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Solving numerically a non-Born-Oppenheimer time-dependent Schrödinger equation to study the
dissociative-ionization of H2 subjected to strong field six-cycle laser pulses (I = 4× 1014 W/cm2, λ = 800
nm) leads to newly ultrafast images of electron dynamics in H+

2 . The electron distribution in H+
2 oscillates

symmetrically with laser cycle with ϑ + π periodicity and gets trapped between two protons for about 8
fs by a Coulomb potential well. Nonetheless, this electron symmetrical distribution begins to gradually
break up for the H+

2 internuclear separation larger than 9 a.u. in the field-free region at a time duration of
24 fs as a result of the distortion of Coulomb potential where the ejected electron preferentially localizes in
one of the double-well potential separated by the inner Coulomb potential barrier. Moreover, controlling
laser carrier-envelope phase ϑ enables one to generate the highest total asymmetry Atot

e of 0.75 and -0.75
at 10◦ and 190◦, respectively, associated with the electron preferential directionality being ionized to the
left or the right paths along the H+

2 molecular axis. Thus the laser-controlled electron slightly reorganizes
its position accordingly to track the shift in the position of the protons despite much heavier the proton’s
mass.

Keywords: laser pulse, time-dependent Schrödinger equation, electronic state, wave packet, Coulomb
potential

I. INTRODUCTION

The interaction of atoms and molecules with light
has been extensively studied along with the significant
progress in ultrafast optics.1–10. Short laser pulses with
duration in the femtosecond time regime are readily ac-
cessible having electric field strengths of the order of
the atomic unit of laser intensity Ia = 1/2ǫ0c |Ea|2 =
3.5 × 1016 Wcm−2. Ea = 5 × 109 Vcm−1 which is the
strength of the Coulomb field experienced by an elec-
tron interacts with a nucleus in the ground state of
the hydrogen atom. On the application of a strong
field whose strength is comparable to the Coulomb
interaction between electrons and nuclei in atoms or
molecules, it is strong enough to compete with the
Coulomb forces in steering the dynamics of electrons.
This leads to the discovery of a great number of new
strong-field phenomena such as the above-threshold
ionization11,12, the above-threshold dissociation13,14,
the above-threshold Coulomb explosion15, and the
high-harmonic generation11,16–19.
The high harmonic generation opens a new route to

produce XUV sub-femtosecond and attosecond laser
pulses with the maximum photon energy calculated
classically by E = Ip + 3.17Up

16, where Up =
e2E2

0/4mω
2 = e2I/4mω2 is the ponderomotive poten-

tial corresponding to the cycle-averaged kinetic energy
of a free classical electron in the oscillating electric field
at an angular frequency ω, acting as a potential to eject
the electron from a region of peak intensity I, and Ip
is the zero-field ionization potential16,20. As a non-
perturbative nonlinear process, high harmonic gener-
ation has opened up a whole new research area such as

a)Electronic mail: mnoh@um.edu.my; Author to whom corre-
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femtochemistry and attoscience in measuring the dy-
namics of electron and nucleus on their natural time
scales1,21–23. It can be well understood qualitatively in
the framework of a semi-classical three-step model20.

The control of the electronic population with a strong
field has been always one of the main aims in ultra-
fast science1,21–23 and currently an active area of re-
search because of its potential application in control-
ling chemical reactions. In common practice, to con-
trol the populations arises from the ability to control
generally the electric field rather than the envelope of
a laser pulse. Several experimental schemes have been
implemented to study the carrier-envelope phase effects
in dissociative ionization of molecules H+

2 /HD
+24 and

H2/D2
25–28, and in the ionization of atoms Kr29 and

Rb30. Moreover, extensive theoretical calculations us-
ing such as the time-dependent methods on two field-
coupled electronic potentials of H+

2 /HD
+ have been

performed to understand the underlying process of the
laser-controlled electron motion31–35. The dependence
of the electron asymmetry of above-threshold ioniza-
tion on the carrier-envelope phase of few-cycle pulses
for atoms has been studied theoretically31–35. The de-
pendence of the angular distribution of electrons on the
carrier-envelope phase of circularly polarized few-cycle
pulses has been investigated for symmetric molecules36.
Further theoretical works have been performed to inves-
tigate the carrier-envelope phase dependence in molecu-
lar isomerization37–41 and high harmonic generation42.

As the simplest molecule with electron interaction in
nature, I chose the hydrogen molecule H2 that provides
a unique system for studying molecules in strong laser
fields5,43,44. The aim to resolve vibrational and elec-
tronic dynamics in H2 hence has set off two branches of
advancement in shorter laser pulses and imaging tech-
niques. In this work, a pulse with a wavelength of 800
nm excites H2 molecule from a specific vibrational level
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of its ground electronic state X1Σ+
g to a level leading

to above-threshold ionization when the ionized electron
keeps absorbing further photons. Here, I report the
realization of such actively control field over the elec-
tron dynamics in H2 and its ionization product H+

2 by
numerically simulating the time-dependent Schrödinger
equation with a full range of the carrier-envelope phase
of the laser field45. As a result, I can quantify the newly
electron localization on either side of the nuclei during
dissociation of H+

2 .

II. THEORY

Within a non-Born-Oppenheimer formalism, I
write a complete multi-dimensional time-dependent
Schrödinger equation for the H2 molecule in a linearly
polarized laser field as46

i
∂ψ(z1, z2, R, ϑ, t)

∂t
= Ĥψ(z1, z2, R, ϑ, t) (1)

Ĥ =− 1

mN

∂2

∂R2
− 1

2

(

∂2

∂z21
+

∂2

∂z22

)

+
1

R

− 1
√

(z1 −R/2)2 + a
− 1

√

(z1 +R/2)2 + a

− 1
√

(z2 −R/2)2 + a
− 1

√

(z2 +R/2)2 + a

+
1

√

(z1 − z2)2 + b
+ E(ϑ, t)(z1 + z2)

(2)

where mN is the mass of a nucleus, R is the relative
H-H internuclear distance, zi is the coordinate of an
electron i with respect to the nuclear center of mass,
a = 0.7 and b = 1.2375 are parameter values chosen for
the soft-core Coulomb potential to reproduce accurately
the first three Coulomb potentials of H2.

The laser-molecule interaction potential is given by
E(ϑ, t)(z1 + z2) that induces a time-dependent radia-
tive coupling. In a dipole approximation and Coulomb
gauge, I derive the laser field E(ϑ, t) from a vector po-
tential to give46

E(ϑ, t) = ǫ(t) cos[ωt+ ϑ] +
sin[ωt+ ϑ]

ω

∂

∂t
ǫ(t) (3)

where ω is the laser angular frequency, ϑ is the carrier-
envelope phase and ǫ is the envelope function for a few-
cycle laser pulse in the form of

ǫ(t) =

√

I

Ia
cos2

[

πt

ttot

]

,

where ttot is the pulse duration. Fig. 2 shows the six
optical cycles laser pulse as a function time (in fs) with
its maximum amplitude at ttot = 8 fs.

The laser control parameters can be set differently,
depending on the selected laser pulse wavelength and
shape of the electric field such as previously experi-
mental set-up of carrier-envelope phase controlled laser
field composed of 800 nm pulse47, two-color laser field
consisted of 400 nm/800 nm pulses27, mid-IR two-color
field composed of 900 nm/1800 nm pulses48, and mid-
IR carrier-envelope phase controlled laser field with
2100 nm pulse49. With the chosen wavelength λ = 800
nm, I calculate the laser parameters of frequency ω =
45.56/λ = 0.057 a.u., period τ = 2π/ω = 2.67 fs, elec-
tron ponderomotive radius α =

√

I/ω4Iau = 33 a.u.,
and ponderomotive energy Up = I/(2ω)2 = 0.88 a.u..

Numerically solving for equation (1) requires the
electronic-nuclear wave packet ψ to be propagated with
time intervals [t, t+∆t]. I achieve this using the second-
order split operator technique46,50 as follows

ψ(z1, z2, R, ϑ, t+∆t)

= exp
(

−iĤ∆t− iVdamp∆t
)

ψ(z1, z2, R, ϑ, t)

≈ exp

(

−iVdamp
∆t

2

)

exp
(

−iĤ∆t
)

exp

(

−iVdamp
∆t

2

)

× ψ(z1, z2, R, ϑ, t)

(4)

by adding a damping potential Vdamp and a time-step
of ∆t = 3.4475 a.u. is used. In order to propagate
the wave packet in time, equation (4) requires repeated
operations of the exponential time evolution operator
on ψ(z1, z2, R, ϑ, t) on an equally electron spaced grid of
size −254 ≤ zi ≤ 254 a.u. consisting of 1008 grid points
for each electron and a nuclear spaced grid of size 0 ≤ R
≤ 48 a.u. consisting of 320 grid points. I chose the grid
size in such a way that its size exceeded the maximum
electron excursion α. Some portions of the dissociating
wave packet will eventually reach the boundary of the
numerical grid and unphysically reflected back onto the
grid. In order to prevent such reflection, I employ the
following complex damping potential36,46,51–53

Vdamp(Γ) =

{

0.0 ; Γ < Γdamp

−iAdamp ln
[

cos
(

Γ−Γdamp

Γmax−Γdamp

)]

; Γdamp ≤ Γ ≤ Γmax

With this scheme, the damping Γdamp is turn on at
Rdamp = 40 a.u. and zdamp = ±246 a.u. which Γmax

represents the size of the grids for R and z, while I op-
timize the dimensionless parameter Adamp to give the
strength of the damping. I have verified that the ab-
sorber led to only a few percent loss of the norm near
the end of the pulse.

Both of the H2 and H+
2 molecules do not have a per-

manent dipole moment. The dipole exists when it is in-
duced through the coupling between its electronic states
and the electric field. The coupling is non-perturbative
and nonlinear processes. On top of that the promotion
of H2 to H+

2 strongly depends on the parallel align-
ment of the molecular axis with respect to the elec-



Controlling Quantum Wave Packet 3

tric field polarization vector. Therefore, the promo-
tion must subject to upon an initial electronic-nuclear
wave packet51–53 consisting of g symmetry-type elec-
tronic wave function:

ψ(z1, z2, R, ϑ, t = 0) = µz(ϑ, t)ψi (z1, z2, R) (5)

where

µz(ϑ, t) = 〈ψ(z1, z2, R, ϑ, t) |(z1 + z2)|ψ(z1, z2, R, ϑ, t)〉
is the z-component of the laser-induced transition
dipole moment connecting the electronic states, and
the evolution of ψ as the electronic-nuclear ground
state wave function for H2 starting from t = 0 prop-
agated in time using equations (4). Generally, I write
ψi (z1, z2, R) as a product of electronic and nuclear
Born-Oppenheimer wave functions,

ψi(z1, z2, R) = σg(z1, z2 : R)ψg,v (R : Ei) (6)

where σg is the electronic wave function parametri-
cally depending on all nuclear degrees of freedom R
and ψg,v is the eigenfunction (represents the bound-
state nuclear wave function) of the time-independent
Schrödinger equation51–53
{

− 1

mN

∂2

∂R2
+ V (z1, z2 : R)

}

ψg,v (R) = Evψg,v (R)

(7)

in the electronic state with energy Ei. One-electron
wave function σg for H+

2 is shown in Fig. 1 and can also
be obtained from equation (9) at t = 0 fs.
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FIG. 1. (i) The evolution of the one-electron nuclear wave
packet σg(zi) or Φ′

e (in arbitrary unit) of H+
2 as a func-

tion of z and R at fixed of ϑ = 0◦ and t = 0 fs calculated
using equation (6) or (9); (ii) The superimposed of one-
electron Coulomb potential (in a.u.) of H+

2 as a function
of z and R at a fixed of ϑ = 0◦ calculated using equation
−1/

[

(z1 −R/2)2 + a
]

−1/
[

(z1 +R/2)2 + a
]

+z1E(ϑ, t) ap-
pears in equation (2). The initial nuclear wave function ψg,v

in equation (6) is in the vibrational energy level of v = 3
following the first ionization of H2 molecule54.

III. RESULTS

A. Electronic wave packet dynamics of H+
2

In the following discussions, I address the details
mechanism to understand the ultrafast electron dynam-
ics of H+

2 by analyzing directly the calculated two-
electron nuclear wave packet ψ(z1, z2, R, ϑ, t). The
main parameter to be concerned is the carrier-envelope
phase of the laser field in steering the electron. The
current non-Born-Oppenheimer calculation allows me
to take the electron and nuclei into account to describe
both the ionization and dissociation steps concurrently.
It is important to note that the rotational motion of the
molecule with respect to the polarization of the electric
field is a relatively slow process, which occurs on the pi-
cosecond timescale. While, the electron motion occurs
faster than the femtosecond timescale, and hence, the
rotational motion can be presumably frozen.

Following a radiative coupling of σg and σu states,
their coherent superposition leads to the electron local-
ization on either side of H+

2 depending on the phase of
the laser field. I monitor the one-electron localization
in the time domain based on the following wave packet
evolution

Φe(z1, ϑ, t) =

∫ R0

0

dR

{
∫ −z0

−∞

dz2 |ψ(z1, z2, R, ϑ, t)|2

+

∫ ∞

z0

dz2 |ψ(z1, z2, R, ϑ, t)|2
}

(8)

by integrating out over the nuclear coordinate R and
the ionized electron coordinate z2 from the ionization of
H2 in the continuum is subjected only to the laser field
and does not feel the influence of the Coulomb potential
any longer. This electron follows the oscillation of the
laser field where its classical maximal displacement is
defined by α and with the applied intensity and wave-
length, the electron travels up to 1.75 nm away from
its parent ion. I consider z0 = 33 a.u. to represent the
single ionization of electron where z0 is the distance of
the electron from the center of mass of H2.

In equation (8), I consider R0 = 2, 3 a.u. to repre-
sent H+

2 near its equilibrium separation in which the
electronic wave packet dynamics is primarily diabatic,
R0 = 4 a.u. to represent H+

2 near the two lowest field-
dressed degenerate states σ− and σ+ in which the dy-
namics is primarily adiabatic and R0 = 5, 6, 7, 8 a.u. to
represent H+

2 at the dissociation channel where the dy-
namic is the mixture of adiabatic and diabatic54. Based
on the two lowest electronic states σg and σu of H+

2 , I
can monitor the one-electron nuclear wave packet with
specific ϑ against time as follows

Φ′

e(z1, R, ϑ, t) =σ
a
−(z1, R)

∫ −z0

−∞

dz2ψ(z1, z2, R, ϑ, tf)

+ σa
+(z1, R)

∫ ∞

z0

dz2ψ(z1, z2, R, ϑ, tf)

(9)

where σa
± are defined by

σ±(z1, R) =
1√
2π

[σg(z1, R)± σu(z1, R)] (10)
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It is assumed that σg > 0 everywhere and σu > 0 at
z1 > 0, z1 ≈ R/2. In the absence of an external field,
σ+ and σ− levels are always degenerate.

During a molecule rearrangement, the motion of the
nuclei can be followed by a reorganization of the elec-
tronic structure. It is the motion of the nuclei that sets
the time scale of 10−14 s because the electronic reorga-
nization on the 10−17 s exactly tracks the shifts in the
positions of the nuclei. Therefore, it is often unjustified
to approximate that electronic and nuclear motion are
decoupled from one another. In this works of the multi-
dimensional electronic-nuclear wave packet, I use equa-
tion (8) to set the dynamics of the nuclei to be frozen
around which the electron evolves. At a particular nu-
clear configuration, a single laser pulse attempts to re-
organize the electronic wave packet Φe so that the elec-
tron distributes according to the laser-dressed Coulomb
potential landscape. To relate the instantaneous ad-
justment of the electron with the position of the nuclei,
I carry out comparative studies with the one-electron
nuclear wave packet derived from equation (9). I keep
the carrier-envelope phase of both equations (8) and (9)
fixed at ϑ = 0◦.

Figure 2 shows the electronic wave packet Φe in re-
lation with the potentials σg and σu, immediately after
the first ionization of H2. The initial Φe is characterized
by one node separating the two peaks, which are the po-
sition of the protons. The Φe accelerates towards the
equilibrium separation of H+

2 , R = 2 a.u., associated
with a small region of the squeezed orbitals in the laser
field. Figure 2 depicts the evolution of Φe by setting
up R0 = 2 in equation (8). Even though the electron
feels substantial attraction from both protons at this R,
most of its time being delocalized in the laser field due
mainly to accommodate the localized periodic field.

As the R increases, the Φe spreads faster over the
laser cycle when it traverses the laser focus located at
the center of the six-cycle pulse at a time duration of 8
fs. Comparing the wave packets when I set up R0 = 3
and R0 = 4 a.u, the electron distribution shows slight
discontinuation around the laser focus. This indicates
the electron continuously gaining energy from the field
to accelerate as it passes the laser focus. The critical
internuclear distance at R = 4 is the location of two-
photon crossing of the field-dressed diabatic potentials
for the σg and σu states. The detailed discussion on
the potentials can be found in reference (54)54. The
crossing creates a potential barrier for the lower state
σg. It approximately coincides with the position after
the Φe passing through the laser focus. Thus the accel-
eration can be attributed to the non-adiabatic phenom-
ena of the electron tunneling through the barrier54–58.
Other interesting phenomena from bond softening59–66

and vibrational trapping66–72 of H+
2 in the proximity

of the barrier has been extensively studied and success-
fully imaged recently reported in reference (54)54.

Further analysis of Fig. 4 using equation (9) reveals
that the one-electron nuclear wave packet Φ′

e begins to
interact with the distorted Coulomb barrier formed by
the electric field and the static Coulomb potential at a
time duration of 8 fs which coincides with the laser fo-
cus. Experimentally, D2 molecule takes 4 fs using sub-8
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FIG. 2. (i) Evolution of the initial electronic wave pack-
ets Φe (in arbitrary unit) as a function of t and R for H+

2

calculated using equation (8) with fixed of t = 0, ϑ = 0◦

and R0 = 2 − 7 a.u. (ii) Six optical cycles laser field E
(in arbitrary unit) as a function of t and ϑ calculated using
equation (3) with fixed of ϑ = 0◦.

fs pulses to explode and significantly stretch the bond
length73,74. The Coulomb barrier located between the
two protons begins to appear around R = 4 a.u. il-
lustrated by the superimposed contour map in Fig. 4.
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FIG. 3. Evolution of the initial electronic wave packets Φe

(in arbitrary unit) as a function of t and R for H+
2 calcu-

lated using equation (8) with fixed of t = 0, ϑ = 0◦ and
R0 = 9 a.u. (ii) Six optical cycles laser field E (in arbitrary
unit) as a function of t and ϑ calculated using equation (3)
with fixed of ϑ = 0◦ (iii) Electron asymmetry parameter Ae

(dimensionless quantity) as a function of t and ϑ calculated
using equation (11) with fixed of ϑ = 0◦.

In other words, the Φ′
e takes about 8 fs being trapped

in the Coulomb potential well before entering the inner
Coulomb barrier region consists of a double-well po-
tential. This phenomenon can be also associated with
vibrational trapping of the nuclear wave packet in the
lowest σg state54. Up to this point, the electron dis-
tribution is symmetric with respect to the center of
mass of H+

2 . After this point, the electron distribu-
tion splits into two ionization paths. As shown in Fig.
2, the electron involves the tunneling ionization after 8
fs being driven back and forth by the periodic electric
field towards both right and left protons as the molecule
stretches higher than 4 a.u.
As the electron to leave the laser focus for distances

larger than R = 4 a.u., Fig. 2 displays the electron be-
gins to concentrate at the end of the laser cycle to ad-
just its distribution according to the edge shape of the
carrier-envelope phase. At this region of Rs, the elec-
tron has just passed through the barrier arising from
the two-photon crossing54. Setting up R0 = 6, the dis-
tribution begins to leave completely the laser focus and
accelerates further into the field-free region. Apart from
increasing in acceleration, the ejected electron traverses
the laser focus rapidly quivering. Setting up R0 = 7,
the fast quivering electron can be seen in Fig. 2, which
its distribution begins to split concentrated on both
protons.
At R = 9 a.u, Fig. 3 depicts the Φe in the phase

to leave the field where the electron begins to favorably
stick on one of the protons, accompanied by the dissoci-
ation of H+

2 to form either H + H+ or H+ + H. Looking
back at Fig. 4, the electron distribution remains nearly

symmetric up to 12 fs. When the Φ′
e evolves after 16 fs,

its distribution is clearly no longer symmetric after the
molecule stretches longer than 9 a.u. Experimentally,
this electron localization have been imaged in real time
by using carrier-envelope phase controlled laser pulses
from a Mach-Zehnder interferometer which allows to
probe the electron localization in H+

2 within 15 fs at an
internuclear distance of about 8 a.u.75. In the separated
atoms, the electron distribution is concentrated in two
rather small regions about each nucleus. Thus as R
stretches further, the kinetic energy of the ejected elec-
tron increases gradually in the field-free region. This is
revealed in Fig. 4 as the bulk of distribution reaches 20
a.u. in just 36 fs at the right side of the molecule. It
takes exactly the opposite path of the steepest-descent
of the Coulomb potential. Noted that the region be-
tween the nuclei is classically forbidden for large R, but
it is still accessible according to quantum tunneling.

As the H+
2 molecule stretches to a longer R following

ionization, it can reach a limit where the nuclei are too
far apart and the electron-proton Coulomb attraction
becomes too weak for binding, resulting in dissociation
of H+

2 to H + H+. At large R where the Φe leaves
completely the field, the coherent superposition of H+

2

orbitals as σ+ is presumably localized at the right pro-
ton H+, z1 = R/2 > 0 or as σ− to be localized at the
left proton H+, z1 = −R/2 < 0. In other word, the
proton H+ localizes at z1 < 0 for σ+ or at z1 > 0 for
σ−. Thus as R increases and the H+

2 orbitals are dis-
torted, its Coulomb potential and the laser field form
the inner barrier to further ionize H+

2 . This impor-
tant nonlinear effect is a result of interference of two
lowest H+

2 states leading to charge resonance enhanced
ionization66,76–78. For the strong-field ionization of such
two-center H+

2 molecule consisting of two Coulomb po-
tential wells, the two most important orbitals σ± could
be the highest occupied molecular orbital (HOMO) or
the lowest unoccupied molecular orbital (LUMO). In
particular, the effect of the phase-dependent resonance
enhanced ionization on the ratio of electron localization
between the two ionization channels is very important
to be investigated. I will represent the ratio in terms of
an asymmetry parameter in the following section.

B. Electron localization in H+
2

In the absence of the electric field, the H+
2 electron is

not inherently predetermined moving on the left or the
right along its molecular axis. However, the direction
can be predetermined in the presence of the electric field
provided that the gradient of the laser-dressed Coulomb
potential is known beforehand. Various control experi-
ments have been carried out for the last fifteen years to
investigate the influence of parameters like pulse du-
ration, intensity, wavelength, and polarization direc-
tion on either carrier-envelope phase control47,79–81, or
two-color control combined ω + 2ω fields27,48,82,83, or
ω+3ω84, and also on the attosecond time-resolved elec-
tron dynamics in H2

85.

As far as the most probable controlled direction of
electron motion is concerned, one requires an asymme-
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FIG. 4. (i) Evolution of the one-electron nuclear wave packets Φ′

e (in arbitrary unit) of H+
2 as a function of z and R calculated

using equation (9) with fixed of ϑ = 0◦ and t = 4− 36 fs; (ii) Superimposed of one-electron Coulomb potential (in a.u.) of
H+

2 as a function of z and R with fixed of ϑ = 0◦ calculated using equation −1/
[

(z1 −R/2)2 + a
]

− 1/
[

(z1 +R/2)2 + a
]

+
z1E(ϑ, t) as appears in equation (2).

try parameter A to quantify it, which I can express the
temporal electron asymmetry for the wave packet evo-
lution in Figs. 3 as follows

Ae(ϑ, t) =
P+
e (ϑ, t)− P−

e (ϑ, t)

P+
e (ϑ, t) + P−

e (ϑ, t)
(11)

by projecting the wave function ψ(z1, z2, R, t) onto the
electronic states in Eq. (10) where

P±

e (ϑ, t) =

∫ ∞

R1

dR

{
∫ −z0

−∞

dz2 |ψ±(z2, R, ϑ, t)|2

+

∫ ∞

z0

dz2 |ψ±(z2, R, ϑ, t)|2
}

,

(12)

ψ± are defined by

ψ+(z2, R, ϑ, t) =

∫ 0

−z0

dz1σ+(z1, R)ψ(z1, z2, R, ϑ, t),

(13)

ψ−(z2, R, ϑ, t) =

∫ z0

0

dz1σ−(z1, R)ψ(z1, z2, R, ϑ, t).

(14)
and −1 ≤ Ae ≤ +1 namely Ae equals 0 for equal elec-
tron distribution, and ±1 for the highest degree of elec-
tron localization on the right or the left side of H+

2

molecule, respectively. All the ϑ-dependent effects in
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Eqs. (13) and (14) in general have been understood
as resulting from the interference between two quan-
tum channels corresponding to different numbers of ab-
sorbed photons86. In this perspective, ϑ control is a
form of more general coherent control27,87.

Figure 3 shows the newly electron asymmetry Ae

monitored in time when H+
2 stretches to 9 a.u. In the

laser field, there is an almost perfect one-to-one cor-
respondence between the Ael and the localization of
the Φe concerning its ratio on the left and right sides
of H+

2 . The electron direction is not preferentially lo-
calized in this region and the trend continues until it
enters the field-free region with times duration exceed-
ing 16 fs. The ejected electron preferentially localizes
after 24 fs and its degree of localization keeps increas-
ing with time. Comparing to the plot in Fig. 4 for the
field-free evolution of Φ′

e at t = 24 fs, one observes that
the one-electron wave packet in Fig. 3 becomes dom-
inant in determining the localization of the entire H+

2

molecule where the electron favorably localizes at the
right side, while the proton oppositely localizes track-
ing the downwards direction of the Coulomb potential
slope with kinetic energies ranging from 1.5 eV to 4.5
eV. So far, I have only considered the wave packet evo-
lutions by setting-up ϑ = 0◦. I can investigate the
variation of the asymmetry Ae for all ϑs by considering
the above-threshold ionization spectra for H+

2
2,4,6–8.

The electron asymmetries for a such case can be cal-
culated based on the following expression

Ae(ϑ,Ee) =
S+
e (ϑ,Ee)− S−

e (ϑ,Ee)

S+
e (ϑ,Ee) + S−

e (ϑ,Ee)
. (15)

where S±
e are the above-threshold ionization spectra for

the H+
2 electron localized on the right and left protons.

For a series of ϑ, I can determine S±
e as the following

S±

e (ϑ,Ee) =
1

|pe|

∫ ∞

0

dR

∫ z0

−z0

dz1
∣

∣ψ̄±(ϑ, pe, z1, R)
∣

∣

2

(16)
where Ee = p2e/2 is the kinetic energy with its cor-
responding linear momentum pe and ψ̄± are the wave
functions for electron evaluated at z0 > 200 a.u. to al-
low the electron of H+

2 to be ionized. Inserting Eq. (16)
into Eq. (15), I obtain

Ae(ϑ,Ee) =

∫ ∞

0

dR

∫ z0

−z0

dz1

×
{

∣

∣ψ̄+(ϑ, pe, z1, R)
∣

∣

2 −
∣

∣ψ̄−(ϑ, pe, z1, R)
∣

∣

2

∣

∣ψ̄+(ϑ, pe, z1, R)
∣

∣

2
+

∣

∣ψ̄−(ϑ, pe, z1, R)
∣

∣

2

}

.

(17)

At each time step tf , the electron wave packet of H+
2 is

picked out and the fast Fourier transformation is per-
formed to obtain the momentum distribution for the
electron,

ψ̄+(ϑ, pe, z1, R) =
1√
2π

∫ ∞

z0

dz2 exp(−ipez2)

× ψ(z1, z2, R, ϑ, tf) for pe > 0,

(18)

ψ̄−(ϑ, pe, z1, R) =
1√
2π

∫ −z0

−∞

dz2 exp(−ipez2)

× ψ(z1, z2, R, ϑ, tf) for pe < 0,

(19)

where z0 = 33 a.u is considered to represent the single
ionization for H2 electron moving on the right side of
proton i.e. H + H+ + e or on the left side of proton
i.e. e + H+ + H.

Figure 5 shows the newly calculated asymmetry pa-
rameter Ae for a single electron steered in the laser field.
I can generally identify two energy regions according to
the modulation of the ϑ-dependent Ae. A slight rapid
motion of the quivering electron in the laser field for
all ϑs generates kinetic energies Ee less than 24 eV.
This energy region corresponds to the electron moving
in the barrier-less Coulomb potential for small R < 4
a.u as depicted in Fig. 4. At this short R, the bound
electron follows the laser field adiabatically, tunneling
between both sides of H+

2 as the laser field oscillates
leading to the observed strong ϑ-dependent asymmetry
modulation. The Ae ranging from -0.4 to 0.4 indicates
that the electron is weakly preferential being localized
to the left or right of the molecule. Thus the two-fold
nearly degenerate of the dressed σ+ and σ− states are
about equally occupied by the electron population.

The electron in the six-cycle pulse leaves the laser fo-
cus with quiver kinetic Up = 24 eV acting as a potential
to eject the electron with high velocity. In the field-
free, one can steer the ejected electron with a higher
Ee starting from 24 eV up to 600 eV. As R stretches
to 9 a.u., the corresponding Coulomb potential shows
a much higher and wider inner barrier that the elec-
tron has less probability to transverse, swinging back
and forth between protons after t = 16 fs. Depending
on ϑ, the strong field can effectively distort the gradi-
ent of Coulomb potential along the molecular axis. For
ϑ = 90◦, 180◦, the laser-dressed Coulomb potentials al-
most resemble that one of the field-free symmetrical
Coulomb potentials. One can expect at these phases
that the electron motion generates the lowest Ae nearly
to 0.

For ϑ = 0◦ − 20◦, the distorted potentials with two
field-induced levels of σ− and σ+ being the highest oc-
cupied molecular orbital (HOMO) and the lowest unoc-
cupied molecular orbital (LUMO) lie in two Coulomb
potential wells z1 < 0 and z1 > 0, respectively. As H+

2

vibrates towards the largerR, the electron can no longer
follow the laser field, the separation between molecular
levels σ− and σ+ increases, where the Stark effect down-
shifts the σ− level and up-shifts the σ+ level by the
same amount of energy. Since the barrier height sep-
arating the two wells increases considerably, the elec-
tron gets trapped, ending its route in the upper poten-
tial well. This leads to electron localization and thus
dissociative-ionization, and acts as well as the trigger
of charge resonance enhanced ionization66,76–78. Con-
versely, the Coulomb potentials for ϑ = 180◦ − 200◦

distort in such a way that the σ− becomes LUMO and
σ+ becomes HOMO as R separation increases and en-
hances the opposite mechanism of electron localization
being preferentially on the left proton.

To coherently control electron localization in both
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σ− and σ+ levels, the spatial-temporal overlap between
both nuclear wave packets propagating along the elec-
tronic states σg and σu of opposite parity as in Eq. (10)
must interfere with each other when they arrive at the
same time in the dissociation region such that these two
states are nearly degenerate at large Rs where dissocia-
tion occurs. Such a spatial-temporal overlap of nuclear
wave packets is likely to occur when their kinetic energy
distribution is similar.

Increasing R leads to very high kinetic energies of the
electron and the asymmetries for those phases remain
constant, which indicates the electron moving preferen-
tially in one direction. Above Up also, the asymmetry
modulation exhibits smoothly periodic ϑ-dependence
with π periodicity. Previous experimental results show
how those dissociative-ionization channels and charge
resonance enhanced ionization depend on laser intensity
for pulses at 800 nm where the bond-softening channel
dominates for low intensity, then the above-threshold
dissociation takes over with increasing intensity, and
end up with the charge resonance enhanced ionization
channel to be the most dominant one for the highest
intensity88.

It is also interesting to find a total asymmetry by
integrating out the electron spectra over energies or
momenta. For a series of ϑ, I can express the total
asymmetry for the electron distribution as

Atot
e (ϑ) =

P+
e (ϑ)− P−

e (ϑ)

P+
e (ϑ) + P−

e (ϑ)
, (20)

where

P±

e (ϑ) =

∫ ∞

Emin

dEeS
±

e (Ee). (21)

Inserting Eq. (16) into Eq. (21) to yield

P±

e (ϑ) =

∫ ∞

Emin

dEe

1

|pe|

∫ ∞

0

× dR

∫ z0

−z0

dz1
∣

∣ψ̄±(ϑ, pe, z1, R)
∣

∣

2
,

(22)

while inserting Eq. (22) into Eq. (20), I obtain

Atot
e (ϑ) =

∫ ∞

Emin

dEe

1

|pe|

∫ ∞

0

dR

∫ z0

−z0

dz1

×
{

∣

∣ψ̄+(ϑ, pe, z1, R)
∣

∣

2 −
∣

∣ψ̄−(ϑ, pe, z1, R)
∣

∣

2

∣

∣ψ̄+(ϑ, pe, z1, R)
∣

∣

2
+
∣

∣ψ̄−(ϑ, pe, z1, R)
∣

∣

2

}

=

∫ ∞

Emin

dEe

1

|pe|
Ae(ϑ,Ee)

(23)

and Emin = 0.1 a.u. for electron. Figure 6 displays Atot
e

covering all the kinetic energies gained by the electron,
Ee. Apparently, there are two lobes representing the
most preferential ionization channels that electron can
take place during dissociation, controlled by the fixed
ϑ-dependent laser field. As far as the highest possible
of Atot

e is concerned, the laser phase can be set up at
ϑ = 10◦ and 190◦ to yield the most probable right and
left ionization channels, respectively.
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FIG. 5. Asymmetry parameters Ae for the electron local-
ization of H+

2 at specific energies EN (in eV) at various laser
carrier envelope phases ϑ (in degree).

IV. CONCLUSION

In summary, the nonlinear, non-perturbative inter-
action of the strong field six-cycle laser pulses with H2

leads to interesting electron dynamics of H+
2 . Following

the first ionization is that the electron distribution gets
trapped in the Coulomb potential for about 8 fs before
splitting into two ionization channels due to the inner
Coulomb potential barrier when H+

2 stretches to the
critical internuclear distance of 4 a.u. Controlling the
carrier-envelope phase ϑ allows one to control electron
localization. In the laser field, the electron quivers with
the laser cycle accordingly, and its directionality in time
occurs periodically by ϑ + π, which is the main char-
acteristic of the homonuclear diatomic molecule. One
striking observation is that as the electron enters into
the field-free region, the electron slowly no longer fol-
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FIG. 6. Total asymmetry parameters Atot
e for the electron

localization of H+
2 over all energies EN (in eV) at various

laser carrier envelope phases ϑ (in degree).

lows the laser oscillation. Depending on the ϑ, the elec-
tron eventually gets trapped favorably in one of the two
Coulomb potential wells. This asymmetry electron dis-
tribution due to the distortion of Coulomb potential oc-
curs after the end of the laser cycle of 24 fs with nuclear
separation around 9 a.u. With a full range of ϑ enables
one to determine the highest possible total asymmetry
Atot

e covering all energies namely at -0.75 and 0.75 by
setting up ϑ = 10◦ and 190◦, respectively, to represent
preferential directionality of electron towards the right
or the left side of the H+

2 molecule. This important part
of the works reveals how the laser-controlled electron
slightly reorganizes its position accordingly to track the
shift in the position of the proton despite much heavier
proton’s mass compared to electron ones.
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