ON OSTROWSKI-MERCER INEQUALITIES FOR DIFFERENTIABLE
HARMONICALLY CONVEX FUNCTIONS WITH APPLICATIONS
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ABSTRACT. In this work, we prove Ostrowski-Mercer inequalities for differentiable harmonically con-
vex functions. It is also shown that the newly proved inequalities can be converted into some existing
inequalities. Furthermore, it is provided that how the newly discovered inequalities can be applied
to special means of real numbers.

1. INTRODUCTION

The study of different forms of fundamental inequality has been the subject of great interest for well
over a century. A variety of mathematicians, interested in both pure and applied mathematics. One
of the various ones mathematical basic discoveries of A. M. Ostrowski [25] is the following classical
integral inequality:

Theorem 1. Let f : [1,00) — R is differentiable functions on (1,00) and f € L][a,b], where a,b €
[1,00) with a <b. If |f' ()] < M, then we have following inequality:

b —0,2 —1?2
(11) Fo) -y [ 1o < g2 | Em t0m

Ostrowski inequality has applications in quadrature, theory of probability and optimization, stochas-
tic, statistics, information and the theory of integral operator. A number of scientists have concentrated
over the last few years on Ostrowski type inequalities for convex and bounded variation functions. For
example, In [13], Dragomir et al. proved some Ostrowski’s inequalities for the functions of bounded
variations and in [14], he used Lipschitzian mappings and proved Ostrowski’s inequalities. After that,
n [10], Cerone et al. proved an Ostrowski’s inequality for the functions whose second derivatives are
bounded. Set [23], proved different Ostrowsk’s inequalities for the s-convex functions via Riemann-
Liouville fractional integrals. In [22], Sarikaya and Budak use the local fractional integrals and proved
Ostrowski’s inequalities. In 2018, Budak et al. [8] proved some generalized Ostrowski’s inequalities
for the twice differentiable functions. Recently, in 2021, Budak et al. [9] proved some Ostrowski’s
inequalities for quantum differentiable convex functions using the quantum integrals. Until now, a
significant number of research papers and books have been published on Ostrowski inequalities and
their numerous applications.

In literature, the well-known Jensen inequality [20] states that if f is a convex function on an interval
contains in z,,, then

j=1 j=1
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In convex functions theory, Hermite-Hadamard inequality is very important which was discovered by
C. Hermite and J. Hadamard independently (see, also [12], and [24, p.137])

(1.3) f<a—2i_b><bia/abf(m)dac<f(a);_f(b)7

where f : I — R is a convex function over I and a,b € I with a < b. In the case of concave mappings,
the above inequality satisfies in reverse order.

The following variant of Jensen inequality, known as the Jensen-Mercer, was demonstrated by
Mercer [19]:

Theorem 2. If f is a convex function on [a,b], then the following inequality is true:

(1.4) Flatb=> Nz | <fla)+F0)= D Nf(=z)),
j=1 j=1

for all x; € [a,b] and A\; € [0,1] with > A; = 1.
j=1
In [18], the idea of Jensen-Mercer inequality has been used by Kian and Moslehian, and the following
Hermite-Hadamard-Mercer inequality was demonstrated:

(1.5) f<a+bx;y) < yix/yf(aert)dt
< fla+b—2)+ fa+b—1y)
- 2
f @)+ f(y)

< fla)+f(b) - 5 ,

where f is convex function on [a, b]. Inspired by the work of Kian and Moslehian, in [1], AbdelJawad
et al. gave the fractional version of Hermite-Hadamard-Mercer inequalities and in [2], Ali et al. proved
the generalized form of Hermite-Hadamard-Mercer inequalities for convex functions. Recently, Chu
et al. [11] found the estimates of fractional Hermite-Hadamard-Mercer inequalities for differentiable
convex functions.

On the other hand, in 2014, Iscan introduced the following notions of harmonically convex functions
and related Hermite-Hadamard type inequalities:

Definition 1. [16/ A mapping f : I C R\ {0} — R is called harmonically convex, if the following
inequality holds for all x,y € I and t € [0,1] :

Y

(1.6) f <t+11_t> <tf(y)+ 1 —t)f(z),

when the inequality (1.6) is reversed, f is described as harmonically concave.

Theorem 3. [16] For a harmonically convex mapping f : I C R\ {0} — R with a,b € I and a < b,
the following inequality exists:

2ab ab b f(x a b
) P2 < [ S L0

After the work of Iscan, Noor et al. [21] introduced the concepts of log-harmonically convex functions
and proved some new Hermite-Hadamard type inequalities. In 2015, Iscan used the s-harmonically
convexity and proved Ostrowski’s type inequalities in [17]. In [3], Awan et. al. proved Hermite-
Hadamard type inequalities for harmonically convex functions via conformable fractional integrals and
in [4], they introduced a new class of harmonically convex functions called n-polynomial harmonically
convex functions and proved some new inequalities of Hermite-Hadamad type for newly defined class
of functions.

Recently, for harmonically convex functions, Dragomir proved the following Jensen’s inequality:
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Theorem 4 (Jensen inequality). [15] For harmonically convex functions, the following inequality is

true:

(1.8) Pl | =0 (@)
Z% i=1
i=1

n
where Y A; = 1.
i=1
Inspired by the work of Mercer, Baloch et al. gave the Jensen-Mercer inequality for harmonically
convex functions that can be stated as:

Theorem 5 (Jensen-Mercer inequality). [6/ For harmonically convez functions on [a,b], the following
mequality is true:

(19) / 12 <T@+1 ()= 3 Af @),

i=1

Q\’—‘
@‘\»—\

n
where Y A\, =1, z; € [a,b] and \; € [0,1].
i=1

After that in [7], Baloch et al. proved the following inequalities of Hermite-Hadamard-Mercer type
inequalities:

Theorem 6. For a harmonically convex mapping f : I C R\{0} — R with a,b € I and a < b, the
following inequality holds:

1 Ty bataz—ab f ()
(1.10) f m = y_ﬁ/+ t2 N
ab 2 Ty putayzan
< f@+ - TETIW

Motivated from the discussed literature, we use the Jensen-Mercer inequality for differentiable har-
monically convex functions to establish some new Ostrowski’s type inequalities with applications.

2. MAIN RESULTS

New Ostrowski-Mercer inequalities are established for differentiable harmonically convex functions
in this section. For this, we first give a new integral identity that will serve as an auxiliary to produce
subsequent results for advancement. For brevity, we use the following notations.

1 1 1 1 1 1
L=-goe = M=24-_",
T a U T a v
1 1 1 1 1 1
R:7—|—7——,P -+ - = -,
Tz b us r b v
1,1
Al(a7x757a7p):w-2}7‘1(2aap+8+1;p+3+271_g>7
xree T
1 1)
)\Q(G,ZC,S,OQP) 6(8+ p+ 1(2a35+17p+3+231_§)a
a
11 b
Aa(b,, 5,0, p) = 5(p+8+ <2a,p+s+1;p+s+2,1—),
X
and
1 1
/\4(b,z,s,a,p)zw.2Fl(2a,s+1;p+s+2,1—%>,
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where 3 is the Euler beta function

1
Bz, y) = / (011 — ) dt, 2,y > 0.

and o F is hyper-geometric function

1 1
2 F1 (a,b:c,z) = b) / tb_l(l_t)c_b_l(l—Zt)_adt, c>b>0, |Z| < 1.
0

5(1),0*

Lemma 1. Let f : I C R\ {0} — R be a differentiable function on I°. If f € La,b], then for all
x,uy,uz,v € I and t € [0,1], the following equality satisfies:

(2.1) <U;51)2/01 (;Jrlll_(ttJrvt))?f/ ((i+i—(1t+vt))> “

Uy

2 1
B (uQv) / t f 1 &t
T e Tl (Fe ey
_ (U—ul)f( aTU] )—l— <u2—0> s brus )
VUL aui + xu; — ax UV
_ [ / @), [T W)

brug wz azv (JJ2

bug faug —bw avfzv—az

1 —
: <>
<
[V}
+
8
<
(V)
|
<>
8

Proof. 1t is enough to memories that:

B v — Uy 2 1 t , 1
(2.2) J = (u ) /0 T+l (e’ <;+é<t+”>>>dt

.

2 2
2.3) 7= (v ul> I (uz v) L.

VUL VU2
Utilizing the integration by parts, we get the equalities:

1 t , 1
(24) L = ‘/0 (%+%7(L+ﬂ))2f ((i+clb(utl+lvt))>dt

U1 v

(u1v) f( azuy ) B ((ulv)22 /‘Wlizzi“ f(w)dw

(v—u1)" \auy +zu; — ax v —Uuy) S w2

and
1
t 1

(2.5) L, = / —— = dt

e )

_ ) brus (w0 / 1),
(v —ug) bus + xus — bx (v—ug)? J__bowg w2
bus faug —ba

We obtain our required equality (2.1) by putting equality (2.4) and (2.5) in (2.3). O

Remark 1. In Lemma 1, if we set uy = a, us = b and v = x, then Lemma 1 reduces to [17, Lemma
2.1].
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Theorem 7. Let f : I C (0,00) — R be a differentiable function on I°, a,b € I with a <b. If |f] is
harmonically convex function on [a,b], then we have the following inequality:

v — Uy aruy Uy — V bxusg

2.6
(2:6) ’( VU )f(au1+mu1—aw)+< UV >f<buQ+xu2—bx>

bxv aruy

bv+tzv—bx aultzu)—ax
_ [ f(o;)dw—i—/ Y f(o;)dw] ’
brug w azv w
bugfaug —bx avtav—aw

<v m U1)2 [Al(L’M’O, LI @) +1f(a)]) -

uv

AL(L, M, 11 D)([f (un)]) = AL M’l,lyl)(f’(v)l)] -

<u2 _ v>2 [’\3(37 P,0,1,1)(|f (x)] + | f(a)]) —

UV

As(R, P L1 (f (u2)]) — M(R P11, 1><|f'<v>|>],

where T, uy, Uz, v € [a,b].

Proof. Taking the modulus in Lemma 1 and using the properties of the modulus, we have

V— Uy azTuy Uy — V brus
2.7 +
27) ’( VU >f<au1—|—mu1—ax> ( UV )f(bug—i—qu—bx)
bav azuq
bvt+zxzv—bx auq]+zxzuq—ax
V f(c:)dw+/ R L) ‘
bzug w azv w
bugt+zug—bx avtzv—ax

vV — U 2 t
< 1,1t 4 1=t))2
uv o (5 -G+

(ug - v> 2 / !
UgV o (3
By using the Jensen-Mercer inequality for (2.7), we obtain

v — Uy aTuy Uy — U brug
(2.8) f

VU] auy + Tu; — axr UV bus + zus — bx

bzv
bvtzv—ba au +1u azx
V f(c;)dw+/1 = f()dH

bzug w azv

bugtxug—bx avtzv—azx

< (mm) [t (el @] -l - G- ol ) ) d
1 20 (Lt +( )M)
(20 / g g (@O - )] - 0 -0l o) )

8|
+
Sl
\
—
k|~
+
-
|
-~
~—
—
[\
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By integrating and simplification, we get

v — Uy aTuy Uy — U brug
2. —_
(2:9) ‘ ( VU >f<au1 —|—xu1—am>+( UV >f<buQ+qu—bx>

bv+zv—bx auy+tzu)—ax
_[ 1) 40 [ f(@) de

brug w? azv w?

bug+zxug—bx avtzv—ax

< (”‘“1)2[A1<L,M,o,1,1><|f'<x>|+f’<a>|>

VU7

A (L M, 1111 () —A2<L,M,1,1,1><|f'<v>|>} -

<U2 . U)Q [A?’(R’ P,0, 1, 1)(If"(x)] + | (a)]) —

UV

MRy P11 (1 (u)]) — M(R, P11, 1><|f'<v>|>]

Now, we observe that

1 t B(2,1) L
/0 (Lt—(l—t)M)thi M?2 b1 (2’2’3’1 M)’
1 ¢ B(2,1) R
= R (22,81 - =
A (Rt—(l—t)P)th p2 271 < , 2,35 P>’
' 2 B(3,1) I
/0 @ - -nae™ = ae 2h (273’4,1 - M) ,
' £ B(3,1) R
= o (2,341 =2
/0 (Rt—(l—t)P)2dt p2 2 1<73, ; P),
) 8(2,2) L
/0 (Lt—(1 —t)M)2dt =z 2 <2,2,4,1 M) ;
and
' t(l - t) 5(2 2) R
= LR (2,241 -2
/0 (Rt*(lft)P)th p2z 21 ( 74 P)
which completes the proof. -

Remark 2. In Theorem 7, if we set u; = a, ug = b and v = x, then Theorem 7 becomes [17, Theorem

2.2 for s =q=1] and [5, Theorem 26 for s=m =q=1].

Corollary 1. (Ostrowski-Mercer Inequality): In Theorem 7, if we choose |f'(t)] < M, ¥V t € [a,}],
then we have the following Ostrowski-Mercer inequality:

v — Uy aTuy Uy — U brug
2.10
(2.10) ‘( VU >f<au1+xu1—am)+( UV >f<bu2+qu—bx>
- [/m f(b;,)der/auliii}az f(c;)dw] ‘
_ brug W azv w
bugtxug—bx avtzv—ax
v—u\’ uy — v\’
< M{ < 1> |:A1(L7M70a131):| - ( 2 > |:)‘3(R5P7O71’1):|}
VUL uU2v
Proof. The result can be easily obtained by using ‘f’ ((1+1—(1‘+1t))> ' < M and
z ' a uq v
/ 1
/ (<+—<+»>’ =M .

Remark 3. In Corollary 1, if we set u1 = a, ug = b andv = x, then Corollary 1 becomes [17, Corollary
2.1 for s = q=1] and [5, Corollary 28 for s=m =q=1].
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Theorem 8. Let f : I C (0,00) — R be a differentiable function on I°, a,b € I with a <b. If |f']9,
q > 1 is harmonically convex function on [a,b], then we have the following inequality:

’(v—ul)f( azTuy )+<u2—v>f( brus )
VUL aul + rup — ax UV

bus + zus — bx
bz azuy
botzo—bz f(w) aujtzu; —aw f(w)
_ [/ - 2 dw—l—/ dw

azw w?
bustaug—ba avtzv—az

< (%) [ o) % @I 17 @ = 507l + 17 @) 3’

- (22) o o] e i or - S+ 7o)

|~

)

where % + % =1 and x,uy,u2,v € [a,b].

Proof. Taking the modulus in Lemma 1 and from properties of the modulus, we have

V—Up aruy Uy — U brusg
2.11
( ) ‘( VU )f<au1+mu1—ax>+< UV )f<bu2—|—qu—bx)
_[ ITEs e f(w)der/rwli:Ziaz F(w) y

brug w?

bug+tzug —bx

av+t+zv—azx

(>/ Ty
(%) [ ey

By applying the Holder inequality, we get

v —uy aruy Uy — V bxus
(2.12) ‘ ( vy > ! (au1 + zuy —aa:) N < Uz )f <>

bug + Tug — bx
bxv axu]
- U - f(w)dw] ‘

bxug w2

aze w?
2 1 I 1 a 3
v — Uy t P , 1 a
<< >[/<1 T (L tz)dt] {/f TyT (L It dt]
vuy 0 (JE + a (u1 + v )) 0 (x + a (u1 + v ))

() U )
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Applying the Jensen-Mercer inequality, we get
v — Uy aruy Uy — U bxusy
f + f
VU auy + Tu; — ax UV bug + zug — bx

bzv ___aruwy
B [ bv+xzv—bx f(w) dw+ /a’u1+zu1—am f(w) dw‘| '

(2.13)

barug w? azv w?
bugFaoug —ba avfzo—aw

< <uu) (i t)MP)p‘“r

[|f’<x>|q P @~ )l — (1 - t)f’(v)@ dt}

- (uu> [/ ((Rt+ <1t—t>P>2>pth

[|f’<x>|q PG~ ()] — (1 t)lf’(v)lq] dt}

1

q

1
q

On integrating and simplification, we get

v — Uy azTuy Uy — U brusg
(2.14) ( VU )f<au1+xu1a:r> + ( UV )f(bu2+zu2bx)
_ l/ ’ f(b;]) dw+/ i f((;) dw] ‘
bxrug w azv w
bugfaug —bz avfav—az
2 1 1
v—u P 1
< (21 [warorn]| ir@r+r@r - 50w+ o)
2 1 1
Uy — U P 1 a
-(20) @ nopn)| [IF@F 7@ - S07 i+ 1)
where
1
tP _ Blp+2,1) ) L
/0 (Lt—(l—t)M)deti M2p 2F1 2p,p+2,p+3,1 Vi
and the proof is completed. O

Remark 4. In Theorem 8, if we set uy = a, us = b and v = x, then Theorem 8 becomes [17, Theorem
2.6 for s = q=1] and [5, Theorem 42 for s =m = 1]..

Corollary 2. (Ostrowski-Mercer Inequality): In Theorem 8, if we choose |f'(t)] < M, ¥ t € [a,}],
then we have the following Ostrowski-Mercer inequality:

v — Uy azTuy Ug — V brus
2.15
( ) '( VUL )f(aulJrzulax) +< UV >f(bu2+xu2bx>
_V i f(“;)dwr/ ) g ’
brug w azv w

bug faug —bx avtzv—az

2 > 2 ,
< M{ (U_m) [M(L,M,o,p,p)} ‘(W—U) {A?’(R’P’O’p’p)] }
VU u2v

Proof. The result can be easily obtained by using ‘ I (

1
)

/ 1
f <(;+i(;2+1ﬁ))>‘ =M -

Remark 5. In Corollary 2, if we set u1 = a, ug = b and v = x, then Corollary 2 becomes [17, Corollary
2.5 for s = q=1] and [5, Corollary 44 for s =m = 1].

)| < Mana
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Theorem 9. Let f : I C (0,00) — R be a differentiable function on I°, a,b € I with a <b. If |f']9,
q > 1 is harmonically convex function on [a,b], then we have the following inequality:

v — Uy azTuy Uy — V bxus
2.1 _
(2.16) ' < VU >f<au1+xu1—aa:) i < UV )f(bug—l—qu—bx)

e f(w) T f(w)
bv+zv—bx w aultzu] —ax w
e e [ ]

azv
bug tzug —ba avtzv—az

< (=Y awanorn] T o e s e -

AL(L, M1 L D)1 (un)|7) = Ao(L, M, 1,1, 1)(|f’(v)|q)}

() P roan] T ar oL@+ 101 -
AR, P11 1)1/ (u)|) — Ma(R, P11, 1><|f’<v>q>}

where x,uy, uz,v € [a,b].

Proof. Taking the modulus in Lemma 1 and properties of the modulus, we have

v — Uy aruq Uy — V bxus
2.17
( ) ’ < VU >f<au1 +xu1ax>+( UV )f(bu2+zu2b:c)

e f(w) T f(w)
bv+xzv—bx w au]+xu] —ax w
_ l/ s 2 dw+/ . 2 dw ‘

bug txug—bx avtzv—azx
2 .1
v—uy / t , 1 ‘
< — f — dt
(vm ) o GHa—Gr+5Y)? (;+i(;+ﬁ))>
<u2 —v>2/1 t
ww ) Jo (3+5-Go+ 5D

T a Ul v
x

By applying the power mean inequality, we have

v — Uy azTuy Uy — V bxrus
2.1
(2.18) ' ( VU )f<au1—|—acu1—aa:) * ( UV >f<bu2+qu—b$>

__bzv ___awuy
_V I, [T f@)de

brug w azv {JJ2
bug faug —ba avtzv—az

2 1 1-1
vV — Uy t q
1 o (z+3

I
[/01<;+;<} (i +i- J+J>>> ]
() (] (%ﬁf(#%))zdt a
i Tl f/<<3c+é<11;+ ﬁ)) thr'
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By using the Jensen-Mercer inequality, we have
v — Uy axruy Uy — v brus

2.19 _
(2.19) ‘( VU] >f(au1+xu1am)+( UV >f<buQ+qubz>

bzv azuq

buvtzv—bzx au] Fxu) —azx
__[J/ f(i)dw<+‘/w o f(i)dw]'
bruy w aze w

bugfaug —ba avfzv—aw

(U 0 u) ( 01 o t)M)?‘“)l_;
I

t)M)z (|f'($)|q +1f @ =t f ()| = (1 = t)|f’(v)|‘l> dt}
B (“2;})2 (/o1 (tR+ (1t— t)M)?dt>1_q

{/ P ('f @+ 1O =t ()l = (1 - t)f'<v>|q)dt} "

On integrating and simplification, we obtain

Q=

(tL+(1

1

v — Uy aruy Uy — V bxusg

2.20 _
(2:20) '( VU )f(aul—l—xul—ax)Jr( UV >f<bU2+xu2—bx>

bxv aruy

bv+zxv—bx aultzu]—ax
_ [/ f(‘;j)dw—i—/ Y f(o;)dw] ’
brug w azv w
bugtxzug—bx avtrv—ax

< (= “) (0L (0L (1 @)+ @) -

VU1

AL(L, M1 L D)1 (un)|?) = Ao(L, M, 1,1, 1)(|f’(v)lq)}

_ (“) [Ag(R, P01, 1)} [A?,(R, P,0,1,1)(1f @) + | £/ ()|7) -

U2V
R P L W)l = Ma(R,PL L) )]
which completes the proof. O

Remark 6. In Theorem 9, if we set uy = a, us = b and v = x, then Theorem 9 becomes [17, Theorem
2.2 for s = 1] and [5, Theorem 34 for s =m = 1].

Theorem 10. Let f: I C (0,00) — R be a differentiable function on I°, a,b € I with a < b. If | f']9,
q > 1 is harmonically concave function on [a,b], then we have the following inequality:

v — Uy azruy Uy — U brusg

2.21 _—
(221) ‘( VU >f<au1+a:u1—a:z:>+< UV )f(buQ—qug—bx)

__bov ___avu;

bv+xv—bx auq+ru] —ax

_ l/ f(b;) dw +/ o f(C;) dw] ‘
brug w azv w
bugfoug —bz avfav—az

< (”;ﬁ“)z [Al(L,M,o,p, )r’(
_ <“i2_vv>2 [Ag(R,P,O,p q} (

where % + % =1 and where x,u1,u2,v € [a,b].

( : >D
1 1 +
st e oo
(x+b1§i2§
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Proof. Taking the modulus in Lemma 1 and using the properties of the modulus, we have

v — Uy aruy Uy — V bxus
2.22
( ) ‘( VUL >f<au1+a:u1—ax)+( U2V >f<bu2+xu2—bx>
bxv azuy
bv+xv—bx auqtxzu]—ax
_ [ f(o;)dw—i—/ s f(i)dw] ’
__ brug W azv w
bugtaug—bx avtzv—ax

< <U—u1)2/1 ¢ I 1 ‘dt
- vy o (45— (5 +45H)? (z+a— (o +5Y)

(u2v)2/1 t
ugv o 33— (L+5Y)?

uz
brusg
bu2 + zus — bz

By applying the Holder inequality, we get
v—up axuy 90—V
e | ()7 ( NS )f
VUL aul + xup — ax U2V
bxv
FoFzo—b5 T
_V f(c;)dw+/1 = f ]
bxrug w azv
bug faug —bw avtzv—ax

< () | (o)™ [ )7

(55) U Gmpmrizrmn) o] [ (et [
wo ) L \GHE-(E+E0P AN
Since |f’|? is concave function, therefore from inequality (1.10), we have
1 t q 1 q
(2.24) / f’( — ) dt < f/<u'u> g
TG -2
and
1 ¢ q 1 q
(2.25) / f’( = ) dt < fl('u.v) :
SANers Sy e
We obtain our required inequality (2.21) by plugging inequality (2.24) and (2.25) in (2.23). O

3. APPLICATION TO SPECIAL MEANS

For arbitrary positive numbers k1, k2 (k1 # K2), we consider the means as follows:

(1) The arithmetic mean
K1 + Ko

A:A(Kl,liQ): B

(2) The geometric mean
G=G (/11,/12) = \/K1K2.

(3) The harmonic means

o o 2&1/‘62
H—H(Iil,lﬁg) = P +I<52.
(4) The logarithmic mean
£=£(KZ1,KZ2)Z 2 —

Inke —Inky
These means are often employed in numerical approximations and other fields. However, the fol-
lowing straightforward relationship has been stated in the literature.

H<G<L<A
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Proposition 1. For a,b € (0,00), the following inequality is true:

G2 (u1,v G? (v,up
v —uy 11 1N ‘' /11 1\t?
|ame (G- 2) (G20
Us — v F S S T N B R B
*(gm,ug))E((m‘w) ’(m—v) )H
v — Uy U2 — U

< M| <g<>> hiz o] - (g<>) ot P |

Proof. The inequality (2.10) in Corollary 1 for mapping f : (0,00) — R, f(z) = z leads to this
conclusion. 0

Proposition 2. For a,b € (0,00), the following inequality is true:
<gg (;:111)> (2H_1 (@,2) - ufl)_l " (ggz(v_,:z)) (2H_1 (=5 - ugl)_l
e (Goi) ) )
() e(Gri-) G )

< sl (i) s - (i) [ ron]')

Proof. The inequality (2.15) in Corollary 2 for mapping f : (0,00) — R, f(z) = z leads to this
conclusion. g

Proposition 3. For a,b € (0,00), the following inequality is true:
Vv — Uy _1 1\ 2 U2 — U -1 —1\—2
—— | (2H " (a,z) —u + | =——) (2H " (z,b) —u
(o) e =)™+ (i ) 7 =)

1 1
_ |: g2 (U1’U)+mg2 (1)7’1142)”

vV — Uy

< { () s wo] - (555 P o]}

Proof. The inequality (2.10) in Corollary 1 for mapping f : (0,00) — R, f(z) = 2? leads to this
conclusion. O

Proposition 4. For a,b € (0,00), the following inequality is true:
v — Uy 1 —1\—2 U2 — U 1 —1\—2
— " ) (2H _ 2 " )\ (2H _
‘(W (UhU)) ( (.2) — i) "+ (92 (vauz)) ( (@.b) ~uz)

1 1
_ |: g2 (ul,'u) + EQQ (’U,U2):| ‘

vV — Uy

< o (gi) ranorn] (i) Poanrona]'}

Proof. The inequality (2.15) in Corollary 2 for mapping f : (0,00) — R, f(z) = 2? leads to this
conclusion. O
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CONCLUSION

The Jensen-Mercer inequality has been utilized to prove some new Ostrowski-Mercer type inequali-

ties involving the differentiable harmonically convex function. Moreover, we discussed the special cases

of

newly proved results and obtained some new and existing inequalities of Ostrowski and Ostrowski-

Mercer type. It is an interesting and new problem that the upcoming researcher can prove the similar
inequalities for different fractional operators in their future work.
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