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Abstract

In this paper, we study the stability of the zero equilibrium and
the occurrence of flip bifurcation on the following system of difference
equations:
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where a;, b;, ¢;, d;, k;, for i = 1,2, 3, are real constants and the initial
values xg, yo and zy are real numbers. We study the stability of this
system in the special case when one of the eigenvalues is equal to -1
and the remaining eigenvalues have absolute value less than 1, using
center manifold theory.
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1 Introduction

Difference equations and dynamical systems appear in a plethora of sciences
and applied fields, as for example, in biological, economic and social sci-
ences, celestial mechanics, fluid dynamics, nonlinear oscillations and more.
In recent years, an attractive and far-reaching theory over systems of dif-
ference equations has emerged, as a result of the efforts of mathematicians
and scientists from many disciplines.

Studying cyclic systems of difference equations, which are natural gen-
eralizations of symmetric ones (see, e.g., [1, 2]), seems to have been initi-
ated by Iricanin and Stevié¢ in [3]. Natural generalizations of cyclic systems
are the, so called, close-to—cyclic systems of difference equations (see, e.g.,
[4, 5, 6, 7, 8]). Close-to—cyclic systems are also natural generalizations of
close—to—symmetric ones, which have attracted some considerable attention
recently (see, e.g., [9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24,
25, 26, 27, 28, 29, 30, 31, 32, 33, 34]).

An interesting dynamical behavior is featured in difference equations
systems whose the characteristic polynomial of their linearization has zeros
belonging on the unit circle (e.g. [4, 5, 20, 35, 36, 37, 38]), a case for
which Carr [39] and Kuznetsov [40] gave some classical results. A basic
biological model of this category can be found in Berg and Stevié¢ [10] and in
Stevi¢ [38], where the method of the last paper can be modified and applied
to some other equations and systems, as for example, was conducted in
[24, 29, 30, 31, 32, 33, 34, 41, 42, 43, 44]. In addition, Stevi¢ in [37] studied
the asymptotic behavior of the solutions of a non-linear difference equation of
a biological model with unity as a characteristic zero, in the very interesting
case when the sum of the coefficients is equal to one. Moreover, some results



and methods for investigating the existence of specific types of solutions are
derived, for example, in [45, 46, 47, 48, 49].

Numerous applications in biology have the difference equations and the
systems of difference equations with exponential terms, so a large number
of papers dealing with related equations and systems have been published
(see, for example, [12, 20, 36, 37, 50, 51, 52, 53]). Tilman and Wedin in
[54] discuss an ecological model of grassland ecosystem incorporating plant
inhibition by litter, given as:
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where B is the living biomass, L the litter mass, IV the total soil nitrogen, ¢
the time in years and constants a,b,c,d > 0 and 0 < k£ < 1. In this model,
litter decay is determined by d and litter production is k times the living
biomass. Motivated be this model, Papaschinopoulos et al in [16] studied
the boundedness and the persistence of the positive solutions, the existence,
the attractivity and the global asymptotic stability of the unique positive
equilibrium, as well as the existance of periodic solutions of the equation:
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where a € (0,1), a,b,c,d, k are positive constants and x( is a positive real
number. Moreover, in [20] the authors study the stability of zero equilibrium
of the system:
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where a1, a9, b1, ba, c1, co, d1, da, k1, ko, are real constants and the initial
values xg and yg are real numbers.

Now, motivated by the above discrete time model, along with the recent
studies of close-to—cyclic systems of difference equations and the potentials
of difference equations systems with exponential terms, we study in this
paper the stability of the non hyperbolic zero equilibrium and the conditions
under which bifurcation and periodic-cycles occur, of the three dimensional
system:
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where a;, b;, ¢;, d;, k;, for i = 1,2, 3, are real constants and the initial values
g, Yo and zg are real numbers. The zero equilibrium corresponds to the
physical situation where quantities x, ¥y, z vanish.

The analysis is conducted using center manifold reduction theorem, a
method that is especially used in the case where the zero equilibrium is non
hyperbolic. According to center manifold theory, we consider the system:

Tnie1 = F(xy), n=0,1,.. (1.2)

where F : IR¥ — IR is a continuous function. Let F(z*) = 2* be a fixed
point of F. Without loss of generality, we suppose that z* = 0, where
0p is the k-dimensional zero point. Let Jy be the coefficient matrix of the
linearized equation of (1.2) at the zero fixed point. If Jy has ¢ eigenvalues
with modulus one and m eigenvalues with modulus less than one, with
q + m = k, then system (1.2) can be transformed in the form:

H(u,u1) = (Au+ f(u,u1), Bu+ g(u,uy)) (1.3)

where H : IRIT™ — RIT™ o € IRY, uy € IR™, A is an q x ¢ matrix with
eigenvalues lying on the unit circle, B is an m X m matrix with eigenvalues
lying inside the unit circle, f : IR¥ — IRY, g : R¥ — IR™ are C? functions
with f, g and their first order derivatives are zero at the origin, and

(48]

is the Jacobian matrix of system (1.3). Then, according to Theorem 6 in
[39] there is a center manifold h : IRY — IR™ for H, with h(0;) = Op,
Dh(04) = Opmxq, Where Opyxq the m x ¢ zero matrix, and u; = h(u). The
map h can be determined by the equation:

h(Au+ f(u,h(u))) = Bh(u) + g(u, h(u)) (1.4)

and the asymptotic behavior of the zero solution of (1.2) corresponds to the
asymptotic behavior of the zero solution of:

Unt1 = Aup + f(tn, h(uy)) (1.5)

as is proved in Theorem 8 in [39].

The corresponding investigation of the stability of zero equilibrium of
system (1.1) is conducted in the special case when one eigenvalue of the
characteristic equation of the linearized system is equal to -1 and the abso-
lute value of the other eigenvalues is less than 1. In a discrete dynamical



system the existence of an eigenvalue with value equal to -1 corresponds to
the existence of flip bifurcation under certain conditions. In Kuznetsov [40]
it is entirely analyzed the normal form of flip bifurcation. Moreover, in [35]
it is studied the existence of flip bifurcation in a two dimensional discrete
system using normal form analysis.

According to bifurcation theory, the one dimensional dynamical system
depending on one parameter 3:

n— —(1+B8)n+on® (1.6)

where o = +1, undergoes flip bifurcation.

For o = 1, the zero fixed point is linearly stable for small |3| in a neigh-
borhood of the origin with 5 < 0 and linearly unstable for 5 > 0. At =0
the equilibrium is non hyperbolic but is, nevertheless, non-linearly stable.
Furthermore, for 8 > 0 there is a stable period-two cycle, which disappears
as (8 approaches zero from above, and thus, a supercritical flip bifurcation
occurs.

For o = —1, the zero fixed point is linearly stable for small |3| with 5 < 0
and linearly unstable for § > 0, but at S = 0 the equilibrium is unstable.
Moreover, an unstable period-two cycle reveals for 8 < 0, which disappears
at 8 = 0 and a subcritical flip bifurcation takes place.

In addition, on Theorem 4.3 in [40] are given the nondegeneracy condi-
tions under which an one dimensional system can be transformed into the
form of (1.6).

At last, in our study we apply center manifold theory to reduce the
three dimensional system (1.1) to a corresponding one dimensional difference
equation and afterwards we apply normal form analysis to investigate flip
bifurcation on one parameter.

2 Stability of zero equilibrium of System (1.1)

In what follows, we prove the stability of the zero equilibrium of the system
(1.1), using center manifold theory.

Proposition 2.1 Let p; be a real negative constant, pa, ps be real positive
constants such that

0< p3 < é(—1+\/ﬁ), (2.1)

1 1 1 1
2 2
max {O, 5(—1 —p3) + 5\/-3}93 — 2p3 + 3} <py < Z(—1—2p3)+1\/—12p3 —4p3 + 17,
(2.2)



—1—1?2293} <p < —3 — py—p3 — paps

(2.3)
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max {—1 — P2 — p3,
then, the equation
N — (1+p1+p2+p3)A+ 1+ p1+pa+ps+pipa + pips +paps = 0 (2.4)
has two real roots g, A3 such that |\o| < 1 and |A3| < 1.

Proof. Firstly, we prove that
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and
—1—102173} —3 — py—p3 — paps
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Relation (2.1) implies that —3p3 — 2p3 + 3 > 0. Moreover since,

%(—1 +V10) < é(—l +2V13),

from (2.1) we have that —12p% — 4p3 + 17 > 0.
Using (2.1) and since

é(—l +10) < i(—l +V17),

we can easily prove that 0 < i(—l —2p3) + i\/—12p§ — 4p3 + 17. Further-
more, since (2.1) holds, the inequality
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it true. Therefore, (2.5) are satisfied.
We prove now (2.6). We have that for po, p3 positive numbers, inequality
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which is true since (2.2) holds. Moreover, inequality

—1 — pap3 < —% — P2 — P3 — P2p3
p2 + p3 1+ po+p3

is equivalent to
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P2+(§ +p3)p2+p3+§p3—1<0

which holds since relation (2.2) is satisfied. Hence, (2.6) are true.
Followingly, we prove that equation (2.4) has two real roots with absolute
value less than 1. Firstly, we prove that A > 0, where

A= (1+p1+ps+p3)>—4(1+p1+p2+ps+ pip2 + pips + pap3)

the discriminant of (2.4). It holds that A > 0 when 3 + 2p; + 2p2 + 2p3 +
2p1p2 + 2p1p3 + 2paps < 0 or equivalently

—% — P2 —P3 — P2p3

2.7
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p1 <

for po, p3 positive numbers, which is true since (2.3) is satisfied. Further,
the roots of (2.4) have absolute value less than 1, if and only if

|14 p1+p2 +p3| <2+ p1+p2+p3+pip2 +pip3 +pep3 < 2. (2.8)

Inequality (2.8) is equivalent with the following three inequalities:

1+ p1+p2+p3 <2+p1+p2+p3+ pip2 + p1p3 + p2p3

or 1
p2p3 <

p1
p2 +p3

which is true from (2.3),

—2—p1 —p2 —p3 —pip2 — p1p3 — p2p3 < 1 +p1 +p2 +p3

or
0 <2(1+p1+p2+p3) + (1 + p1p2 + p1ps + p2ps3)
which holds when

—1 — paps
max | —1—py —p3, ——— » < p1
p2 + p3



which is true from (2.3), and lastly,

2+ p1 +p2 + p3 + p1p2 + p1p3 + p2ap3 < 2
or
—P2 — P3 — P2P3
14+ p2+ps3

which is true from (2.3). Therefore, the equation (2.4) has two real roots
with absolute value less than 1.

P <

Proposition 2.2 Consider system (1.1) where ay, by, ba, c2, b3, c3 are real
positive constants, c1, az, as are real negative constants and ki, ko, k3, di,
do, d3 are real constants. Let

ek k2 ks
P = Clm; p2 = C2m, b3 = C3m (2-9)
satisfy (2.1), (2.2), (2.8) and
by = — 19243 (2.10)

(14 p1)(1+p2)(1 + p3)bibo

If in addition by, d1 € (—¢,€), where € is a sufficiently small positive number,
then, the zero equilibrium of (1.1) is asymptotically stable.

Proof. At first, we can easily verify that the zero point (xy,yn, 2n) =
(0,0,0) is a fixed point of system (1.1). System (1.1) can be written as
follows:

Tpt1 Tn J1(Zn, Yn» 2n)
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is the Jacobian matrix calculated at the zero equilibrium and
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_ a3 bs ehs= bz ehe
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The characteristic equation of Jy is

aiasas

b1babs

N2 — (p1 + po + p3) A2+ (p1p2 + P13 + p2p3) A — pipaps — =0. (2.12)

If (2.10) holds, equation (2.12) has a solution A\; = —1. Then, we can write
(2.12) as

A4+ 1)(A2 = (1 +p1+p2+p3)A+ 1+ p1 4 po + p3 + p1p2 + p1p3 + pap3) = 0.

Hence, from Proposition 2.1, the other two eigenvalues A2, A3 of Jy satisfy
|A2| < 1 and |A3] < 1. We assume that A3 > Ag.
We let now

Tn Unp,
y’n == T v?‘b Y
Zn Wn,

1 1 1
T = r T9 T3 (2.13)
s1 82 83

ri=—2(p+1), ra=—-8(p1—X), r3=—2(p1—N3),

s1= 2;23 (1 + 1> (p2+1), s2=22 (p — Xg) (p2 — Na), (2.14)
53 = 222 (p1 — A3) (P2 — As). -
Thus,
1 | T2s3—T3s2 S2— 83 Tr3— T2 t11 tiz 113
7! = R TasLTiss ss—s1 Mmooy | = to1 to2 123
r182 — 71281 S1 — S T2 — 1T t31 t32 ts33
where
fy = (1 — A2)(p1 — A3) _ ai(p1+p2— A2 — A3) P aja
U )\2)(1 X)) T @)+ A T biba (T M) (14 Ag)
ty = (1+p1)(p1 >\3) g — ai(p1+p2— A3+ 1) fy = ajaz
(1 + )\2)( ) bl(l + )\2)(/\2 — )\3) ’ blbg(l + )\2)(/\2 — )\3)7
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(1+p1)(p1 — A2) ~ai(1+p1+p2— o) aias

ta) = , tas = , ta3 =
BT T+ A) M=) 2 s — AT+ A3) " 27 biba(As — da)(1 + Ag)

(2.15)
and
bTba(1+ A2)(A3 — A2)(1 + A
R = —r9s1+r381+r1590—r389—7r183+1r9s3 = 1 2( 2)( 23 2)( 3) #0
al(J/Q

the determinant of T'. Then, (2.11) can be written as
Un+1 -1 0 0 Unp, fjl(unavnawn)
Un+1 = 0 X O Un + ]i2 (um Un, wn) ) (2'16)
Wn+1 0 0 AS Wn, f3<un7 Un, wn)

where fi, f» and f3 derive from the product

) fl ('xn(u?% Uns wn)a yn(uﬂd Un, w'n«)v zn(un, Un, wn))
T f2($n<un7 Un, wn)a yn(urw Un, wn)a Zn(una Un, wn))
f3($n(un7 Un, wn)7 yn(una Un, wn)a Zn(una Un, wn))

and are equal to

fi(uavgw) = tzl (Zli (rlu + ToU + 7"31,1.)) (W‘?W — 1) +

c1(u+v+w) ( ekf1—d1 (utvtw) eM )) +

1teF1—di(utvtw) — 11kt

| a2 by —
tiz (bz (31u T S2U 83w) (b2+31u+82v+83w 1) +
eko—da(riutrgvtrgw) ek2
C2 (Tlu + r2v + Tsw) (1+€k27d2(r1u+'r2v+r3w) - 1+€k2 +

b
tﬁ(%i(u—i—v—i-w) (m—1>+

6k3—d3(slu+32v+33w) 6k3
1+ek3—d3(siutsgvtszw) 1+ek3

c3 (s1u + s2v + szw) (

for i =1,2,3 .
X 0

ForA——l,B—[ 0 s

], u; = (v, w) and the C? functions

fluyu) = filuww), glu,u) = [ fggm ] ,
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with f(0702) = 07 9(0702) = (070)T and Df(0702) = 037 Dg(0702) = 02><37
where 0; is the i-dimensional zero vector and 0;x; is the i X j zero matrix,
there exists a center manifold h : IR — IR? with h(0) = 0, #’(0) = (0,0)”
and u; = h(u). We let
() + O(u?)
h(u) = ,
(u) [ Yo (u) + O(ut)
where 91 (u) = C1u4+Cou®, tho(u) = D1u’+Dau® and ¢(u) = (11 (u), Ya(u)).
The use of 1(u) as an approximation of h(u) is justified by Theorem 7 in
[39] . Consequently, according to Theorem 8 in [39] the asymptotic behavior

of small solutions of system (1.1) corresponds to the asymptotic behavior of
the zero equilibrium of the equation:

Uptl = —Up + fl(una ¢(Un)) = G(un) (217)
where

k1—dq(un+1(un)+v2(un)) kq
C1 (un + ¢1(Un) + ¢2(Un)) (lj_ekl—dl(un-Hlfl(”n)+¢2(un)) B 1j»ek1 )) +

t12 (Z; (Slun + 52¢1 (Un) + Sng(un)) (b2+81un+52wf%1tn)+831/12(Un) - 1) +

eka—da(riun+ravy(un)+rzva(un)) ek2
(&) (Tlun + 7'2¢1 (un) + 7’3'¢2(un)) (1+ek2—d2(T1un+7‘2¢1(un)+T37¢’2(un)) - T+ekz -+

R e e R

ekg—d3(s1un+savy(un)+szva(un)) ek3
€3 (Slu” + 8291 (u”> + s3¢2(u”)) (1+ek3—d3(31un+32w1(un)+sgw2(un)) T 14€k3 :

To determine the center manifold h(u), we conclude from (1.4) that the
map h must satisfy the equation:

h(—u+ fi(u, h(u))) = [ g5 f3 ] h(u) + [ fzg“’h(“)) ] L 18)

11

1 (um ¢(Un)) =1n <Zi (Tlu” + 1211 (un) + 7392 (un)) (bl+7‘1Un+1"2¢1b%un)+7"3'¢'2(un) N 1) T



Keeping the terms up to u3, from (2.18), we obtain:

Or = 1 —torar?  tordipi(ci —p1)  topagst  topridapa(ca — pa)
1= 2 - - 2

1— Xy bl C1 b2 C2
_taaz  tazsidaps(cs — p3)

b?)) C3 ’

(2.19)
p - L —tyiarr  taidipi(cn —p1)  tzpasst  taaridapa(ca — pa)
! 1— A3 b% c1 b% C2

_tssaz  tszsidsps(cs — p3)

bg C3 '

(2.20)
Thus, from (2.17),(2.19) and (2.20) we conclude that G'(0) = —1 and

2 _ _
G"(0) = tn, <6a17"1 (—2M1 n ﬁ) n 3(c1 — p1)p1da (_d1(2p1 c1) —4M2>>+

b% b1 c1 1
2 . . 2
s [ 62251 (—2M3 n 31) 4 3(c2 = p2)padar (_d2(2p2 c)ri 4M1>>+
b2 by Cc2 C2
1 — 2p3 — c3)s?
tis 6%& <—2M2 L ) n 3(c3 — p3)p3dssi <_d3( p3 — C3)s1 4M3>>
b3 b3 C3 C3
(2.21)
where
My = Ciro + Diry, My =C1+ D1, M3 = Cisy+ Diss. (2.22)

Then, from (2.10), (2.14), (2.15), (2.21) and (2.22) we can write G"'(0)
as follows:
G"(0) = ®10% + Boby + B3 (2.23)

and ®1, ®5, ®3 are continuous functions of aq, as, as, be, c1, c2, c3, di, do,
d37 ]{71, kg and kg.

Moreover, we can write ®3 as follows:

Dy = ¢1d; + podi + b3 (2.24)
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where

_ 3pi(e1=p1)(P1—A2)(P1—A3)

¢1 = c1 (T+X2) (1+A3) ( c1(—14+22) (= 1+X2)

by = 12p1 (c1—p1) (1+p1)2(p1—A2) (P1—A3) ((P1A2)(P1>\3)(>\2+)\3)+
2= (1+22)(I+X3) are1(—14+A3) (—14+A3)

(1+p1)(1+p1/\27)\§+p1)\37/\2)\37)\§)
arcr(—1+A2)(—1+A3%) )

¢y = Q2—p1)(s—p1) (_6(1+p1)3 + 12(1+p1)4(>\2—p1)(>\3—1)1)(/\2+)‘3))
3= T[T r)(1ths) a? aj(A3-1)(A3-1) '

Consequently, fixing a1, ao, as, b, c1, co, 3, do, ds, k1, ko, ks satisfying
(2.1), (2.2), (2.3), (2.10) and by using (2.23), (2.24), G"'(0) can be written
as a continuous function of b; and d; as follows:

G"(0) = K(by,d1) = ®1b3 + Poby + ¢1d3 + ¢ody + 3. (2.25)

Now, we will prove that ¢3 > 0. From (2.1), (2.2), (2.3) we have that
|A2] < 1 and |A3] < 1, where A\a, A3 are the roots of equation (2.4). Thus,
(14 A2)(1 +A3) >0 and (A3 — 1)(A\2 — 1) > 0. Furthermore, from (2.3) we
can easily prove that p; < —1, s0, (Aa — p1)(A3 —p1) > 0 and (1+p1)3 <0,
where p; is given in (2.9). Moreover, as A2 and A3 are the solutions of (2.4),
we have that Ao + A3 = 1 4+ p1 + p2 + p3 > 0 because p; > —1 — ps — p3
from (2.3), where po, ps are given in (2.9). So, we proved that ¢3 > 0 under
relations (2.1), (2.2), (2.3).

In conclusion, we have that K(0,0) = ¢3 > 0. Since K is a continuous
function, there exists a sufficiently small positive € such that for |b;| < e,
|di| < € we have K(bi,d;) > 0. This implies that for by, di € (—¢,€) we
have G"'(0) > 0. Hence, SG(0) < 0, where

SG(0) = ~G"(0) ~ S(C"(0))

the Schwarzian derivative of G at u = 0.

Thus, we proved that G'(0) = —1 and SG(0) < 0. This implies that
the zero equilibrium of scalar equation (2.17) is asymptotically stable (see
Theorem 1.6, [55]). Consequently, the zero equilibrium of system (1.1) is
asymptotically stable.

3 Flip Bifurcation of System (1.1)

In this section we discuss the sufficient conditions for the existence of flip
bifurcation of system (1.1) occurring at zero equilibrium for the bifurcation

13
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parameter a1, using the center manifold reduction theorem and the normal

form bifurcation analysis. At first, we define:

A =9 dipi(pi—ci)tii _ aoritin T daperi(p2—co)tia
1 c1 b3 c2

— 55 —

ags?tis b2b3(14p1)2(1+p2)%(14p3)%t1s  dspss?(c3—ps)tis
bg agazas c3 ’

A2 _ 3 dlpl(C1—p1)(cl(d12—4M5)—2d1p1)t11 + 2a07’1(7"1 b32b1M4)t11+

1

dapari (C2 —pz)(cz dzr% —2d2p27"% —4M402)t12 2a251 (82 —QMGbQ)tlz N

+ 1
< b3
26202 (14-p1)2(14p2)2(14p3)2 (2a0a2as Ms+b1 b2 (14+p1) (14p2) (14p3) ) t13 n
agaza;
dsp3si1(c3—p3)(c3dzs? —2dzp3si—4Mgcs)tis
2
C3

where p1, p2, p3 are given in (2.9),

My = Caorg + Daors, Ms = Cy+ Dy, Mg = Cysy + Dass,
_ ¢ _ ¢
= _blaf}b)’ Dy = _blaf/l\s)’

1 dipi(pi—c1) _ aor} _ [ depari(ca—p2) | a2s? _

b363(14p1)?(14p2)(14p3)® | dspssi(ca—ps)
2 2 + 7523
agasas c3

_ 1 dipi(pr—c1) _ aori\, [ dzperi(ca—p2) a281 _
D2 T 1-X3 (( c1 b% t31 co + t32

2.2

<b§b§(1+p1) (1+p2)?(1+p3)? 4 daPsS?(c3—p3))t33>,

agasas c3
r=—S(p+1), ro=-2 (1K), r3=-2(p—N),
51 = %é%i (p1 + 1)( p2+1), s2=22 (p = X) (p2— Na),
$3 = ooz (p1— A3) (P2 — A3) ,

_ (P1—=A2)(p1—A3) ao(p1+p2—A2—A3)

1+p1)(p1—2As ao(p1+p2—Az+1)

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)

t1] = AR 03 g = SR T2 a8 | g = o dede
(1+>\2)(1+)\3§ ) b1(1+)\2)(1+>\3) ) b1b2(1+)\2)(1+)\3)’
t

apas

_(
to1 = R
(1+p1)(p1—X2) fao — ap(1+p1+p2—A2
— T (hs—r2)0 8

Proposition 3.1 Under conditions of Propositions 2.1 and 2.2, if

A + AQ#O

14

— Solpitpe—As+l) 4 aga
22 b1(1+/\2)()\27)\3§’ 23 b1b2(1+)\2)(/\27)\3)7

2= bl()\g—)\g)(l—‘r)\g)’ t33 = blbg()\g—)\z)(l—‘y—)\;;) :
(3.6)

(3.7)



and a1 = ag + €g, where €y is a small parameter, the system (1.1) undergoes
a supercritical flip bifurcation near zero fixed point, which is stable for eg > 0
and unstable for eg < 0. Moreover, a stable period-two cycle exists for small
leo| with ey < 0 and disappears as €y approaches zero.

Proof. Consider the system (1.1), where a; = ag + €p is the bifurcation
parameter. The system (1.1) can be written as:

Tn41 Tn f1($n7yn72n,60)
Yn+1 =Jo| yn | + fQ(xm Yny Zn, 60) > (3'8)
Zn+1 Zn fS(xn7yn7Zn760)
where
clekl ag 0
1+ek1 blk
_ cge”2 az
Jo = 0 T+eF2 by
as 0 cgekfi
b3 1+eks

is the Jacobian matrix of the system at (z,y, z,€9) = (0,0,0,0) and

ao bl y ekl—dla: ek1
-0 -1 _
fl(xvyaZaGO) b1y<b1~|—y )+60b1+y+01$ <1+ek1d1x 1_|_€k1 ’

a b eke—day ek
f2(x7y"z760):bzz( 2 _1)+62y< - )7

bo + 2 1+ ek2—d2y 1 4 eh2

a b ek3_d3z ek’B
f3($7y’2760):b3$( 3 1>+632< — )
3

by + x 1+ eks—dsz 1 4 ehs

When (2.10) holds, for a; = ag, the characteristic equation (2.12) of Jp
has a root \; = —1. Moreover, if Ag, A3 are the other two roots of (2.12) with
|A2| # 1 and |A3| # 1, then a flip bifurcation occurs for the non-hyperbolic
zero equilibrium point. In Proposition 2.1 we proved that when (2.1), (2.2),
(2.3) hold, then |2 <1, |A3] < 1.

We diagonalize the matrix Jy, applying the coordinate transformation
(z,y,2) = T(u,v,z), where T is given in (2.13) and r;, s;, i = 1,2,3 in
(3.5). Thus, the system (3.8) is written as:

Un+1 -1 0 0 Un f:].(un7v’n)wn760)
Uny1 | =1 0 A2 O vn |+ | f2(un,vn, wn,€0) |, (3.9)
Wn+1 0 0 )\3 Wn 3(un7 Un, Wn, 50)

15



where

filu,v,w, e0) = t11 32 (r1u + rav + raw) (Wm - 1) +
€0 A e (u v+ w) (liilkzdg;l“(jiﬁl]) _ lj’l‘;lkl )) +
tiz| 2 (s1u+ s2v + szw) (Wﬁ—iww — 1) +
2 (ru + rov + r3w) (1f;k;iQdZ(ITZZ:fTZfTZL) - 1jk62;€2 )) +
t13 Z—g(u—l—v—l—w) (Mﬁ—l)—l—
3 (s1u + sov + szw) (1ii;i3;<3(lsﬁ+i;+iji> - 1i23k3 ))
and
ﬁ(u, v, w, 60) =1 (Z? (Tlu + 79U + Tgw) (Wﬁm — 1) +
c1 (u+v+w) (1ii1k;ild(:(:it1+ﬂz)u) — lilkl) +
tio (2; (s1u + s2v + szw) (bﬁswfm - 1) +
c2 (r1u + rov + r3w) (1iii;i2d(2§j::22++323u> - 1j];2k2) +
ti3<§§§ (u+v+w) (Mﬁ — 1) -
cs (s1u + Sov + s3w) (1ii;g;iﬁif;ti?’s:;) — 1i3k3 >

fori=2,3.
To apply the center manifold theorem depending on parameter €y we
increase the number of equations by writing the system (3.9) in the form:

Un+1 -1 0 0 0 —Un fl(unvvmwnyeﬂ)
€Oni1 | _ 0 1 0 O €0,, L] 0
Un+1 0 0 )\2 0 )\gvn ]ig (un, Un,y, Wn, 60)
Wn+1 0 0 0 )\3 )\3’wn f3 (un, Uny Wpy, 60)
(3.10)
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As_\)\273] # 1 and f;, i = 1,2,3 are C? functions with f;(0,0,0,0) = 0 and
Df;(0,0,0,0) = 04, where 04 the 4-dimensional zero vector, there is a center
manifold M, with the form:

A = (weovw) (v,w)" = h(u,ep),|u| < 61,|e0| < d2,h(0,0) = (0,0)T, DRh(0,0) = Oy,
© | for sufficiently small §; and Jo

where

and
’(/11 (u, 60) = Clﬁou + C2U2 + 03€0u2 + C’4u3

wg(u, 60) = Dlegu + D2U2 + D360u2 + D4u3
for small ¢g. We can determine h(u, €y) applying (1.4):

b R o)eo) = | ¢ 1 i)+ | Eb 0k |,

(3.11)
Keeping the terms up to the third order and comparing the coefficients
of equ, u?, eou?, u?, from (3.11), we obtain the constants C; and D;, i =
1,2,3,4.
According to Theorem 5.1 in [55] the dynamics restricted to M, are given
locally by the smooth map G : IR?> — IR

G(un,eo) = —Up + fl(un,h(u,eo),eo). (3.12)

The map G can be written in a neighborhood of (uy,€) = (0,0) as F' :

17



R? = IR with

2 2
_ riti dipi(p1i—c1)tin  aoritin | dapari(p2—c2)tia
F(U, 60) = —u -+ TGOU + 1 - b? + 3 -

azs3t12 _ b2b2(14-p1)2(1+p2)2(1+p3)*t13 . dspss?(c3—p3)tis ’LL2—|—
b% a%a%as c3

9 M2d1p1(p1—01)t11 o T%tll 4 Mty Miagritin 4 M1d2p2?“1(p2—02)t12 _ Mazagsitia
c1 262 2b1 b? c2 b2

M2b3b3(14+p1)? (14p2)? (14p3)®tis M3d3p351(03—p3)t13>60u2+

2.2
agasas Cc3

1 d1p1(017p1)(61(d174M5)72d1p1)t11 + 2&0T1(T%—261M4)t11+
2 C% b“f
d2p27'1(Cz—pz)(Czdg’r’%—2d2p2'r%—4M482)t12 + 2&251(8%—2M6b2)t12_
2 3
) by
2b§b§(1+p1)2(1+p2)2(1+p3)2(2aoa2a3M5+b1b2(1+p1)(1+P2)(1+p3))t13+
aga3aj
d - d3s?—2d3p3s?—4Mgcs)t
3P351(03 P3)(C3 3522 3P357 603) 13>u3+0(6(2)) +O(u4)
3

(3.13)
where Ml, MQ, M3 are given in (2.22), M4, M5, Mﬁ in (37), C1, CQ, Dl,
D, in (3.4) and 74, s;, tij, 4,5 = 1,2,3 in (3.5) and (3.6) respectively.

We can easily verify that £'(0,0) =0, F,,(0,0) = —1,

r 14+ —A2)(p1—A
Fuep(0,0) = 1jiat = — (Lpnm=dalm—da) o

Fuu(0,0) = Al) Fuuu<070) == A2

where A; and Ag are given in (3.1) and (3.2) respectively. Thus, as (3.7)
holds, the non-degeneracy conditions (B.1) and (B.2) of Theorem 4.3 in [40]:

(B-1) 5(Fuu(0,0))? + 5 Fuuu(0,0) # 0
(B.2) Fuey(0,0) # 0

are satisfied. Consequently, the dynamic behavior of system (1.1) is equiva-
lent to the dynamic behavior of the one dimensional dymanical system (1.6),

where
(I +p1)(p1 — A2)(p1 — A3)
ag(1+ A2)(1 4 A3)

with o = =1, the sign of 2(F,,(0,0))% + £ Fuuu(0,0).

8=

€0

Finally, under the conditions of Propositions 2.1 and 2.2, we have that
(14+p1)(p1—A2)(p1 — A3)/(ap(1+ A2) (14 A3)) < 0, so the zero fixed point is

18



stable for small ¢y > 0 and unstable for ¢y < 0. In Proposition 2.2 we proved
that the zero fixed point is stable for ¢g = 0. Consequently, a supercritical
flip bifurcation occurs, as the stable period-two cycle, that exists for small
€o < 0, disappears as €y approaches zero.
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