meng, 2017). The problems are the one-dimensional Terzaghi consol-

435 idation problem, the two-dimensional Mandel problem, and the three-dimensional Cryer
436 problem. We model the first two problems using a two-dimensional domain and the third
237 with a three-dimensional spherical domain.

438 All three problems test important features of the poroelasticity implementation,

439 such as Dirichlet and Neumann boundary conditions for displacement and pore pressure,
440 in addition to the governing equations. We run all tests discussed in the following sec-

aa1 tions using continuous Lagrange elements with a second-order discretization for displace-
a2 ment and first-order discretizations for trace strain and pressure. For each problem we

a3 look at the reduction in error as the mesh resolution increases. We evaluate the error

aaa using the exact solution.

us 4.2.1 Terzaghi’s Problem

6 The one-dimensional consolidation problem was first presented by Terzaghi (von

aa7 Terzaghi, 1923). The problem is drawn from uniaxial compaction of a soil sample. Terza-
418 ghi recognized that compressive stress acting on a soil sample would face resistance from
449 pore fluid pressure and formulated a concept of effective stress. We consider a two-dimensional
450 domain; however, the simple geometry allows a one-dimensional analytical solution. Un-
251 like Terzaghi’s original work, we do not consider the solid grain as incompressible, so we
a2 include the Biot coefficient in our effective stress relation.

453 An initially undisturbed soil sample of a thickness L along the y axis rests upon

a5 a rigid, impermeable base (Fig. 6). The sample is laterally constrained, restricting dis-

455 placement in the x direction to zero and prohibiting flow through the x axis boundaries.
456 The top boundary of the sample is “drained” with respect to the fluid pore pressure, mean-
457 ing that fluid pore pressure is considered to be equal to ambient conditions and fluid flow
a8 is unhindered. At the top boundary, where y = L, we apply a uniform compressive stress
459 0., at t = 0, incurring an instantaneous pore pressure rise within the material to the

460 undrained value. As the compressive load is maintained, the drainage occurs through

a61 the top boundary, and the sample contracts in the direction of the applied load. Fig. Ap-

162 pendix C contains the analytical solutions for pore pressure and displacement.
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Figure 6: Terzaghi’s problem for uniaxial consolidation. We consider a poroelastic do-
main, 10 m in width. It is subject to a uniform compressive force of 1.0 Pascal applied
at the top boundary. The top boundary is simultaneously modeled as drained, mean-
ing that the pressure at the boundary is kept at ambient conditions, permitting flow out
of the domain. The domain is resting on a rigid base. The analytical solution, found

in Appendix Appendix C, is one dimensional; however, we model the problem as two-

dimensional and include roller conditions at the left and right domain boundaries.
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Figure 7: Mesh convergence for Terzaghi’s problem. The displacement, u, error is shown
first, with the points represented with triangles pointing up. The trace strain, € error is
drawn with triangles pointing left. The pressure, p, error is drawn with triangles pointing

right. We obtain the expected rate of convergence of these fields.

We select material parameters for our Terzaghi benchmark for the benefit of sim-
plivity as opposed to realistic conditions, consistent with other recent benchmarking ef-
forts (Cheng, 2016; Jha & Juanes, 2014; Meng, 2017). We use a fluid viscosity of 1 Pa-
s, a porosity of 0.1, a Biot coefficient of 0.6, a shear modulus of 3.0 Pa, a drained bulk
modulus of 4.0 Pa, a fluid bulk modulus of 8.0 Pa, a solid bulk modulus of 10.0 Pa, and
an isotropic permeability of 1.5 M?2. We use a square domain that is 10 m in length. We
discretize our domain using identically sized quadrilateral elements with a nominal size
of 1.0 m. We refine the mesh up to four times to create meshes ranging from about 100

cells to 100,000 cells to check the rate of convergence.

In Fig. 7, we see that the Terzaghi solution closely matches the analytic results and
exhibits mesh convergence. We obtain second-order convergence for displacement and
first-order for pressure. These are the expected rates for this finite element (Mardal et

al., 2021). Since this problem has an impulsive start, the initial rise in pressure will be
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smeared over the first timestep, which accounts for a large part of the temporal error.

In order to measure this accurately, we fix the size of the first timestep at 107°. For spa-
tial convergence tests, all timesteps are also the same size. We start with a mesh 2 cells
wide and 32 cells long, which is regularly refined four times during the test. Because we
show error plotted against the number of degrees of freedom, the slope of our line is —«a/d,

where « is the rate of convergence and d is the spatial dimension. Material and mesh

parameters may be found in the Terzaghi full-scale test directory tests/fullscale/poroelasticity/

terzaghi within the PyLith source code (Aagaard, Knepley, & Williams, 2022a). In Figs. 8
and 9 we also show the solutions for pressure and displacement, respectively, at select
times in the evolution. We can see the pulse of pressure at the initial time decay away

as the column slowly compresses.

4.2.2 Mandel’s Problem

Mandel’s problem (Mandel, 1953) was one of the first published solutions to demon-
strate non-monotonic pressure behavior, characteristic of poroelastic response. This dif-
fers from Terzaghi’s problem, where pressure was treated as uncoupled from solid de-
formation. The problem consists of a rectangular domain compressed between two rigid,
frictionless plates (Fig. 10). The domain is assumed to be infinitely long along the z axis,
resulting in plane strain conditions. We assume the domain is homogeneous; however,
extensions of Mandel’s problem to include anisotropy exist (Abousleiman et al., 1996).
Lateral edges are unconfined and maintained at a drained condition, with pore pressure
equal to zero. At time ¢ = 0, a compressive vertical pressure of F' is applied to both
confining plates. At initial application of compressive force, vertical stress oy, is uniform
across the domain. Along the lateral edges, however, the subsequent pore pressure in-
crease quickly interacts with the drained boundary condition, resulting in a softening of
the material along the lateral edges and a transfer of vertical stress toward the center
of the domain. This results in a further increase in pore pressure toward the center of
the domain that eventually dissipates as the domain drains. This phenomenon is referred

to as the "Mandel-Cryer Effect” (Cryer, 1963).

We exploit the symmetry of the problem and only model a quarter of the domain
(Fig. 11). We impose impermeable roller boundaries on the —z and —y boundaries and
apply uniform compression to an impermeable plate on the +y boundary. On the remain-
ing (4+x) boundary, we impose a traction free condition maintained at the drained con-
dition (zero pressure). We assume that the domain is infinitely long in the z direction,
and that the plane strain condition is valid for that axis (Cheng, 2016). We choose a rect-

angular domain that is 1.0 m by 10 m, and choose quadrilateral elements of a uniform
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Terzaghi's Problem: Pressure at z = 0
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Figure 8: Representation of normalized pressure values over time for the Terzaghi
problem. As the solution is one dimensional, we choose to display normalized pressure

(p* = p%, where pg is the absolute value of the compressive force, F') along a vertical slice
along the left boundary, where 2 = 0. This is plotted over a normalized length, y* = %,
where L is the width along the y axis. These are plotted for normalized time snapshots,

tr = CLt—j, with the consolidation coefficient, ¢, defined in Appendix A2. We plot numer-
ical results as a continuous line with analytical solutions at discrete points represented

by shape overlays. The shapes representing analytical solutions are varied with regard to
the normalized time that they represent. We find a good fit between the numerical and

analytical solutions.
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Terzaghi's Problem: Y Displacement at x = 0
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Figure 9: Representation of normalized displacement values over time for the Terzaghi
problem. As the solution is one dimensional, we are concerned only with displacement

in the y direction (consolidation). We consider compression as negative and display the
normalized y component displacement along vertical slice following the left boundary,
where x = 0. This is plotted over a normalized length, y* = %, where L is the width along
the y axis. These are plotted for normalized time snapshots, t* = CLt—; with the consoli-
dation coefficient, ¢, defined in Appendix A2. We plot numerical results as a continuous
line with analytical solutions at discrete points represented by shape overlays. The shapes
representing analytical solutions are varied with regard to the normalized time that they
represent. The results show that consolidation decreases with depth and displays a good

fit between the numerical and analytical solutions.
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Figure 10: Diagram of Mandel’s full problem. A homogeneous, poroelastic slab is con-
tained between two impermeable and frictionless plates. This slab is considered to be of
infinite length in the z axis direction (out toward the reader) and is considered under a
generalized plane strain condition (u, = 0 and ¢g. = 0.) The boundaries in the positive
and negative = axis directions are stress free and drained (held at ambient pressure), re-
sulting in outflow from the slab. Owing to the symmetry of the problem, we need only
consider a quarter of the domain, shaded and labeled here. We expand upon our quarter

domain problem in Fig. 11.

size for our mesh. The nominal mesh contains 160 elements, each with edge lengths of
0.5 m. We refine the mesh up to four times to create meshes with up to about 10,000

cells to check the rate of convergence.

We again provide the analytical solutions in Appendix Appendix D. We assume
the same material properties as in the Terzaghi example. From Figs. 12-14, the com-
puted solution closely matches the analytical solution. Fig. 15 shows that we do not quite
achieve second-order convergence, which we attribute to the inaccuracy of resolving the
impulsive start. The pressure exhibits first-order convergence, which matches the expected
rate for the first-order approximation space. Material and mesh parameters may be found
in the Mandel full-scale test directory tests/fullscale/poroelasticity/mandel within
the PyLith source code (Aagaard, Knepley, & Williams, 2022a).

4.2.3 Cryer’s Problem

Cryer (1963) studied the problem of a saturated sphere of porous material subjected
to a compressive traction on the surface. The surface is maintained at the drained con-
dition, allowing fluid to freely escape (see Fig. 16). Owing to the Skempton effect (Skempton,
1954), the pore pressure in the domain will rise from an initial, uniform value, before de-

creasing as a result of pressure diffusion through the surface boundary. This non-monotonic
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Figure 11: Owing to the symmetry of the problem outlined in Fig. 10, we consider a
quarter domain reduced problem. The quarter domain is limited to a single stress free,
drained boundary along the positive x axis edge of the domain. The overall compressive
force is halved, as it acts over a y positive boundary with half the length of the full prob-
lem. We restrict displacement in the x direction along the left boundary at = 0, along

with displacement in the y direction along the bottom boundary at y = 0.

pressure behavior is, once again, known as the Mandel-Cryer effect. The spherical do-
main, along with uniform compression at the surface, permits a three-dimensional poroe-
lastic compaction problem to be represented as a pair of one-dimensional equations for
pressure and displacement in spherical coordinates with closed form analytical solutions
(see Appendix Appendix E). Making use of the symmetry of the problem, we model one
eighth of the sphere, with zero displacement boundary conditions along the truncated

boundaries as shown in Fig. 17.

We use the same discretization and material properties as in the previous two bench-
marks. We conduct our test on a spherical section of a sphere with a radius of 1.0 m.
Our nominal mesh consists of 896 hexahedral elements with edge lengths of about 0.1
m. Complete material and mesh parameters may be found in the Cryer full-scale test
directory tests/fullscale/poroelasticity/cryer within the PyLith source (Aagaard,
Knepley, & Williams, 2022a).

In Fig. 18, we plot the normalized pressure, p* = £ where F' is radial compres-
sive stress on the domain, at the origin of the eighth domain Cryer problem benchmark.
We observe the Mandel-Cryer effect, although we overestimate pressure rise due to our
finite timestep. The overestimation can also be seen in Fig. 19, where we plot the pres-

sure radially. As the pressure relaxes, we converge to the true solution.
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Mandel's Problem: Normalized Pressure at y = 0
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Figure 12: Normalized pressure results for a horizontal line drawn where y = 0 for a
mesh consisting of quadrilateral elements. We define normalized pressure as p* = 9,

where a is the length of the quarter domain along the x axis. Normalized distance along
the x axis is defined as z* = Z. We define dimensionless time as t* = g—g, with the defi-
nition for the consolidation coefficient, ¢, defined in Table ??. In contrast to the pressure
results in Fig. 8, we observe non-monotonic pressure behavior in the early time, with
pressure nearer to the center of the domain increasing above the initial value for a short
period of time. This behavior is referred to as the ”Mandel-Cryer” effect. Results gen-
erated by our numerical simulation are represented as continuous lines with analytical
solution results plotted as shapes at discrete points. The shapes representing analytical

solutions are varied with regard to the normalized time that they represent. We observe

excellent agreement between numerical and analytical results.
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Mandel's Problem: Normalized Y Displacement at z = 0
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Figure 13: Displacement along the y axis at = 0, where displacement in the x direction
is fixed a zero. This is for a mesh consisting of quadrilateral elements. We consider com-
pressive displacement as negative, and define normalized displacement U* = %7 with b
referring to the vertical (y axis) thickness of the quarter domain. Numerically generated
normalized displacement is represented by continuous lines with shapes representing an-
alytical solutions at discrete points overlain. The shapes representing analytical solutions
are varied with regard to the normalized time that they represent. These values are plot-
ted over a normalized distance over the y axis y* = . Results are plotted for distinct
snapshots of normalized time t* = (%, where a represents the length of the quarter do-

main along the x axis, and the consolidation coefficient, ¢, defined in Appendix A2. We

observe consolidation that agrees well with our analytical solution.
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Mandel's Problem: Normalized X Displacement at y = 0
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Figure 14: Displacement in the z direction along a line drawn at y = 0 for a mesh con-

sisting of quadrilateral elements.. We denote extensional displacement (positive with
respect to the x axis) as positive. Normalized displacement is defined as U* = %, with
a referring to the horizontal (z axis) thickness of the quarter domain. Numerically gener-
ated normalized displacement is represented by continuous lines with shapes representing
analytical solutions at discrete points overlain. The shapes representing analytical solu-
tions are varied with regard to the normalized time that they represent. These values are
plotted over a normalized distance over the x axis #* = Z. Results are plotted for dis-
tinct snapshots of normalized time t* = ;—3, where the consolidation coefficient, ¢, defined
in Appendix A2. The influence of the ”Mandel-Cryer” effect is demonstrated in early

time as a small increase in displacement attributable to a compaction induced increase in

pressure. As the domain drains, and the pressure subsides, displacement recedes.
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Figure 15: Mesh convergence is shown for Mandel’s problem. We consider convergence
for displacement, u, volumetric strain, €, and pressure, p. We do not quite achieve second-
order convergence in the displacement, which we attribute to inaccuracy caused by the

impulsive start.
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Figure 16: Diagram of Cryer’s full problem. The problem consists of a saturated porous
sphere subject to radial compressive stress. The surface boundary is considered to be

permeable and maintained at ambient pressure conditions, allowing for free fluid outflow.

4.3 Poroelasticity and Fault Slip

In this example we combine the poroelasticity material with the existing fault for-
mulation in PyLith (see Appendix Appendix G) to extend an example of two-dimensional
strike-slip faulting. This demonstrates the modular PyLith design that allows the gen-
eral fault formulation to be used with the new poroelasticity material formulation. We
draw from the existing two-dimensional strike-slip example examples/strikeslip-2d
in the PyLith source (Aagaard, Knepley, & Williams, 2022a) and change the material
properties of the bulk from linear elastic to linear poroelastic. The model corresponds
to a two-dimensional horizontal cross-section of a vertical strike-slip fault, with a length

of 150 kilometers in the y direction and 100 kilometers in the x direction.

On each side of the fault we replace the elastic material and isotropic, linear elas-
tic bulk rheology with a poroelastic material and isotropic, linear poroelastic bulk rhe-
ology. The fault is modeled in the standard method for PyLith (Aagaard, Knepley, Williams,
& Walker, 2022) and does not consider pore pressure, so that pore flux is continuous across
the fault. Pore fluid pressure begins at zero and we discount gravitational body forces.
We fix the x and y displacements on the —x and 4z boundaries and prescribed 2.0 m
of right-lateral slip as shown in Fig. 20. We assign material properties roughly approx-

imating water filled sandstone, and the pressure field displays a pattern of compression
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Figure 17: Owing to the symmetry of Cryer’s problem, we consider an eighth domain sec-
tion. For simplicity we draw this domain in two-dimensions. The flat boundary faces do
not permit displacement with respect to their respective directions. Similarly the surface
facing out of plain toward the reader may be considered to be fixed with respect to the z

axis. Radial compressive stress is applied over the curved, exterior boundary surface.
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Cryer's Problem: Normalized Pressure at Center
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Figure 18: Normalized pressure at the origin of the eighth domain Cryer problem bench-

mark, using hexahedral mesh elements. We define normalized pressure p* = &, where F is
radial compressive stress on the domain. We plot numerical solutions for normalized pres-

sure as a continuous line with analytical solutions plotted as triangles at discrete points in

ct

time. Both are plotted against a logarithmic representation of normalized time t* = £z,

where R refers to the radius of the spherical domain and the consolidation coefficient, c,
is defined in Appendix A2. In both the numerical and analytical results, we observe an

initial increase in pressure followed by a fall off to a drained condition.
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Cryer's Problem: Normalized Pressure Along Radial Axis
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Figure 19: Normalized pressure along the radial axis the eighth domain Cryer problem
Benchmark, using hexahedral mesh elements. We define normalized pressure p* = &,
where I is radial compressive stress on the domain. We plot normalized pressure profiles
along a normalized radial distance R* = %, where R refers to the radius of the spherical
domain. Profiles are plotted for specific points in normalized time t* = 1%. Both numer-
ical and analytical solutions display non-monotonic pressure behavior in early time and
decay toward drained conditions. Numerical solutions are represented by continuous lines
with shapes representing analytical solutions. The shapes representing analytical solutions

are varied with regard to the normalized time that they represent.
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the fault is the only input force. Compared side by side with the original example which

uses a linear elastic material, the elastic material has higher stress concentration and larger

gradients near the fault boundaries. In Fig. 21 the left and right boundaries are fixed

with respect to the x axis. The fault slip produces a torque and pressure takes extreme

values at the corners of the domain.
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Figure 20: Diagram of the domain for the strike-slip example problem. We represent a
vertical strike slip fault with 2.0 m of prescribed right-lateral slip. We fix the boundaries

at the x axis edges with respect to both components of displacement.
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Figure 21: Pressure results for the prescribed strike-slip example combined with a poroe-
lastic material. We apply 2.0 m of right-lateral slip along the fault bisecting the domain.

We observe a pattern of poroelastic compression and rarefaction in line with our pre-

scribed displacement.
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Figure 22: Cauchy stress for the prescribed strike-slip example, to which we apply 2.0
m of right-lateral slip along the fault bisecting the domain. Here we show a linear elastic
material, in comparison to the linear poroelastic material in Fig. 23, and we see that the

elastic material has much higher stress concentration near the fault.
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Figure 23: Cauchy stress for the prescribed strike-slip example, to which we apply 2.0 m
of right-lateral slip along the fault bisecting the domain. We show a linear poroelastic ma-
terial, in comparison to the linear elastic material in Fig. 22, and we see that the elastic

material has much higher stress concentration near the fault.
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570 5 Conclusion

571 We demonstrated the new multiphysics infrastructure in PyLith by incorporating

572 fluid flow through porous media into the existing solid mechanics. Our fully coupled ap-
573 proach solves for both fluid pressure and displacement simultaneously. Because our model
574 is fully coupled, it does not produce the spurious solutions possible with operator split-

575 ting approaches. We verified the poroelastic implementation using both the Method of

576 Manufactured Solutions and full-scale test problems with analytical solutions. The ver-

577 ification tests illustrate the robustness and fidelity of the formulation. Additionally, we

578 combined the new poroelastic material model with the existing fault formulation in PyLith.
579 Future work could expand the fault formulation to incorporate poroelastic behavior within
580 the fault itself. This would involve steps similar to adding the bulk poroelastic model,

581 such as incorporating additional solution fields and physical coupling.
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Appendix A Notation

Tables A1, A2, A3, A4, and A5 list the notation we use in the poroelasticity for-

mulation.

Table Al: Mathematical notation for poroelasticity with infinitesimal strain, neglecting

inertia. Unknown variables.

Symbol Description Dimensions
u Displacement field L
P Pore fluid pressure field %
€y Volumetric (trace) strain
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Table A2: Mathematical notation for poroelasticity with infinitesimal strain, neglecting

inertia. Derived quantities.

Symbol Description Dimensions
o Cauchy stress tensor %
€ Cauchy strain tensor
¢ Variation of fluid content (variation of fluid vol. -

per unit vol. of porous media), ae, + 47

Pb Bulk density, (1 — ¢) ps + ¢py N
q Darcy flux, —% . (Vp — f}) %
M Biot modulus, (% + O‘T_d)>_ Lj\q{z
v Poisson ratio, drained, % -
Vy, Poisson ratio, undrained, % -
c Consolidation coefficient, % LTZ
S Storage coefficient, 7 + % LAEQ
B Skempton’s Coefficient, % -

Table A3: Mathematical notation for poroelasticity with infinitesimal strain, neglecting

inertia. Common consitiutive parameters.

Symbol Description Dimensions
Py Fluid density %
Ps Solid (matrix) density %

A 1st Lamé parameter AL

7 Shear modulus LJ;{Z

0] Porosity —

k Permeability L?
[if Fluid viscosity 2T
K Solid grain bulk modulus LAI/{Q
Ky Fluid bulk modulus %
Kq Drained bulk modulus LA:ﬂz

« Biot coefficient, 1 — %
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Table A4: Mathematical notation for poroelasticity with infinitesimal strain, neglecting

inertia. Source terms.

Symbol Description Dimensions
f Body force per unit volume, for example: ppg %
f} Fluid body force, for example: psg Lész

Si=

Source density; rate of injected fluid per unit

2

volume of the porous solid

Table A5: Mathematical notation for poroelasticity with infinitesimal strain, neglecting

inertia. Position terms.

Symbol Description Dimensions
x Position on z axis (Cartesian) L
Y Position on y axis (Cartesian) L
z Position on z axis (Cartesian) L
t Position in time T
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905 Appendix B Method of Manufactured Solutions Test Cases
906 B1l Quadratic Space and Linear Time Solution - S2T1
907 B11 Two Dimenstions

First, we choose solutions for @ and p,

Uy = 22, (B1)
uy = y* — 2y, (B2)
p=(r+y)t. (B3)

Second, we compute the fields that are derived from the displacement and pore fluid pres-

sure,

Ouy 1 ( Juy Ouy
€ — ox 2 ( oy + ox > o 2z -y (B4)
o 1 [ Ouy Ougy Ouy o ’
3o aTl) 3y Ty o
€, =V - -uU=2y, (B5)
. Kk k0 t 1 (ke
g=—S == | = (B6)
H 0 4 t Hi |k,
wr
p (z+y)t
= a6, + — = a(2 B7
¢ = ey + i a(2y) + Y (B7)

We insert our assumed solution definition into the strong form of the quasi-static
poroelasticity equations to generate forcing functions. These forcing functions are added
to the weak form terms, and we verify that our generated solution matches with the man-

ufactured solution that we initially defined.

2z - 2 0 at 0
Veo=V-|2u Y + A Y —(z+y) ) (BY)
-y 2y—2x 0 2y 0 ot
at
=2u +A - : (B9)
2 2 at
(+Vg=L fae,+v. (-1 bal ) 2 1) (B10)
M Y 1233 k'y M
V- il —e, =2y—2y=0. (B11)
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908

B12 Three Dimensions

First, we choose solutions for @ and p,

Uy = 2, (B12)
Uy = y? — 2zy, (B13)
u, = 2% —2yz, (B14)

p=(r+y+2)t. (B15)

Second, we compute the fields that are derived from the displacement and pore fluid pres-

sure,

[ % (B E) 553
hlew) W (eew) oo
3G+ $(5 %)
_2:15 —y 0
= |-y 2y—2x —Zz ) (B17)
0 —z 2z — 2y
€, =V -u=2z (B18)
. % 0 0 t X ky
7= " Vpl=- 10 % 0|t = ky | t, (B19)
0 0 ’/37 t k.
C:aev+—:a(22)+(x+z4+z)t. (B20)

We insert our assumed solution definition into the strong form of the quasi-static
poroelasticity equations to generate forcing functions. These forcing functions are added

to the weak form terms, and we verify that our generated solution matches with the man-
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ufactured solution that we initially defined.

2z —y 0 2z 0 0
Vio=V-|2u|—y 2y—2z —z | +A|0 2z 0
0 —z 2z — 2y 0 0 2z
at 0 O
—(+y+z) |0 ot O],
0 0 o
1 0 at
=2u |1 +A|0] — |at
2 2 at
K
¢+V-cj’z%+aév+V~ —le ky | t :W,
k.

V-ti—¢€ =22—22=0.

900 B2 Quadratic Space and Trigonometric Time Solution - S2Tt
910 B21 Two Dimensions

First, we choose the following solutions for the variables @ and p,

Uy = 2,

Uy = y2 — 2z,

p=(z+y)cos (t).

(B21)

(B22)

(B23)

(B24)

(B25)
(B26)

(B27)

Second, we compute the fields that are derived from the displacement and pore fluid pres-

sure,
. G 3 (()a% + %) |2 -y
- ou Uy ou, - ’

3 (5 + %) By L

€, =V -uU=2y
k.

k = 0 cos(t 1 ks
7= —<-[vpl=—|" | O _ L] o)

Ky 0o = cos(t) ki |k,

I
t

(=ae,+—=a(2y)+ (z +y) cos ()

(B28)

(B29)

(B30)

(B31)

We insert our assumed solution definition into the strong form of the quasi-static

poroelasticity equations to generate forcing functions. These forcing functions are added

to the weak form terms and we then check that our generated solution matches with the
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manufactured solution that we initially defined.

2x — 2 acos(t 0
V-o=V-|2u Y A —(x+vy) ®) ,
—y 2y-—2x 0 2y a cos(t)
(B32)
1 0 acos(t)
=24 +A — (B33)
2 2 a cos(t)
: L P . 1 |ks —sin(t) (z + y)
(+V-G=—=+aé,+V- | —— cos(t) | = ————==, B34
L ] 0 ) (B31)
V-i—e€, =2y—2y=0. (B35)
o1l B22 Three Dimensions
First, we choose the following solutions for the variables @ and p,
Uy = 2, (B36)
uy = y* — 2y, (B37)
u, = 2% — 2z, (B38)
p=(z+y+ 2)cos(t). (B39)

Second, we compute the fields that are derived from the displacement and pore fluid pres-

sure,
Ouy Ouy ou Ouy ou,
ox %(674 +sz) %(az +W) 2z -y 0
_ |1 [ Ouy Ouy Ouy 1 ( Ouy du, _
€= 5(81+8y> oy §<3z+37y) =|l-y 2y—2 -z ’
du, Auy 1 ( Qu: Ouy du, _ _
5 (55 + 52 i(ayﬂ‘W) ¥ 0 22—y
(B40)
€ =V - U=2z (B41)
kg
y w00 cos(t) , ky
g=—— [Vpl==10 % 0| |cos(t)| =—— |k,| cos(t), B42
(92 0 |- et =57 by o0 (B12)
0 0 = cos(t) k.
t
g:aev—i—%:a@z)—&—(x+y—;;)cos() (B43)

We insert our assumed solution definition into the strong form of the quasi-static
poroelasticity equations to generate forcing functions. These forcing functions are added

to the weak form terms and we then check that our generated solution matches with the
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manufactured solution that we initially defined.

2z -y 0 2z 0 0
Vio=V-|2u|—y 2y—2z —z | +A|0 2z 0
0 —z 2z — 2y 0 0 2z
a cos(t) 0 0
—(z+y+2) 0 acos(t) 0
0 0 acos(t)
1 0 acos(t)
=2u (1] +A 0] — |acos(t)] ,
2 2 acos(t)
K
(+V-¢= %—i—aév—i—v- —le ky] cos(t) | = LW,
k.
V-ti—¢€ =22—22=0.
012 B3 Trigonometric Space and Linear Time Solution - StT1

013 B31 Two Dimensions

First, we choose the following solutions for the variables @ and p,

Uy = sin (27x)

sin (27y) — 2zy

Uy

p = (cos (2mx) + cos (2my)) t

(B44)

(B45)

(B46)

(B47)

(B48)
(B49)

(B50)

Second, we compute the fields that are derived from the displacement and pore fluid pres-

sure,
Oug 1 ( Oug + duy 2 ) _
€ — ox 2 oy ox _ T COS ( 7T£C) Yy
Ouy Uy ou
1 ( Ny %y ) L —y 27 cos (2my) — 2z
€y =V - U = 27 [cos (2mzx) + cos (27my)] — 2z
kg : ;
. k Le —27t sin (27x) ot | ke sin (27x)
g=——-[Vp]=—1|" e | i = .
oy 0 —27t sin (27y) Kf | kysin (27y)
2 2 t
(= ae, + % = o (27 [cos (2mz) + cos (2my)| — 2x) + [cos (2mz) LCOS( )]

(B51)

(B52)

(B53)

(B54)

We insert our assumed solution definition into the strong form of the quasi-static

poroelasticity equations to generate forcing functions. These forcing functions are added

to the weak form terms and we then check that our generated solution matches with the
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manufactured solution that we initially defined.

21 cos (2mx — €& O 0
V.o=V-|2u (2rz) Y +A —a P
—y 27 cos (2my) — 2x 0 € 0 p
(B55)
—47?sin (2rx) — 1 —47? sin (27x) — 2 2wt sin (27x)
=24 + A -«
—47? sin (27y) —47? sin (27) 2wt sin (27y)
(B56)
(+V-G=L bae,+v ( k vp> (B57)
T= <+ ae, B (A
M iy
k., .
_ [cos (2mz) + cos (27y)] T (:C . —2mtsin (27x) (B58)
M 0 - —27t sin (27y)
2 2 Am?kyt Akt
= [cos (2z) + cos (2my)] L+ cos (2mx) + T cos (2my) (B59)
M 1f fif

V i — €, = 2w [cos (2mx) + cos (2my)] — 2z — 27 [cos (27z) + cos (2my)] — 22 = 0. (B60)

014 B32 Three Dimensions

First, we choose the following solutions for the variables ¢ and p,

up = sin (272) (B61)
u, = sin (27y) — 2zy (B62)
. = sin (272) — 2yz (B63)

p = [cos (2m) + cos (2my) + cos (272)] ¢ (B64)
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Second, we compute the fields that are derived from the displacement and pore fluid pres-

sure,
[ = P(g=+5e) L(3=+%)
e=1(Gem) 0 (%) (B65)
3G+ $(F %)
_27'(‘ cos (2mx) —y 0
= —y 27 cos (2my) — 2z -y (B66)
0 —y 27 cos (2mz) — 2y
€y = V - = 27 [cos (2mx) + cos (2my) + cos (27z)] — 2z — 2y (B67)
y ;% 0 0 —27t sin (27wx) - ky sin (27x)
7= e [Vpl==|0 3 0] |-2ntsin(2my)| = y |Fusin (2my) (B68)
0 0 l’j—; —27t sin (27z2) k., sin (27y)
¢ =ae, + % = o (27 [cos (2mz) + cos (2my) + cos (27z)] — 2x — 2y) (B69)

—~

2my) + cos (27z)| t
M

[cos (2mz) + cos

We insert our assumed solution definition into the strong form of the quasi-static
poroelasticity equations to generate forcing functions. These forcing functions are added

to the weak form terms and we then check that our generated solution matches with the
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manufactured solution that we initially defined.

27 cos (2mx) -y 0
V.o=V-|2u —y 27 cos (2my) — 2% -y (B70)
0 —y 27 cos (2mz) — 2y
€& 0 0 p 0 0
+A|0 € O|—al0 p O] ],
0 0 e 0 0 p
—47? sin (2mx) — 1 —47? sin (27x) — 2 27t sin (27x)

=2u | —4r?sin(2ry) | + A | —4x%sin (27y) — 2| — « |2wtsin (27y) |

—1 — 472 sin (27y) —47? sin (272) 27t sin (272)
(B71)
. . k
C—I—V-q— —|—0461,—|—V /7 (B72)
!
_ [cos (2mx) + cos (2my) + cos (272)] (B73)
M
ks 0 0 —27t sin (27x)
s
+V- 0 —sx 0 |- |—2rtsin(2my)
0 0 E— —27t sin (27y)
_ [cos (2mzx) + cos (2my) + cos (27z2)] (B74)
M
4mt
+ m [ky cos (2mz) + ky, cos (2my) + k, cos (272)],
f
V -4 — €, = 2w [cos (2mx) + cos (2my) + cos (27z)] — 22 — 2y (B75)
— 27 [cos (2mzx) + cos (2my) + cos (27z)] — 22 — 2y = 0.
015 Appendix C Terzaghi’s Problem
We write Terzaghi’s problem (von Terzaghi, 1923) as
0., =—PyH(t) and p=0for z=0and ¢t > 0, (C1)
uz:Oand?:Oforz:LanthO, (C2)
z
p=0for0<z<Landt=0", (C3)
016 where P, refers to the magnitude of the normal traction, and H(¢) refers to the Heav-
a7 iside step function (Abramowitz & Stegun, 1964).
018 C1 Pore Pressure Solution
The applied normal traction is o,, = —PF, fort > 0, and we arrive at the fol-
lowing homogeneous diffusion equation for pore pressure:
.
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919

920

921

922

923

924

Using the intuition provided from the Skempton effect (Skempton, 1954), a pore pres-
sure increase should occur at the instant when loading is applied, giving the initial con-
dition

p(z,0%) = —. (C5)

The solution to the pore pressure diffusion equation is
P077 *
p(t) = IR (). (Co)
with the summation term

= 4 * .
F (z%,t") = Z — sin (m;’z ) et , (C7)
m=1,3,...

and dimensionless time and distance terms defined as t* = 4%2 and z* = %, respec-

tively.

C2 Displacement

From the boundary conditions, we recognize that u, = 0. We compute u, by sub-
stituting in the solution for the pore fluid pressure into the differential equation for the

displacement (Cheng et al., 2017),

21 (1 —v) 0%u, op
1—20 022 %02 0- (C8)

Substituting the solution for pressure into the above equation and integrating twice with
respect to z, while making use of the boundary conditions leads to
PyL (v, —v)
2u (1 —vy) (1 =)

o P()L (1 — 21/)
R TI T

with the infinite series term defined as

(1—2")+

Fy (2%,t"), (C9)

(oo}

8 * x
F (2%, t%) = Z —5 5 €08 (m;rz > eI (C10)

Appendix D Mandel’s Problem

We express the boundary conditions as

Ogz = Ogy = 0 at © = *a, (D1)
Oy = gy =0 at y = £, (D2)

Uy = Uuy(t) at y = +b, (D3)

/a Oyy dr = —2F at y = £b. (D4)

Especially noteworthy are the boundary conditions defined at y = +b. The rigid plate

boundary condition means that we know that the y displacement is independent of x.
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025 The subsequent condition states that while the magnitude of the force applied in the ver-
926 tical direction is known, the local distribution of the vertical stress imposed at the bound-
027 ary is not known. We work around this by prescribing the displacement on the vertical

028 boundary to that predicted by the analytical solution.

Knowing that the y displacement is independent of xz, we have

we = (@, uy = C)y (D5)
gy = €yy(t), ¢y =0; (D6)

€oe = €2a(T,t), Gz = qu(T,1); (D7)

Oyy = Oyy(Z,1), p=p(&,t), 0Oy =04 =0, (DY)

029 where C(t) refers to the prescribed displacement as given by the analytical solu-

930 tion.

Mandel (1953) considered incompressible constituents and derived the solution for
the pore pressure only. We consider both a compressible fluid and compressible solid and
derive the solution for both the pore pressure and displacement. At the instant t = 0+
we apply the compressive normal traction and the resultant pore pressure jump leads

to the initial conditions

1
po(Z,0) = 3—aB (14+wv,)F, (D9)
Fv, x
2,0(Z,0) = —==, D10
uao(@0) = 5 (D10)
R F(l-wv,)y
== D11
ty0(7,0) T (D11)

Here Skempton’s coefficient is defined as B = WZZIQM, and the undrained Pois-

_ 3v+aB(1-2v)

son ratio as v, = 5—_ Bi—20) - This results in analytical solutions for pressure and dis-

placement of the form

o0 . 2
sind,, Oz _Onegt
t)=2 E 3 —cos 0, oz D12
p(z,y,t) Po 2 0, —sind, cosd, [cos ( a cos e ( )
Fv  Fu, <~ sin6,, cosf, Ohept
e (T, y,t) = | — — : T a2 D13
U (2,4,1) <2ua na ;Gn—smencos«?ne >x ( )

02cypt

F& cos b, . Opr _
_ n P
+u;0n7sin0nc080nsm a - ’

F(l—v) F(1-w,) <= sinf,cosf,  _Crest
H=|-— a2 . D14
ty (,9,1) ( 2pa + ua nz::l 0,, — sin 8, cos Gne Y (D14)
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031 Appendix E Cryer’s Problem

We apply a radial traction at ¢ = 0 to an undisturbed domain,

orr = —PyH (t) and p =0 at r = ro, (E1)
0
uT:Oanda—fzomr:O, (E2)

where the subscript ”r” refers to radial, and rq is the radius of the sphere under consid-
eration. The superscript ”*” denotes that a value is dimensionless, resulting in dimen-
sionless radial length r* = %, and dimensionless time t* = % Once again, the sub-
scripts 7d” and "u” represent drained and undrained respectively. Cheng (2016) derives
the analytical solution, so we only summarize the solutions for displacement and pres-

sure for the case involving compressible constituents. Following that reference, we de-

. . . _ 3Kgq—2u . . . _ 3K.—2u
fine the drained Poisson ratio, n = BRI the undrained Poisson ratio 7, = SBRL TR
&
1 . . o by . . _ 1 3a2
the consolidation coefficient ¢ = ===, and the storage coefficient S' = 7 + 37 ot

The permeability k is an isotropic value. Solutions vary only as a function of time and

distance from the center of the sphere and thus we only model one-eighth of the sphere.

et B
u, (r,t o 12(1+v) (nu, —v
M -t n; 1- zy)( E+(;z::)(r*2xn snz T
% [3 (v — v) [sin (/) — 17 /T cos (1* /)] (E4)
+(1=v)(1—20)r z, sin/a, | et
with
E(x)=0-v)041) 2, — 181 +v) (vy —v) (1 — 1) (E5)

where x,, refers to the positive roots of the algebraic equation

B 6 (v — V) /T
tan o = S A=) (L1 o) (E6)

932 for x,, > 0.

o33 Appendix F Jacobian Equations

For implicit time stepping with PETSc (Balay et al., 2023b), we write the left hand

side Jacobian as

JF:/JJfO(t7S7S)J+1EJfl (t,S,S)V1E+V1EJf2(t,S,S)TE
Q

+ Vi Jps(tys,8) VY dQ. (F1)
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For our poroelasticity implementation with three solution fields, we have 7 nonzero Ja-

cobians:

O 9P
F = ou shift B}
- 0
= v —[— Q
va (’9u[ o (d,p, )] d
- 0
= [ V' : —[-(C:e—apl)] d
[e) U
. 1
= | V" =C: o (V4 V) y" d
Q
=/¢ui,k—cikjl1/)uj,z dQ
Q ~——
pe
u oF™ oOF™
Jpl = o shift =50
0
= | V" : — [0 (U,p, &) dQ
(Vi Lo (pe)
0
= | V' —[-(C:e—apl)] dQ
v I )
= [ V¢ aly? dQ

Q
- / P, (b 0P dO
Q ———

up
sz

we,  OF" OF"
JF = F) . + tshift 861}
= A Vit % [—o (U, p,€,)] dQ
:/VJ“: 0 [ (C :e—apl)] dQ2
Q 861,

— / Vit 0 [— (2u€ + Me, — aIp)] d
Q aév

= / Vgt s — Ay dQ
Q

= [y (xagpuedn
Q N——

J }‘; v
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(F7)
(F8)
(F9)
(F10)

(F11)

(F12)
(F13)
(F14)
(F15)
(F16)

(F17)



Ip

ttu [ 5 [07 () = (@) + 907 ~)] a0
- /Q — [VYP - —q(p)] dQ + tanin /pr [«/}P (C(u ps) — A, t))} 0

:/Qaap[wp' [_ <_:f.vp>H dQ-l—tshzft [

k
= [vur- £ v aa+ [ Wt o
RN ——
T !

oF? oOF?
JP = —— + tonipt
F Oe, + bahige O€,

v

=t [ 5 [0 (€@ —2@0) + Ve

= tshift/g [1/1” <a€v ]pw-):| ds2

- / Wl d0
Q

p,
JeY

ore ., ore
Ou Mt 55

0
= R - U — €, Q
Qw au(v U—€y) d

:/Q’l/)trwl (V %am) dQ

€U __
Jpt =

.. OF¢ OFe
TR = T i

/z/fu- (Vi —e) dQ

€y €y
J58

034 Appendix G Fault Formulation

(F18)
(F19)
(F20)
(F21)
(F22)

(F23)

(F24)
(F25)
(F26)

(F27)

(F28)
(F29)
(F30)

(F31)

(F32)
(F33)

(F34)

For the example of combining a standard PyLith fault with a poroelastic domain

we follow (Aagaard, Knepley, Williams, & Walker, 2022) and define a fault as a bound-

ary condition for the mechanics problem prescribing the jump in the displacement field

across the fault,

-

it — 4 —d(&,t)=0on Ty,
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where I'y is the domain of the boundary on the fault, @ is the displacement vector on

—_

the "positive” side of the fault, u

is the displacement vector on the "negative” side of

the fault. For this example, we neglect the inertial term (pi? = 6). We place all of the

terms in the elasticity equation on the left hand side, consistent with implicit time step-

ping. Our equation of the conservation of momentum on the fault interface reduces to

(G2)

We enforce this equation on each portion of the fault interface along with our pre-

scribed slip constraint, which leads to

Our solution vector is now expanded to include Lagrange multipliers, and the strong form

for the system of equations is

F=(ip e X)T,
f(f,t)+V-a(ﬁ,eU,p):61nQ,
((ewsp) + V- d(p) = 7(&1) = 0in ,

V- -i—¢€ =0in Q,

o-i=7(Zt)onT,,

We create the weak form by taking the dot product with the trial function &fmaz

or J?Mal and integrating over the domain. After using the divergence theorem and in-
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corporating the Neumann boundary and fault interface conditions, we have
/ wtmal f 1' t) + v'lzbtrwl (ﬁ) dQ2 + / &gm'al ! 7?(1_"7 t) dFa
1ptmal - t)) + J?T;al . (J'_X(‘/a t)) dl' =0
Ly
(G17)

/ wtrml u pf) (f7 t)) + vql)fm’al : _(T(pf) dQ2 + /F ’L/}fm'al ’ [qo (57 t)] dF? (G].S)

[ i (7= ) d (G19)
Q
/ A (—fﬁ i +d(#, t)) dr = 0. (G20)
Ly
035 We solve the system of equations using implicit time stepping, making use of residual
036 functions and Jacobians for the left hand side.
037 G1 Residual Equations

We only write the expressions for left hand side equations F(¢, s, $), as in the im-

plicit formulation G(t,s) = 0,

t S, S / wtmal f + qubtmal : 70- ﬂ: ds) +/ /(Egrial ! ?(fa t) dr’
\V—’ T, S——

f
/ ’wtmal )) + wtmal (+X(f7 t)) dr (GQI)
\W_./
fo
t 5, 5 / ¢trwl U pf) V(fa t)) + vd}f’rial dQ +/ wtrzalqo
i
(G22)
P“@,&é)zt/1ﬁ~(v-ﬁ——q0dﬂ. (G23)
Q N————
feo

FMNt5,8) = | G (—0" + @ +d(@,0)) dr. (G24)

Ty

b

For the sake of brevity we only list the nonzero additional Jacobians relative to those

listed in Appendix Appendix F,

. op o™
JFA = + Stshift — / wt”alz Z])¢bast5] + ¢t7zalz(+6z.])wbaszsj )
——

o\ 1))
J’LL)\ JU.)\
LR [ Jktios + Uhiats(H057) 0 (G25)
= 87 tshift —q . By trmlz 1] baszsg triali U baswj
Y Y JAu J)\u
I =o0.
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