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ABSTRACT. In this paper, quantum version of Montgomery identity by applying gb-integral is ob-
tained. By employing the established identity, some new quantum Ostrowski type inequalities are
proved. Several special cases of our main results are presented. It is also shown that the results pre-
sented in this paper generalize several other well known inequalities given in the existing literature
on this subject.

1. INTRODUCTION

Various types of integral inequalities have attracted the attention of several mathematicians over the
last decades. These inequalities play a significant role in the study of various classes of equations such
as integro differential equations and impulse differential equations. That is why, a vast amount of
research activities is being carried out on this subject.

The following is classical integral inequality associated with the differentiable mappings ( [29]) :

Theorem 1. If the mapping F : [u,v] — R is differentiable on (u,v) and integrable on [p,v]. Then
following inequality holds:
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for all > € [, v], where |F'|| ., = sup |F'(s)| < +0o. Moreover, } is the best possible constant.

s€(p,v)
Theorem 2. [13] Suppose that F : [u,v] — R is a differentiable on (u,v) and integrable on [p,v]. If
|F' ()| < M, for every » € [u,v]. Then following inequality
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<

(1.1) ‘F(%)—Vlu/:F(s)ds
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holds.
Following is the well known Montgomery identity:

Lemma 1. [24] If the mapping F : [u,v] — R is differentiable on (u,v) and integrable on [u,v].
Then following identity holds:

(1.2) F) - — /MVF(s)ds—/:HF’(s)dSwL/yS_VF/(s)ds.

V—p V—f w V—H

By changing the variables, we can rewrite (1.2) in the following way:

Lemma 2. [30, Lemma 1] Suppose that F : [, v] — R is differentiable on (p,v) and integrable on
[, V] . Then the following equality holds:
(1.3)

v—3c

/VF(s)dS:(V—,u) l/owsF’(su—l—(l—s)V)ds—F/ (s—1)F (sp+ (1 —s)v)ds
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On the other hand, Quantum calculus (shortly, g-calculus) deals with the concepts of calculus
without limits, where the classical mathematical results are obtained on taking limit as ¢ — 1.

The study of g-calculus was initiated in the early 20th century after the work of Jackson (1910) who
defined an integral later known as the g-Jackson integral ( [11,14,18,20]). In g-calculus, the classical
derivative is replaced by the ¢-difference operator in order to deal with non-differentiable functions,
For more discussion on this subject, we refer to [5,12]. Applications of g-calculus can be found in the
various disciplines of mathematics and physics ( [8,17,31,34]).

Many well known integral inequalities such as Holder inequality, Hermite-Hadamard inequality, Os-
trowski inequality, Cauchy-Bunyakovsky-Schwarz, Gruss, Gruss-Cebysev and other integral inequalities
in classical analysis have been proved and applied in the setup of g-calculus using the classical concept
of convexity. For more results in this direction, we refer to [1-4,10, 16,19, 23,26-28, 32, 35].

The purpose of this paper is to study Ostrowski type inequalities for convex functions by applying
newly defined concept of ¢”-integral. We also discuss the relation of the results obtained herein with
comparable results in the existing literature.

The organization of this paper is as follows: In Section 2, we summarize the concept of g-calculus
and some related work in this setup is given. In Section 3, the proof of Montgomery identity for
q"-integral is given. Using the Montgomery identity for ¢”-integral, Ostrowski type inequalities are
obtained. Some special cases of our main results are presented in Section 4. The relation of the
obtained results with the comparable results in the existing literature is also discussed. Section 5
contains some conclusions and further directions for the future research. We believe that the study
initiated in this paper may provide a good source of inspiration to the researchers working on integral
inequalities and its applications.

2. PRELIMINARIES OF ¢-CALCULUS AND SOME INEQUALITIES

In this section, we first present some known definitions and related inequalities in g-calculus. Set
the following notation( [20]):

. =1+4+q+¢+...+q¢ " qe(0,1).

Jackson [18] defined the ¢-Jackson integral of a given function F' from 0 to v as follows:

v

(2.1) /F (30) dgse =(1—4q) I/Zq"F (vg"), where 0 < ¢ <1
0 n=0

provided that the sum converges absolutely.
Jackson [18] defined the ¢-Jackson integral of a given function over the interval [u, v] as follows:

v v

/F(%) dg :/F(%) dg ]F(%) dgs .

i 0 0

Theorem 3. (Holder’s inequality, [7, p. 604]) Suppose that ¢ >0,0<q <1, p; > 1. pril + % =1.

Then
A%E%wgoomwfg<4%““”wn%”)%([fum%W“@”>%.

Definition 1. [33] Let F : [, v] = R be a continuous function. The q,,-derivative of F at » € [, V]
1s identified by the following expression

F ()= F(gx+(1-q)p)
(1-¢q)(x—p) ’

Since F : [, v] = R is a continuous function, we have ,DgF (1) = lim ,DgF (») . The function F
=S

(2.2) WDyF () = 4 1.

is said to be q- differentiable on [p,v] if ,DgF () exists for all s« € [p,v]. If we take p =0 in (2.2),
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then we have oDyF (5) = DyF (3¢) , where D,F (3) is a known g-derivative of F at s € [u,v] in

( [20]) given by

F () = F(g)
(I—q)s

Definition 2. [83] Let F : [u,v] — R be a continuous function. The g, -definite integral on [p,v] is

defined by

D,F (%) = 2 # 0.

1

[P0 e -0 WS g E (@ (1 ) 1) [P 9uts) ds

n=0 0
Kunt et al. [22] obtained the following Montgomery identity for g,-definite integrals:

Lemma 3. If F : [p,v] C R — R is a g-differentiable function on (p,v) such that ,DgF is
continuous and integrable on [u, V], then we have:

1
F (o) - — / F(s) pdgs = (v—p) / Ag(8) wDoF (514 (1— ) 1) odys |
0

vV—p
i
where
x—p
qs, s € [0, Vﬁﬂ}
Aq(s) =
_ x—p

qgs—1, se (u—wl]

and 0 < g < 1.

On the other hand, Bermudo et al. [9] gave the following definitions:

Definition 3. [9] Let F' : [u,v] — R be a continuous function. The ¢”-derivative of F' at 3 € [u, V] is

given by

_ P+ (1-q)v) - F(5)
(1-q)(v—2)

Definition 4. [9] Let F : [u,v] — R be a continuous function. The ¢”-definite integral on [u,v] is

given by

VD, F (x) , X F .

v 1
/F(% Vdgr =(1—¢q) (v Zq”F "u+(1—=q¢"v) /F s+ (1—=s)v) dgs .
0

n=0

3. MONTGOMERY IDENTITY AND OSTROWSKI TYPE INEQUALITIES FOR QUANTUM INTEGRALS

In this section we first prove quantum Montgomery identity for ¢”-definite integrals. Then by using
this identity, we establish some Ostrowski type inequalities.
Let’s start with the following useful Lemma which is a Montgomery identity for ¢”-integral.

Lemma 4 (Quantum Montgomery Identity). If F : [u,v] C R = R is a g-differentiable function on
(u,v) such that ¥ D F is continuous and integrable on [u, V], then we have

v 1

(3.1) V i . /F(s) Ydgs — /\Ilq ) YDoF (sp+ (1 —s)v)dys,
1 0
where
qs, s€ [O, ’l’/:ﬂ
y(s) =

and 0 < g < 1.
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Proof. Tt follows from the Definition 3 that

Flgsp+(A—gs)v) - F(sp+(1-s)v)

Dalonr ()= QEmTEnE

Note that
(32) (V_u)/l\pq(s) YD,F (st (1— s)v) dys
)
— w_p) V@ gs "DyF (su+ (1 — 8)v) dqs+/;_“ (g5 — 1) "D,F (su+ (1 - s)1) dqs]
= - [/O%qs YDy F (su+ (1 - s)v) dqs—i-/ol(qs—l) YD F (s + (1= ) v) dys
/O”“ (gs—1) *DyF (su+ (1 — ) v) dys
— - /0% YD F (s + (1= 5)v) dqs—i—/ol(qs—l) YD F (sp+ (1— 5)v) dqs]

_ /:V/ZF(qs,u-i—(l—QS)V)—F(5N+(1_S)V)qu
0

(1—q)s
/ F(gsp+ (1 —gs)v) — F(su+(1—s)u)ds
(1-q) !
/ F(gsp+ (1 —gs)v) — F(su+(1—s)u)d N
(1-q)s !

By the equality (2.1), we obtain

(3.3) / Fgsp+ (1 - qs()l ) q)F 1+ 1=9)v),
B (e e ()
e () (- (2))
- ro=r (=) (- (55))7)
— F()-F ()
and
(3.4) /01F<qsu+<1—qs()lv>;)i<su+<1—s>u> .

o0

ZF(anM‘i‘ (1_qn+1) V) _iF(an+(1_qn)y)

n=0

— F()-F(n).
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Now by (2.1) and Definition 4, we have

(3.5) /0

YF(gsp+ (1 —qs)v) — F(su+(1—s)v)

(1-9q) das

— anF <qn+1'u + (1 _ qn+1) V) _ anF (qn’u + (1 _ qn) V)
n=0

n=0

1 oo
— azanrlF (qn+1'u_~_(1_qn+1) l/) _anF(an+(1_qn)y)
n=0

n=0

= 1Z:q”F(q”AH (1-q")v)— éF(u) = ¢"F(¢"n+(1—q")v)

q n=0 n=0
N 1
- ( 1) S GF (@t (1= ) v) — ~F (u)
q —~ q
1 /V 1
= — F(s) Ydes — =F (u).
q (V _ /.L) " ( ) q q (/u‘)
Using (3.3), (3.4) and (3.5) in (3.2), we have the required identity (3.1). O

Remark 1. On taking limit as ¢ — 1~ in the Lemma 4, identity (3.1) reduces to (1.3).

Theorem 4. Suppose that F : [p,v] C R — R is a g-differentiable function on (u,v) and "D, F
is continuous and integrable on [u,v]. If |" D F|"* is convex on [u,v], where p; > 1, then we have

following inequality

1

v—p
o

/V F(s) Ydys — F ()

1—-L 1
< (V_N) |:A1 " (M, v, q, %)(‘ UDqF (/1“)|p1 Ao (/1'7V7q7%) +| VDqF(Vﬂpl As (N7V7Q7%))p1

1

1— 1
+AL " (v, g, ) (| Do F (W)™ As (1, v,q,2) + | "D F (V)" Ag (p,v,q, ) 71 |

where
A (n,v,q, %)
Az (v, q, )
Az (p,v, ¢, %)

A4 (/j’vyan%)

AS (lu’vyaQa%)

[ e = 1 (=Y,
sdyx = —— ,
0 a5 IL+g\v—p

v 3
s, q V—x
s“d,x = )
/0 4%t 1+q+q2(vu)

o= pE
/ quq%_/ qSqu%:Al (/J/7V7q>%) _A2 (/’L7VaQ7%>7
0 0

v—s

1 1 =
/ (1—qs)dqs:/ (1—qs)dqs—/ g (1 —gs)dgs
v 0 0
' 2
+ :
l14+qg\v—pu 14+qg\v—yp

1 [

1 v
/ (s - q52) dgs = / (s - q52) dys — / ! (s — qu) dgs
vz 0 0

v—p

1 1 <I/%> N q (V%)B
A+q)(I+q¢+¢*) 14+qg\v—un l4g+@ \v—p)’
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and

1
Ao vy q,5) = /‘<1f@u—q@%s

1 v—3c

(1—5)(1—qs)dqs—/0 o (1—5)(1—gs)dys

v— v—3c

/
=‘[u—wmwjf@—w%m—é“ﬂrwwm+/“ﬂwwﬁ%s

0

X

= A4(,u,l/,q,%)—A5(,u,V,q,%),
where 0 < g < 1.

Proof. By Lemma 4 and quantum power mean inequality, we obtain that

! /F (s) Ydgs — F (x)
v—p
m
1
< ) [ DL s+ (1= )1 dys
0
- 1
< (v—up) / qs |"DgF (sp+ (1 —s)v)|dgs + /y,% (1 —gs) |"DgF (sp+ (1 —s)v)|dgs
L 0 v
r Vs 1—% v—sc ﬁ
< (w—up) (/ ’ qs dqs> (/ ' qs|"DyF (sp+ (1 — s)v)|™* dqs>
0 0

1 - i
’ </M oo dq5> </% (1 =) ["DyF (sp+ (1 —s)v)[" dq5>

v—p v—p

As [VD,F"* is convex on [u, v], we have

1
v—p

v 1—o
< @—u></”“wdw>
0

v—3

y (/ v—p qS(| quF (M)Ipl s+ | VDqF (V)|p1 (1 - S))dq8> 1
0

]F@)wﬁFoa

1

1

([ new)

1 P1
x (/ (1= qs) (I "DgF ()™ s + | "DgF' ()" (1 —8))qu>
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e 1-o-
= (v—up) (/ qs dqs>
0

e—p P1
v—p =
x ( YD F ()" / 45%dys + | YDy F ()| / (g5 — q5?) dqs)
0 0

1

1

([ amamas)

X ( YD, F (u)|p1/ 3 s(1—gs)dys+ | VD,F (v)["* [{7“ (1—15)(1—gqs) dqs> 1

v—

v—p v—p

1—-L 1
= (V_/J) |:A1 pl (/L, v,q, %)(‘ UDQF (#)|p1 Ay (/vaa(b%) + | VDqF (V)‘pl As (/u‘vyvq?%))pl
1--L N
+A4 " (,U,,V,q, %)(| VDQF(lU’)|p1 A5 (Na v,q, %)+| VD(IF (V)|p1 A6 (,uvyaQ7%))p1:|
which completes the proof. O

Theorem 5. Suppose that F : [u,v] C R — R is a g-differentiable on (u,v) and ¥ DyF is continuous
and integrable on [u,v]. If [V Dy F|"" is convex on [u,v] for some py > 1 with 711 + p% =1, then we
have,

(3.6)

1+ o
< wem| (=) T ()
- v— i [r1 +1],

1 v—x\’ v—x 1 v—x\?\\"

VDF P1 VDF P1 _
x(| 0l s (S22) 41D ) (V_M o (=) ))

1

+(ﬁ;a_wp%g”
x (| YDy F ()| <1iq (1— (:;‘)))

o\ \ &
T O 00 [ N A (V%) )
K 14q v—p 14+qg\v—1yp ’

where 0 < g < 1.

Proof. On taking the modulus in the Lemma 4 and applying the quantum Hélder’s inequality, we
obtain that

1
v—p

f F(s) “dys — F ()

< <vw>/|\1fq<s>|\ YD (st (1 — 5) )] dys
0
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P )
< (v—up) / qs\”DqF(s,u—f—(l—s)u)|dqs—|—/y_K (1—qs)| "DyF (spp+ (1 — s)v)|dys
L 0 o
< w-p ( | dqs> ( |7 s a9 dqs>
0 0

1

1
1 T 1 P1
+ (/ (1—gs)" dqs> </ |"DgF (sp+ (1 —s)v)” dqs>

v—p

Using an assumption that [VD,F|"" is convex on [u, v], we have

! /VF(S) Vd,s — F ()

v—p
o

1 1

- T = = i
< w-p (/ ”(qs)”dqs> (I”DqF(MI“ [ sds 41D E 0P [ ‘(1—s>dqs>
0 0 0

'l Y
1 1 1 1 pP1
+</ (1—qs>”dqs> <| D@ [ sdys+"DF W | <1—s>dqs)
== = o
. N
o (V_%yhl )
= vV — —_—
V= [re+ 1],
1
1 v—3x\’ v— 1 v—3x\\\"
YD F p1 YD F p1 —
<(1oror o (5=2) + 1w (= - o (2=
1 o
+ (/ (1—gs)" dqs>
T
< 17Dy [ (1o (V= 2
gt W 1+g¢ V=L
1
q v— 1 v—x\2\\"
Vl) F p1 _
t1"DE @) l+gq V—u+1+q(v—u>
which completes the proof. O

4. SOME SPECIAL CASES

In this section, some special cases of our main results are discussed and several new results in the
field of Ostrowski and Midpoint type inequalities are obtained.

Remark 2. If we consider Theorem 4. Then
(i) by using | VD F ()| < M and taking pr = 1 in Theorem 4, we have following new quantum

Ostrowski type inequality
(4.1)

1
v—p

v

[P s P )| <

m

2

T [0+ 1= G ) =) 0 (0= )

Moreover, on taking limit as ¢ — 1~ in (4.1), the inequality (4.1) reduces to (1.1).
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(i) by choosing » = ’ﬁ':_qq”, we have the following new midpoint type inequality

v

(4.2) l/iu/F(s) Yd,s — F (“liqq”)

©w

-3
< (v—n) ((14—qq)3>

(I”DF ( . >+|”DqF<u>“< (e ))
(1+9q)" (T+q+4q*) (14+9)" (T4+q+4q*)

)l
v )P 2g v P -+ + ¢ "
Pl ((1+q)3(1+q+q2)>+| Pat ) ((1+Q)3(1+q+q2)>>

Specifically, on applying the limit as ¢ — 17 and taking py = 1, we have following midpoint type
inequality in [21, Theorem 2.2]

v

1 /F@dsF(ﬂ;”) S(Vﬂ){IF’(u)HIF/(V)I}

vV—p 8
n

(iii) by taking r1 = 1 in Theorem 4, we have the following inequality

(4.3)

v—p

/ F(s) “dgs — F ()

< (V—H){| VDqF(N)HA2 (vaaqa%)+A5 (N?Va%%)]
+| VD!IF(V)|[A3(Nayvqa%)+A6(:u’7V7Qa%)]}'

(iv) by setting r1 =1, » = ”;f”, we have following new midpoint type inequality in [10],
1 1%
(4.4) /F (s) Ydys — F (P12
V— 1+g¢

— v 3q v v 0207+ 2
< (1/ /1,) ll DqF(N)|<(1+q)3(l+q+q2)>+ DqF( )|<(1+q)3(1+q+q2)>1.

Remark 3. If we consider Theorem 5. Then
(1) by using | YDgF ()| < M in Theorem 5, we have the following new quantum Ostrowski type

iequality
(4.5) : ]F()"d F (%)
. — 4
— S qS
n
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Specifically on taking limit as ¢ — 1=, we obtain the following Ostrwoski type inequality given in [6,

Th

1 vy p (Bt
(4.6) //F(s) d, F(“ q)

eorem 8 with s=1];

e ) (5

— ptgqv
T 1+4q

(i) by choosing s we have following new midpoint type inequality

vV— [ 144¢
1+-L = 9 1
1 ﬁ q 1 1 2q+q P
< _ - R VDF pr - I/DF pr 24 7 1
< v-nl(s) ) (e s e e 2

1 1 2 3 2
r 2q+q °+q° —q
+/ 1—¢s)*d,s VD F ()Pt —=———— +|YD,F (v)|P* X————=
. ( Q) q ‘ q (N)| (1+q)3 | q ()‘ (1+q)3

1+q

Specifically on taking limit as ¢ — 17, we obtain following midpoint type inequality

v

Ty p—ce

m
v p (M%MW+3F%@“)¢+<3F0M“+wwww>%

< (Tjﬁ(miJ%nWwNHF@m

IN

which was proved by Kirmacy in [21].

It is worth mentioning that the deduced results (4.1)-(4.6) are also new in the literature on Ostrowski

ine

qualities.

5. CONCLUSIONS

In this paper, Ostrowski type inequalities for convex functions by applying recently defined ¢-
integral are obtained. It is also shown that the results proved in this paper are potential generalization
of the existing comparable results in the literature. As future directions, one may finds the similar

ine
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qualities through different types of convexities.
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