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Abstract

This paper deals with the following Schrödinger-Poisson system − ∆u + u + λφu = f (u) in R3,

− ∆φ = u2 in R3,
(0.1)

where λ > 0 and f (u) is a nonlinear term asymptotically cubic at the in-

finity. Taking advantage of the Miranda theorem and deformation lemma,

we combine some new analytic techniques to prove that for each positive

integer k, system (0.1) admits a radial nodal solution Uλ
k , which has exactly

k + 1 nodal domains and the corresponding energy is strictly increasing in k.

Moreover, for any sequence {λn} → 0+ as n→ ∞, up to a subsequence, Uλn
k

converges to some U0
k ∈ H1

r (R3), which is a radial nodal solution with exact-

ly k + 1 nodal domains of (0.1) for λ = 0. These results give an affirmative

answer to the open problem proposed in [Kim S, Seok J. Commun. Contem-

p. Math., 2012] for the Schrödinger-Poisson system with an asymptotically

cubic term.
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1 Introduction

The following Schrödinger-Poisson system − ∆u + u + λφu = f (u) in R3,

− ∆φ = u2 in R3,
(1.1)

has attracted much attention from the researchers, due to its importance in many physical

applications [6, 14] and its difficulties and challenges in mathematical problems [11, 17].

As is well known, system (1.1) is equivalent to a single equation

− ∆u + u + λφuu = f (u) in R3, (1.2)

which has a variational structure. The corresponding energy functional Iλ : H1(R3) → R

is defined as

Iλ(u) :=
1
2

∫
R3

(|∇u|2 + u2)dx +
λ

4

∫
R3
φuu2dx −

∫
R3

F(u),

where φu(x) =
∫
R3

u2(y)
4π|x−y|dy and F(u) =

∫ u
0 f (τ)dτ. Then its Gateaux derivative along the

direction v ∈ H1(R3) is

Iλ(u)v =

∫
R3

(∇u∇v + uv)dx + λ

∫
R3
φuuv −

∫
R3

f (u)v.

Moreover, the weak solutions of (1.1) can be found by the variational method as critical

points of Iλ. In the last decades, various types of solutions of (1.1) have been found in the

literature such as positive solutions, ground state solutions, multiple solutions, semiclas-

sical states (see[1, 3, 4, 10, 17] and references therein).

Recently, many researchers start to focus on the existence of nodal solutions (also

called sign-changing solutions) of (1.1). When f (u) = |u|p−2u with p ∈ (4, 6), Wang
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and Zhou [20] proved that (1.1) admitted a least energy nodal solutions having two nodal

domains by the Nehari manifold method and Brouwer degree theory. Later, Kim and

Seok [11] and ianni [9] independently proved that (1.1) admits multiple nodal solutions

with any prescribed numbers of nodes by the variational method and heat flow method,

respectively. In these papers, the nonlinearity f is ”super-cubic” at infinity, namely,

(F0) lim|u|→∞
F(u)
u4 = +∞.

Very recently, some efforts are taken to weaken the ”super-cubic” condition (F0). Li,

Wang, Zhang [12] and Guo, Wang [7] proved that (1.1) admitted infinitely many sign-

changing solutions under the assumption

(F0’) lim|u|→∞
F(u)
|u|p = +∞ with some p ∈ (3, 6)

by using the critical points theory of descending flow of invariant subsets and perturbation

method. It is obvious that (F0’) is weaker than (F0). But unfortunately, these solutions in

[7, 12] do not give any information on the numbers of nodal domains. For more related

results about nodal solutions and details, one can refer to [2, 8, 19] and references therein.

To the best of our knowledge, the following

Open problem: can we construct nodal solutions with any prescribed number of nodal

domains of (1.1) if (F0) is not satisfied?

proposed in [11] is still unsolved. This paper is devoted to answering this open problem.

Note that Murcia and Siciliano [15] proved the existence of least energy nodal solution

of (1.1), which has precisely two nodal domains. Similar as [15], we make the following

assumptions that f satisfies

(F1) f ∈ C(R,R) and f (t) = − f (−t) for t ∈ R;

(F2) limt→0 f (t)/t = 0;

(F3) limt→∞ f (t)/t3 = 1 and f (t)/t3 < 1 f or all t ∈ R\{0};

(F4) the function t 7→ f (t)/t3 is strictly increasing on (0,∞);

(F5) limt→∞[ f (t)t − 4F(t)] = +∞.
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Here assumption (F3) is called ”asymptotically cubic condition” and (F5) is called ”non-

quadraticity condition”. There are many functions satisfying (F1)-(F5) but not (F0). For

example, f (u) = u5

1+u2 , u ∈ R, which has a primitive F(u) = u4

4 −
u2

2 + 1
2 ln(1 + u2).

Before stating our existence result, we introduce some preliminaries notations. For

each positive integer k and 0 =: r0 < r1 < · · · < rk < rk+1 := +∞,, we denote by

rk = (r1, · · · , rk) ∈ Rk and define a Nehari type set

Nk =
{
u ∈ H1

r (R3) : there exists rk such that ui , 0 in Bi,

I′λ(u)ui = 0, ∀1 ≤ i ≤ k + 1
}
,

(1.3)

where B1 = {x ∈ R3 : |x| < r1}, Bi = {x ∈ R3 : ri−1 < |x| < r1}, ui = uχBi and χBi is the

characteristic function on Bi. Similar as [5, 11], we consider the minimum level

ck = inf
u∈Nk

Iλ(u).

Our first existence result is as follows, which gives an affirmative answer to the above

open problem.

Theorem 1.1. Assume that (F1)-(F5) hold and λ > 0. Then for each positive integer k,

problem (1.1) admits a radial least energy nodal solution Uk with precisely k + 1 nodal

domains such that Iλ(Uk) = ck.

One main difficulty in the proof of Theorem 1.1 is to obtain the nonempty of Nehari

type set, because φuu is a 3−homogeneous term in the sense that

φtutu = t3φuu, t ∈ R,

which competes with the asymptotically cubic term f (u) sophisticatedly. Besides, com-

pared with [11], all the techniques concerning the super-cubic case are no longer valid and

hence some new ideas are necessary. We shall overcome them by construction method and

some subtle analysis combined with the Miranda theorem.

Our another aim of this paper is to show that the energy of Uk is strictly increas-

ing in k and the estimates of the energy Iλ(Uk). Different from the super-cubic case, the

asymptotically cubic term f (u) and the nonlocal term λφuu are in a more complicate com-

petition, which makes the energy difficult to estimate. By taking advantage of the Miranda

theorem and some subtle analysis, we have the following energy estimate.
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We denote byN := {u ∈ H1
r (R3)\{0} : I′λ(u)u = 0} the usual Nehari manifold, and by

U0 a positive ground state solution of (1.1), which is proved in [15].

Theorem 1.2. Under the hypotheses of Theorem 1.1, the energy of Uk is strictly increas-

ing in k. Namely,

Iλ(Uk+1) > Iλ(Uk).

Moreover, Iλ(Uk) > (k + 1)Iλ(U0).

Notice that Uk obtained in Theorem 1.1 depends on λ. To emphasize this dependence,

we denote Uk by Uλ
k and then analyze the convergence properties of Uλ

k as λ→ 0+.

Theorem 1.3. Under the hypotheses of Theorem (1.1), for any sequence {λn} with λn →

0+ as n→ ∞, there exists a subsequence, still denoted by {λn}, such that Uλn
k converges to

U0
k strongly in H1

r (R3) as n→ ∞, where U0
k is a radial least energy nodal solution among

all the radial solutions having exactly k + 1 nodal domains to the following equation

− ∆u + u = f (u). (1.4)

Remark 1.4. We point out that Theorems 1.1-1.3 are also true if the whole space R3 is

replaced by an open ball BR(0) ⊂ R3. Indeed, we only need to modify (ii) in Lemma 4.3

to (ii’): If rk → R, then ψ(rk) → +∞. The remainder of the proof is similar with some

necessary modifications.

The contribution of this paper is twofold: on one hand, this paper gives an affirma-

tive answer to the open problem addressed in [11]. On the other hand, by combining the

Miranda theorem and some analytic techniques, we develop the gluing method to deal

with the asymptotically cubic problem. Up to our knowledge, this paper is the first at-

tempt to give the existence of nodal solutions with any prescribed number of nodes for an

asymptotically cubic problem.

This paper is organized as follows. In Section 2, we give the variational framework

of problem (1.1). In Section 3, we prove the nonempty ofNk and its related properties. In

Section 4, nodal solutions of problem (1.1) will be constructed by the gluing method, and

in Section 5, the energy comparison and asymptotic behaviors will be obtained.
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2 Variational framework and preliminary results

In this section, we give the variational framework of (1.2) and some preliminary

results. For each k ∈ N+, we define a set

Γk =
{
rk := (r1, · · · , rk) ∈ (R>0)k : 0 =: r0 < r1 < · · · < rk < rk+1 := +∞

}
(2.1)

and for each rk ∈ Γk, we denote

Brk
1 :=

{
x ∈ R3 : |x| < r1

}
,

Brk
i :=

{
x ∈ R3 : ri−1 < |x| < ri

}
, i = 2, · · · , k,

Brk
k+1 :=

{
x ∈ R3 : |x| > rk

}
.

Clearly, Brk
1 is a ball, Brk

2 · · · , B
rk
k are annulus and Brk

k+1 is the complement of a ball. Then

we set a family of Hilbert spaces

Hrk
i :=

{
u ∈ H1

0(Brk
i ) : u(x) is radial

}
with the norm ‖u‖i =

(∫
B

rk
i
|∇u|2 + u2

) 1
2

and let a product space

H
rk
k = Hrk

1 × · · · × Hrk
k+1.

We introduce an auxiliary functional E : Hrk
k → R as

E(u1, · · · , uk+1) =

k+1∑
i=1

1
2
‖ui‖

2
i +

λ

4

k+1∑
j=1

∫
B

rk
i

∫
B

rk
j

|u j(y)|2|u2
i (x)|2

4π|x − y|
dxdy −

∫
B

rk
i

F(ui)dx

 ,
(2.2)

which is related to Iλ, because

E(u1, · · · , uk+1) = Iλ(
k+1∑
i=1

ui). (2.3)

Then

∂ui E(u1, · · · , uk+1)ui = ‖ui‖
2
i + λ

k+1∑
j=1

∫
B

rk
i

φu ju
2
i −

∫
B

rk
i

f (ui)ui.
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If (u1, · · · , uk+1) ∈ Hrk
k is a critical point of E, then each component ui satisfies the fol-

lowing system
− ∆ui + ui + λ

∫
R3

|
∑k+1

j=1 u j(y)|2

4π|x − y|
dy

 ui = f (ui) in Brk
i , i = 1, · · · , k + 1,

ui = 0 on ∂Brk
i .

(2.4)

In order to search for the critical points of E with nonzero components, we consider

the following infimum problem

Ψ(rk) = inf
(u1,··· ,uk+1)∈Nrk

k

E(u1, · · · , uk+1). (2.5)

where

N
rk
k :=

{
(u1, · · · , uk+1) ∈ Hrk

k : ui , 0, ∂ui E(u1, · · · , uk+1)ui = 0, 1 ≤ i ≤ k + 1
}
. (2.6)

Clearly, the nonempty of Nrk
k implies the nonempty of Nk, which is defined in (1.3).

Moreover,

inf
rk∈Γk

Ψ(rk) = inf
u∈Nk

Iλ(u).

Let u+ = max{u, 0}, u− = max{−u, 0} and

Nnod = {u ∈ H1
r (R3)\{0} : I′λ(u)u± = 0, u± , 0}.

Since Nk ⊂ Nnod and infu∈Nnod Iλ(u) > 0 (see [15, Corollary 10]), it follows immediately

that

inf
rk∈Γk

Ψ(rk) = ck := inf
u∈Nk

Iλ(u) ≥ inf
u∈Nnod

Iλ(u) > 0, (2.7)

Next, we list a useful lemma, which plays an important role in the proofs of our main

results.

Lemma 2.1. ([13, Miranda Theorem]) Let

D =
{
x := (x1, · · · , xn) ∈ Rn : |xi| < L for all 1 ≤ i ≤ n

}
.

Suppose that the mapping H = (h1, · · · , hn) : D̄→ Rn is continuous on D̄ satisfying

H(x) , θ, ∀ x ∈ ∂D

and
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(i) hi(x1, · · · , xi−1,−L, xi+1, · · · , xn) ≥ 0 for 1 ≤ i ≤ n,

(ii) hi(x1, · · · , xi−1, L, xi+1, · · · , xn) ≤ 0 for 1 ≤ i ≤ n,

where θ := (0, · · · , 0). Then H(x) = θ has a solution in D.

3 Properties of the Nehari type set

In this section, we are devoted to proving the nonempty of Nrk
k and Nk, and giving

some properties of the Nehari type set.

First, we recall a useful result cited from [11]. Before stating it, for each rk ∈ Γk and

p ∈ [4, 6), we define

Ep(u1, · · · , uk+1) :=
k+1∑
i=1

1
2
‖ui‖

2
i +

λ

4

k+1∑
j=1

∫
B

rk
i

∫
B

rk
j

|u j(y)|2|u2
i (x)|2

4π|x − y|
dxdy −

∫
B

rk
i

|ui|
pdx


and a family of sets

Mrk
k,p :=

{
(u1, · · · , uk+1) ∈ Hrk

k : ui , 0, ∂ui Ep(u1, · · · , uk+1)ui = 0, 1 ≤ i ≤ k + 1
}
, (3.1)

where

∂ui Ep(u1, · · · , uk+1)ui = ‖ui‖
2
i + λ

k+1∑
j=1

∫
B

rk
i

φu j |ui|
2 −

∫
B

rk
i

|ui|
p. (3.2)

Let Gu
p : (R≥0)k+1 → R be defined as

Gu
p(c1, · · · , ck+1) := Ep(c1u1, · · · , ck+1uk+1)

=

k+1∑
i=1

1
2

c2
i ‖ui‖

2
i +

λc2
i

4

k+1∑
j=1

c2
j

∫
B

rk
i

φu j |ui|
2 −

cp
i

p

∫
B

rk
i

|ui|
p

 . (3.3)

Lemma 3.1. ([11, Lemmas 3.1 and 3.3]) Let p ∈ (4, 6). Then for any rk ∈ Γk and

(u1, · · · , uk+1) ∈ H rk
k with all ui , 0, there exists a unique maximum point (t1, · · · , tk+1) ∈

(R>0)k+1 of Gu
p in (R≥0)k+1 such that

(t1u1, · · · , tk+1uk+1) ∈ Mrk
k,p.

By using Lemma 3.1, we prove the following result.
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Lemma 3.2. For each rk ∈ Γk, the set Mrk
k,4 , ∅, which is defined in (3.1) with p = 4.

Proof. For each rk = (r1, · · · , rk+1) ∈ Γk, we take (u1, · · · , uk+1) ∈ Hrk
k with ui , 0 such

that min
i

 ‖∇ui‖
2
L2(B

rk
i )

‖ui‖
4
L4(B

rk
i )

 > 1. Clearly, there exists δ0 > 0 such that

1 < δ2
0 < min{‖∇ui‖

2
L2(Brk

i )
/‖ui‖

4
L4(Brk

i )
, i = 1, · · · , k + 1}. (3.4)

Then we define a family of radial functions by

vδ0
i (x) = δ2

0ui(ri−1 + δ0(|x| − ri−1)).

Note that the support set supp(ui) ⊂ Brk
i := {x ∈ RN : ri−1 < |x| < ri}. Then by the choice

of δ0 > 1 and some direct computations, we have

supp(vδ0
i ) ⊂ {x ∈ R3 : ri−1 < |x| < ri−1 + (ri − ri−1)/δ0} ⊂ Brk

i

and

‖vδ0
i ‖

2
i + λ

k+1∑
j=1

∫
R3
φ

v
δ0
j
|vδ0

i |
2 −

∫
R3
|vδ0

i |
4

=δ3
0‖∇ui‖

2
L2(Brk

i )
+ δ0

∫
B

rk
i

|ui|
2 + λδ3

0

k+1∑
j=1

∫
B

rk
i

φu ju
2
i − δ

5
0

∫
B

rk
i

|ui|
4.

Let gi : [0,+∞)→ R be defined by

gi(δ) = δ3‖∇ui‖
2
L2(Brk

i )
+ δ

∫
B

rk
i

|ui|
2 + λδ3

k+1∑
j=1

∫
B

rk
i

φu ju
2
i − δ

5
∫

B
rk
i

|ui|
4.

Obviously, gi(δ0) ≥ δ3
0‖∇ui‖

2
L2(Brk

i )
−δ5

0

∫
B

rk
i
|ui|

4 > 0 due to (3.4), gi(0) = 0 and gi(δ)→ −∞

as δ → +∞. Moreover, for each i, there is a unique zero point δi ∈ (δ0,+∞) such that

gi(δi) = 0 and gi > 0 in (0, δi) and gi < 0 in (δi,+∞).

Let δmax = max{δ1, · · · , δk+1} and set

wi(x) := vδmax
i (x) = δ2

maxui(ri−1 + δmax(|x| − ri−1)). (3.5)

Then gi(δmax) ≤ gi(δi) ≤ 0 and

supp(wi) ⊂
{
x ∈ R3 : ri−1 < |x| < ri−1 + (ri − ri−1)/δmax

}
⊂ Brk

i .
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Hence

(w1, · · · ,wk+1) ∈ Hrk
k and each wi , 0.

Now, we claim that there exists some (t1,4, · · · , tk+1,4) ∈ (R>0)k+1 such that(
t1,4w1, · · · , tk+1,4wk+1

)
∈ Mrk

k,4. (3.6)

Indeed, by Lemma 3.1, for each p ∈ (4, 6), there exists a unique global maximum point

(t1,p, · · · , tk+1,p) ∈ (R>0)k+1 of Gw
p such that

t2
i,p‖wi‖

2
i + λ

k+1∑
j=1

t2
i,pt2

j,p

∫
B

rk
i

φw j |wi|
2 − tp

i,p

∫
B

rk
i

|wi|
p = 0, ∀i = 1, · · · , k + 1. (3.7)

Henceforth, for each p, we denote the maximum element by

tip,p = max
j∈{1,··· ,k+1}

{t j,p}

Firstly, we assert that (t1,p, · · · , tk+1,p) is bounded for p→ 4+. In fact, we argue it by

contradiction. Suppose on the contrary that tip,p → +∞ as p → 4+. Then it follows from

(3.5) and (3.7) that

0 = t2−p
ip,p
‖wip‖

2
ip

+ λ

k+1∑
j=1

t2
j,p

t2
ip,p

t4−p
ip,p

φw j |wip |
2 −

∫
B

rk
i,p

|wip |
p

≤ t2−p
ip,p
‖wip‖

2
ip

+ λ

k+1∑
j=1

∫
B

rk
i,p

φw j |wip |
2 −

∫
B

rk
i,p

|wip |
p

→ λ

k+1∑
j=1

∫
B

rk
i,p

φw j |wip |
2 −

∫
B

rk
i,p

|wip |
4 as p→ 4+

= λδ3
max

k+1∑
j=1

∫
B

rk
i,p

φu ju
2
ip
− δ5

max

∫
B

rk
i,p

|uip |
4

= gip(δmax) − δ3
max‖∇uip‖

2
L2(Brk

i,p)
− δmax

∫
B

rk
i,p

|uip |
2 < 0,

(3.8)

which leads to a contradiction. Thus the assertion follows and (t1,p, · · · , tk+1,p) is bounded

for p→ 4+. Then there is some (t1,4, · · · , tk+1,4) ∈ (R≥0)k+1 such that

(t1,p, · · · , tk+1,p)→ (t1,4, · · · , tk+1,4) as p→ 4+.
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By Lemma 3.1, (t1,4, · · · , tk+1,4) is also a global maximum point of Gw
4 defined in (3.3),

because (t1,p, · · · , tk+1,p) is the global maximum point of Gw
p , and

t2
i,4‖wi‖

2
i + λ

k+1∑
j=1

t2
i,4t2

j,4

∫
B

rk
i

φw jw
2
i = t4

i,4

∫
B

rk
i

|wi|
4. (3.9)

Next, we prove ti,4 > 0,∀i = 1, · · · , k+1.Otherwise, we may suppose on the contrary

that there is some i0 ∈ {1, · · · , k + 1} such that ti0,4 = 0. Note that

Gw
4 (t1,4, · · · , ti0−1,4, µ, ti0+1,4, · · · , tk+1,4)

= Gw
4 (t1,4, · · · , ti0−1,4, 0, ti0+1,4, · · · , tk+1,4)

+
µ2

2
‖wi0‖

2
i0 +

λµ4

4

∫
B

rk
i0

φwi0
w2

i0 +
λµ2

4

∑
j,i0

t2
j,4

∫
B

rk
i0

φw jw
2
i0 − µ

4
∫

B
rk
i0

|wi0 |
4

=: Gw
4 (t1,4, · · · , ti0−1,4, 0, ti0+1,4, · · · , tk+1,4) + θ(µ).

Clearly, θ(µ) > 0 if µ is sufficiently small. Then (t1,4, · · · , ti0−1,4, 0, ti0+1,4, · · · , tk+1,4)

is not a global maximum point of Gw
4 in (R≥0)k+1, which contradicts with the fact that

(t1,4, · · · , ti0−1,4, 0, ti0+1,4, · · · , tk+1,4) is the global maximum point of Gw
4 in (R≥0)k+1. Thus

ti,4 > 0 for all i = 1, · · · , k + 1.

Hence (3.6) follows from (3.9) and the fact ti,4 > 0. So the claim holds andMrk
k,4 , ∅.

The proof is completed. �

With the aid of Lemma 3.2, we shall prove the nonempty set of Nrk
k . To this end, we

introduce Li : (R≥0)k+1 → R by

Li(t1, · · · , tk+1) = ∂ui E(t1u1, · · · , tk+1uk+1)tiui

= t2
i ‖ui‖

2
i + λt2

i

k+1∑
j=1

t2
j

∫
B

rk
i

φu ju
2
i −

∫
B

rk
i

f (tiui)tiui
(3.10)

and Fi : (R>0)k+1 → R by

Fi(t1, · · · , tk+1) =
∂ui E(t1u1, · · · , tk+1uk+1)tiui

t2
i + t4

i

=
1

1 + t2
i

‖ui‖
2
i +

λ

1 + t2
i

k+1∑
j=1

∫
B

rk
i

t2
jφu ju

2
i −

t2
i

1 + t2
i

∫
B

rk
i

f (tiui)ui

t3
i

.

(3.11)

It is easy to see that Li and Fi are continuous functions.

11



Proposition 3.3. For each rk, the set N rk
k , ∅, which is defined as in (2.6).

Proof. By Lemma 3.2, we can take (u1, · · · , uk+1) ∈ Mrk
k,4. Note from (3.11) that

Fi(T, · · · ,T ) =
1

1 + T 2 ‖ui‖
2
i +

T 2

1 + T 2

λ k+1∑
j=1

∫
B

rk
i

φu ju
2
i −

∫
B

rk
i

f (Tui)ui

T 3

 .
Then by (F1), (F4) and (3.1), (3.2), we have

Fi(T, · · · ,T )→ ‖ui‖
2
i > 0 as T → 0,

Fi(T, · · · ,T )→ λ

k+1∑
j=1

∫
B

rk
i

φu ju
2
i −

∫
B

rk
i

|ui|
4 < 0 as T → +∞,

Thus there exists small l > 0 and large L > 0 such that for all i,

Fi(l, · · · , l) > 0 and Fi(L, · · · , L) < 0. (3.12)

Let

Dl,L :=
{
(t1, · · · , tk+1) ∈ (R>0)k+1 : l ≤ ti ≤ L, ∀ i = 1, · · · , k + 1

}
.

Then we infer from (3.11) and (3.12) that for all t j ∈ [l, L],

Fi(t1, · · · , ti−1, l, ti+1, · · · , tk+1) ≥ Fi(l, · · · , l) > 0,

Fi(t1, · · · , ti−1, L, ti+1 · · · , tk+1) ≤ Fi(L, · · · , L) < 0.

This together with the Miranda theorem (Lemma 2.1), yields that there is some t̄ :=

(t̄1, · · · , t̄k+1) ∈ Dl,L such that

(F1(t̄), · · · , Fk+1(t̄)) = θ,

which implies ∂ui E(t̄1u1, · · · , t̄k+1uk+1)t̄iui = 0 due to (3.11). Then

(t̄1u1, · · · , t̄k+1uk+1) ∈ Nrk
k

and thus Nrk
k is not empty. The proof is completed. �

As a consequence of Proposition 3.3, the following result follows immediately.
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Proposition 3.4. The set Nk , ∅, which is defined as in (1.3).

Next, we list some properties of the Nehari type set Nrk
k below.

Lemma 3.5. For each rk ∈ Γk, if (u1, · · · , uk+1) ∈ N rk
k , then

(i) E(t1u1, · · · , tk+1uk+1) < E(u1, · · · , uk+1), ∀ (t1, · · · , tk+1) ∈ (R≥0)k+1\(1, · · · , 1);

(ii) for any r ∈ (0, 1) and R ∈ (1,+∞),

Li(r, · · · , r) > 0 and Li(R, · · · ,R) < 0, ∀i = 1, · · · , k + 1.

where Li are defined in (3.10);

(iii) there exists δ̄ > 0 such that for all (u1, · · · , uk+1) ∈ N rk
k ,

‖ui‖i ≥ δ̄, ∀i = 1, · · · , k + 1.

Proof. (i) For (u1, · · · , uk+1) ∈ Nrk
k , set

ξ(t) = (
t2

2
−

t4

4
)‖ui‖

2
i +

∫
B

rk
i

(
t4

4
f (ui)ui − F(tui)

)
.

Then

ξ′(t) = t(1 − t2)‖ui‖
2
i + t3

∫
B

rk
i

( f (ui)
u3

i
−

f (tui)
t3u3

i
)u4

i for any t ∈ R+.

A direct computation gives that ξ(t) < ξ(1) for any t ∈ R+\{1}, due to (F4). If

(t1, · · · , tk+1) , (1, · · · , 1), it follows that

E(t1u1, · · · , tk+1uk+1)

=E(t1u1, · · · , tk+1uk+1) −
k+1∑
i=1

t4
i

4
∂ui E(u1, · · · , uk+1)ui

=

k+1∑
i=1

1
2

t2
i ‖ui‖

2 +
λt2

i

4

k+1∑
j=1

t2
j

∫
B

rk
i

φu ju
2
i −

∫
B

rk
i

F(tiui)


−

k+1∑
i=1

t4
i

4

‖ui‖
2 + λ

k+1∑
j=1

∫
B

rk
i

φu ju
2
i −

∫
B

rk
i

f (ui)ui


=

k+1∑
i=1

( t2
i

2
−

t4
i

4
)‖ui‖

2 +

∫
B

rk
i

 t4
i

4
f (ui)ui − F(tiui)

 + λ

k+1∑
i, j=1
i, j

 t2
i t2

j − t4
i

4
+

t2
i t2

j − t4
j

4

 ∫
B

rk
i

φu ju
2
i
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<

k+1∑
i=1

1
4
‖ui‖

2 +

∫
B

rk
i

[
1
4

f (ui)ui − F(ui)
] − λ4

k+1∑
i, j=1
i, j

(t2
i − t2

j )
2
∫

B
rk
i

φu ju
2
i

≤

k+1∑
i=1

1
4
‖ui‖

2 +

∫
B

rk
i

[
1
4

f (ui)ui − F(ui)
]

=E(u1, · · · , uk+1) −
∑

i

1
4
∂ui E(u1, · · · , uk+1)ui = E(u1, · · · , uk+1).

Thus (i) follows.

(ii) According to (3.10), we have

Li(T, · · · ,T ) = T 2‖ui‖
2
i + λT 4

k+1∑
j=1

∫
B

rk
i

φu ju
2
i − T 4

∫
B

rk
i

f (Tui)
T 3 ui.

Then by (F4) and (u1, · · · , uk+1) ∈ Nrk
k , it follows that for any r ∈ (0, 1),

Li(r, · · · , r) = r2‖ui‖
2
i + r4

∫B
rk
i

λ k+1∑
j=1

φu ju
2
i −

f (rui)
r3 ui




≥ r2‖ui‖
2
i + r4

∫B
rk
i

λ k+1∑
j=1

φu ju
2
i − f (ui)ui




= r2‖ui‖
2
i − r4‖ui‖

2
i > 0.

Similarly, for any R ∈ (1,+∞), we have that

Li(R, · · · ,R) ≤ R2‖ui‖
2
i − R4‖ui‖

2
i < 0.

Hence (ii) follows.

(iii) By (F2),(F3) and the continuous embedding theorem H1
r (R3) ↪→ Ls(R3) for any

s ∈ (2, 6), it follows that

‖ui‖
2
i ≤ ‖ui‖

2
i + λ

k+1∑
j=1

∫
B

rk
i

φu ju
2
i =

∫
B

rk
i

f (ui)uidx ≤
1
2

∫
B

rk
i

|ui|
2dx + C

∫
B

rk
i

|ui|
q

≤
1
2
‖ui‖

2
i + C‖ui‖

q
i ,

which implies ‖ui‖i ≥ ( 1
2C )

1
q−2 =: δ̄ > 0. Thus (iii) follows and this lemma is proved. �
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4 Existence of nodal solutions

With the aid of these lemmas in Section 3, we have the following result.

Proposition 4.1. For rk ∈ Γk, if (ū1, · · · , ūk+1) ∈ N rk
k is a minimizer of E|

N
rk
k

such that

E(ū1, · · · , ūk+1) = ψ(rk) =: m,

then (ū1, · · · , ūk+1) is a critical point of E inH rk
k .

Proof. We prove it by contradiction. Suppose on the contrary that

‖(∂u1 E, · · · , ∂uk+1 E)(ū1, · · · , ūk+1)‖ , 0.

Then by the continuity of ∂ui E, there exist some 0 < δ < min{‖ui‖i/6,∀1 ≤ i ≤ k + 1} and

ρ > 0 such that

‖(∂u1 E, · · · , ∂uk+1 E)(u1, · · · , uk+1)‖ ≥ ρ, ∀(u1, · · · , uk+1) ∈ B3δ(ū1, · · · , ūk+1).

Set

D =

{
(t1, · · · , tk+1) ∈ (R≥0)k+1 : |ti − 1| <

1
2
,∀i = 1, · · · , k + 1

}
.

Then ‖(t1ū1, · · · , tk+1ūk+1) − (ū1, · · · , ūk+1)‖
H

rk
k
> 3δ on ∂D and by Lemma 3.5 (i), there

holds

0 < σ := sup
∂D

E(t1ū1, · · · , tk+1ūk+1) < E(ū1, · · · , ūk+1) = m. (4.1)

Let ε := min
{

m−σ
2 ,

δρ
8

}
and S := B3δ(ū1, · · · , ūk+1).According to the classical deformation

lemma (see [21, Lemma 2.3]), there is a deformation η := (η1, · · · , ηk+1) ∈ C([0, 1] ×

H
rk
k , (H

rk
k )k+1) such that

(i) η(1, u1, · · · , uk+1) = (u1, · · · , uk+1), if (u1, · · · , uk+1) < E−1(m − 2ε,m + 2ε)
⋂

S 2δ;

(ii) η(1, Em+ε ⋂ S ) ⊂ Em−ε;

(iii) E(η(1, (u1, · · · , uk+1))) ≤ E(u1, · · · , uk+1) for any u ∈ Hrk
k ,
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where Ec :=
{
(u1, · · · , uk+1) ∈ Hrk

k : E(u) ≤ c
}
. Then by (4.1) and (ii), (iii), it follows that

E(η(1, (t1ū1, · · · , tk+1ūk+1))) ≤ m − ε, if
∑

i

‖tiūi − ūi‖i < δ;

E(η(1, (t1ū1, · · · , tk+1ūk+1))) ≤ E(t1ū1, · · · , tk+1ūk+1)) < m, if
∑

i

‖tiūi − ūi‖i ≥ δ.

In any case, we conclude that

sup
(t1,··· ,tk+1)∈D̄

E(η(1, (t1ū1, · · · , tk+1ūk+1))) < m. (4.2)

On the other hand, we have{
η(1, (t1ū1, · · · , tk+1ūk+1)), t ∈ D

}
∩ N

rk
k , ∅. (4.3)

In fact, for (t1, · · · , tk+1) ∈ ∂D, it follows from (i) that

η(1, (t1ū1, · · · , tk+1ūk+1)) = (t1ū1, · · · , tk+1ūk+1).

By defining a vector map

Φ = (Φ1, · · · ,Φk+1) : D→ Rk+1

with

Φi(t1, · · · , tk+1) = ∂iE(η(1, (t1ū1, · · · , tk+1ūk+1)))ηi(1, (t1ū1, · · · , tk+1ūk+1)).

Note that on ∂D,

Φi(t1, · · · , tk+1) = ∂iE(t1ū1, · · · , tk+1ūk+1)tiui = Li(t1, · · · , tk+1).

where Li is define in (3.10). Then by Lemma 3.5 (ii), it follows that for |t j − 1| < 1
2 ,

Φi(t1, · · · , ti−1, 1/2, ti+1, · · · , tk+1) = Li(t1, · · · , ti−1, 1/2, ti+1, · · · , tk+1) > 0,

Φi(t1, · · · , ti−1, 3/2, ti+1, · · · , tk+1) = Li(t1, · · · , ti−1, 3/2, ti+1, · · · , tk+1) < 0.

This together with Lemma 2.1, gives that there exists some (t̄1, · · · , t̄k+1) ∈ D such that

Φi(t̄1, · · · , t̄k+1) = θ, namely,

(η(1, (t̄1ū1, · · · , t̄k+1ūk+1)) ∈ Nrk
k .
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So supD̄ E(η(1, (t1ū1, · · · , tk+1ūk+1))) ≥ inf
N

rk
k

E = m and thereby it leads to a contradic-

tion with (4.2).

Thus ‖(∂u1 E, · · · , ∂uk+1 E)(ū1, · · · , ūk+1)‖ = 0 and (ū1, · · · , ūk+1) is a critical point of

E inHrk
k . The proof is finished. �

The following result shows that there exists a minimizer of E on Nrk
k . Then it com-

bined with Proposition 4.1, gives that it is indeed a solution of system (2.4).

Lemma 4.2. For each rk ∈ Γk, there exists a minimizer (urk
1 , · · · , u

rk
k+1) ∈ N rk

k with com-

ponents (−1)i+1urk
i > 0 in Bi satisfying E(urk

1 , · · · , u
rk
k+1) = Ψ(rk) defined in (2.5).

Proof. By Proposition 3.3 and the definition of Ψ, there exists a minimizing sequence

{(un
1, · · · , u

n
k+1)}n ⊂ N

rk
k such that E(un

1, · · · , u
n
k+1)→ Ψ(rk) > 0 as n→ +∞.

We first observe from (F2) and (F4) that G(t) := f (t)/t3 is increasing in |t| > 0 and

thereby for any |t| > 0

t f (t) − 4F(t) = t4G(t) − 4
∫ t

0
s3G(s)ds =

∫ t

0
4s3(G(t) −G(s))ds > 0.

Thus
1
4

f (t)t − F(t) ≥ 0 for any t ∈ R. (4.4)

So
Ψ(rk) + o(1) = E(un

1, · · · , u
n
k+1) −

1
4

∑
i

∂ui E(un
1, · · · , u

n
k+1)un

i

=
∑

i

1
4
‖un

i ‖
2
i +

1
4

∫
B

rk
i

f (un
i )un

i −

∫
B

rk
i

F(un
i )

 ≥∑
i

1
4
‖un

i ‖
2
i .

Hence {(un
1, · · · , u

n
k+1)}n is bounded in Hrk

k and there is some (u0
1, · · · , u

0
k+1) ∈ Hrk

k such

that

(un
1, · · · , u

n
k+1) ⇀ (u0

1, · · · , u
0
k+1) in H

rk
k

and un
i ⇀ u0

i in Hrk
i . Then by (F1)-(F4) and the compact embedding theorem Hi ↪→ Ls

for any s ∈ (2, 6), it follows that∫
B

rk
i

f (un
i )un

i →

∫
B

rk
i

f (u0
i )u0

i and
∫

B
rk
i

F(un
i )→

∫
B

rk
i

F(u0
i ) as n→ +∞. (4.5)
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This together with Lemma 3.5(iii) and (un
1, · · · , u

n
k+1) ∈ Nrk

k , gives that

δ̄2 ≤ lim inf
n→∞

‖un
i ‖

2
i ≤ lim inf

n→∞

∫
B

rk
i

f (un
i )un

i =

∫
B

rk
i

f (u0
i )u0

i .

So

u0
i , 0 for all i = 1, · · · , k + 1.

Next, we prove that (un
1, · · · , u

n
k+1) → (u0

1, · · · , u
0
k+1) in Hrk

k . In fact, suppose by

contradiction that there is some i0 ∈ {1, · · · , k + 1} such that ‖u0
i0
‖i0 < lim inf

n→∞
‖un

i0
‖i0 . Then

by (3.10), (4.5) and
∫

B
rk
i0

φun
j
(un

i )2 →
∫

B
rk
i0

φu0
j
(u0

i )2, we have that

Lu0

i0 (1, · · · , 1) := ‖u0
i0‖

2
i0 + λ

k+1∑
j=1

∫
B

rk
i0

φu0
j
|u0

i0 |
2 −

∫
B

rk
i0

f (u0
i0)u0

i0

< lim inf
n

‖un
i0‖

2
i0 + λ

k+1∑
j=1

∫
B

rk
i0

φun
j
|un

i0 |
2 −

∫
B

rk
i0

f (un
i0)un

i0

 = 0,

Lu0

i (1, · · · , 1) := ‖u0
i ‖

2
i + λ

k+1∑
j=1

∫
B

rk
i

φu0
j
|u0

i |
2 −

∫
B

rk
i

f (u0
i )u0

i

≤ lim inf
n

‖un
i ‖

2
i + λ

k+1∑
j=1

∫
B

rk
i

φun
j
|un

i |
2 −

∫
B

rk
i

f (un
i )un

i

 = 0, for i , i0,

(4.6)

Furthermore, observe from Lemma 3.5 (ii) that for small δ > 0,

Lu0

i (δ, · · · , δ) > 0, ∀i = 1, · · · , k + 1. (4.7)

Then we deduce from (3.10), (4.6) and (4.7) that for all i,

Lu0

i (t1, · · · , ti−1, δ, ti+1, · · · , tk+1) > 0,

Lu0

i (t1, · · · , ti−1, 1, ti+1, · · · , tk+1) ≤ 0.

By Lemma 2.1, there is some (t̄1, · · · , t̄k+1) ∈
{
x ∈ Rk+1 : δ ≤ xi ≤ 1

}
\{(1, · · · , 1)} such

that

(Lu0

1 (t̄1, · · · , t̄k+1), · · · , Lu0

k+1(t̄1, · · · , t̄k+1)) = θ,

which yields

(t̄1u0
1, · · · , t̄k+1u0

k+1) ∈ Nrk
k .
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This combined with (2.5), (4.5) and Lemma 3.5(i), gives that

Ψ(rk) ≤ E(t̄1u0
1, · · · , t̄k+1u0

k+1)

=

k+1∑
i=1

 t̄2
i

2
‖u0

i ‖
2
i +

λ

4

k+1∑
j=1

t̄2
i t̄2

j

∫
R3
φu0

j
(u0

i )2 −

∫
R3

F(t̄iu0
i )


< lim inf

n

k+1∑
i=1

 t̄2
i

2
‖un

i ‖
2
i +

λ

4

k+1∑
j=1

t̄2
i t̄2

j

∫
R3
φun

j
(un

i )2 −

∫
R3

F(t̄iun
i )


≤ lim inf

n
E(t̄1un

1, · · · , t̄k+1un
k+1)

≤ lim inf
n

E(un
1, · · · , u

n
k+1) = Ψ(rk),

which leads to a contradiction. Thus (un
1, · · · , u

n
k+1)→ (u0

1, · · · , u
0
k+1) inHrk

k strongly and

thereby (u0
1, · · · , u

0
k+1) ∈ Nrk

k is a minimizer of E|
N

rk
k

such that

E(u0
1, · · · , u

0
k+1) = Ψ(rk).

In addition, it is direct to verify that

(urk
1 , · · · , u

rk
k+1) := (|u0

1|, (−1)|u0
2|, · · · , (−1)k|u0

k+1|) ∈ N
rk
k ,

and E(urk
1 , · · · , u

rk
k+1) = Ψ(rk). Then (urk

1 , · · · , u
rk
k+1) is also a minimizer of E|

N
rk
k

and satis-

fies system (2.4). By the standard elliptic regularity theory, each urk
i ∈ C2(Brk

i ) and thus

by the strong maximum principle, (−1)iurk
i+1 > 0 in Brk

i . Therefore, (urk
1 , · · · , u

rk
k+1) is the

desired solution and the proof is completed. �

Next, we show that there exists r̄k ∈ Γk such that Ψ(r̄k) = infrk∈Γk Ψ(rk). Then we use

it to prove that the sum
∑k+1

i=1 ur̄k
i is a nodal solution of (1.1) that has exactly k + 1 nodal

domains.

Since not all functions in H1
r (R3) can be projected on the Nehari type set Nk here, it

brings some difficulties in the proof of existence of minimum point r̄k. We shall overcome

them by introducing the Miranda theorem and subtle analysis. This is a novel point.

Lemma 4.3. For k ∈ N+ and rk = (r1, · · · , rk+1) ∈ Γk,

(i) if ri − ri−1 → 0 for some i ∈ {1, · · · , k}, then Ψ(rk)→ +∞;
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(ii) if rk → +∞, then Ψ(rk)→ +∞;

(iii) Ψ is continuous in rk.

Particularly, there exists a minimum point r̄k := (r̄1, · · · , r̄k+1) ∈ Γk of Ψ.

Proof. According to Lemma 4.2, for each rk ∈ Γk, there exists a minimizer

(urk
1 , · · · , u

rk
k+1) ∈ Nrk

k such that

E(urk
1 , · · · , u

rk
k+1) = Ψ(rk).

Then by (4.4),

Ψ(rk) = E(u1, · · · , uk+1) = E(u1, · · · , uk+1) −
1
4

k+1∑
i=1

I′λ(u1, · · · , uk+1)ui

=
1
4

k+1∑
i=1

‖ui‖
2
i +

1
4

k+1∑
i=1

∫
B

rk
i

( f (ui)ui − 4F(ui))

≥
1
4

k+1∑
i=1

‖ui‖
2
i ≥

1
4
‖ui‖

2
i .

(4.8)

(i) By (F2) and (F3), we get

‖urk
i ‖

2
i ≤

∫
B

rk
i

f (urk
i )urk

i ≤

∫
B

rk
i

(
1
2
|urk

i |
2 + C|urk

i |
4),

which, together with the Hölder inequality and Sobolev inequality, yields that

1
2
‖urk

i ‖
2
i ≤ C

∫
B

rk
i

|urk
i |

4 ≤ C

∫
B

rk
i

|urk
i |

6


2
3

|Brk
i |

1
3 ≤ C‖urk

i ‖
4
i |B

rk
i |

1
3 ,

where C > 0 and |Brk
i | denotes the volume of Brk

i . Thus ‖urk
i ‖i → +∞ if ri − ri−1 → 0. This

combined with (4.8), gives that

Ψ(rk)→ +∞, if ri − ri−1 → 0.

So (i) follows.

(ii) Recall the Strauss inequality [18] that for all u ∈ H1
r (R3), there exists A > 0 such

that

|u(x)| ≤ A ‖u‖
|x| a.e. in R3
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Then by (2.4), it follows that

‖urk
k+1‖

2
k+1 ≤

∫
Bk+1

f (urk
k+1)urk

k+1

≤

∫
Bk+1

1
2
|urk

k+1|
2 + C|urk

k+1|
4

≤
1
2
‖urk

k+1‖
2
L2 + CA|rk|

−2‖urk
k+1‖

2
k+1

∫
Bk+1

|urk
k+1|

2

≤
1
2
‖urk

k+1‖
2
k+1 + CAr−2

k ‖u
rk
k+1‖

4
k+1,

which implies that ‖urk
k+1‖

2
k+1 ≥

r2
k

2CA . Then ‖urk
k+1‖

2
k+1 → +∞ if rk → +∞, and (ii) follows

immediately due to (4.8).

(iii) We take {rn
k} ⊂ Γk such that rn

k → rk ∈ Γk, and denote their minimizers by urk
k

and urn
k

k , respectively. In the following, we show that

Ψ(rk) ≥ lim sup
n→∞

Ψ(rn
k) and lim inf

n→∞
Ψ(rn

k) ≥ Ψ(rk).

We divide the proof into two steps.

Step 1: Prove Ψ(rk) ≥ lim supn→∞Ψ(rn
k). To this end, we take 0 < r0 < 1,R0 > 1

and set

DR0
r0 :=

{
(t1, · · · , tk+1) ∈ (R>0)k+1 : r0 ≤ ti ≤ R0, ∀i = 1, · · · , k + 1

}
,

and for each n, we define

v
rn

k
i (r) = tn

i urk
i

(
ri − ri−1

rn
i − rn

i−1
(r − rn

i−1) + ri−1

)
, ∀i = 1, · · · , k,

v
rn

k
k+1(r) = tn

k+1urk
k+1

(
rk

rn
k

r
)
.

Firstly, we claim that for large n,

there exists (tn
1, · · · , t

n
k+1) ∈ DR0

r0 such that (v
rn

k
1 , · · · , v

rn
k

k+1) ∈ N
rn

k
k . (4.9)
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In fact, some direct computations give that

‖v
rn

k
i ‖

2
i = (tn

i )2‖urk
i ‖

2
i + o(1),∫

B
rn
k

i

∫
B

rn
k

j

|v
rn

k
i (x)|2|v

rn
k

j (y)|2

4π|x − y|
dxdy = (tn

i )2(tn
j )

2
∫

B
rk
i

∫
B

rk
j

|urk
i (x)|2|urk

j (y)|2

4π|x − y|
dxdy + o(1),∫

B
rn
k

i

f (v
rn

k
i )v

rn
k

i =

∫
B

rk
i

f (tn
i urk

i )tn
i urk

i + o(1).

With these equalities, we denote by

Lurk
i (tn

1, · · · , t
n
k+1)

:= (tn
i )2‖urk

i ‖
2
i + λ

k+1∑
j=1

(tn
i )2(tn

j )
2
∫

B
rk
i

∫
B

rk
j

|urk
i (x)|2|urk

j (y)|2

4π|x − y|
dxdy −

∫
B

rk
i

f (tn
i urk

i )tn
i urk

i

and

hn
i (tn

1, · · · , t
n
k+1) := ‖v

rn
k

i ‖
2
i + λ

∫
B

rn
k

i

∫
B

rn
k

j

|v
rn

k
i (x)|2|v

rn
k

j (y)|2

4π|x − y|
dxdy −

∫
B

rn
k

i

f (v
rn

k
i )v

rn
k

i

= (tn
i )2‖urk

i ‖
2
i + λ

k+1∑
j=1

(tn
i )2(tn

j )
2
∫

B
rk
i

∫
B

rk
j

|urk
i (x)|2|urk

j (y)|2

4π|x − y|
dxdy −

∫
B

rk
i

f (tn
i urk

i )tn
i urk

i + o(1)

= Lurk
i (tn

1, · · · , t
n
k+1) + o(1).

(4.10)

Then

Lurk
i (1, · · · , 1) = 0 for all i

and urk
k ∈ N

rk
k . Moreover, by Lemma 3.5 (ii), it follows that

Lurk
i (t1, · · · , ti−1, r0, ti+1, · · · , tk+1) > 0,

Lurk
i (t1, · · · , ti−1,R0, tk+1, · · · , tk+1) < 0.

This together with (4.10), implies that there exists N0 > 0 depending on r0 and R0 such

that for any n ≥ N0 and r0 ≤ t j ≤ R0,

hn
i (t1, · · · , ti−1, r0, ti+1, · · · , tk+1) > 0,

hn
i (t1, · · · , ti−1,R0, tk+1, · · · , tk+1) < 0.
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By Lemma 2.1, there exists some (tn
1, · · · , t

n
k+1) ∈ DR0

r0 such that

hn
i (tn

1, · · · , t
n
k+1) = 0 for all i = 1, · · · , k + 1,

which means that (v
rn

k
1 , · · · , v

rn
k

k+1) ∈ N
rn

k
k . Thus the claim (4.9) follows.

Next, we prove that

lim
n→∞

(tn
1, · · · , t

n
k+1) = (1, · · · , 1). (4.11)

In fact, in view of the claim (4.9), we have

Ern
k (v

rn
k

1 , · · · , v
rn

k
k+1) ≥ Ern

k (u
rn

k
1 , · · · , u

rn
k

k+1) = Ψ(rn
k). (4.12)

and

(b1, · · · , bk+1) := lim sup
n→∞

(tn
1, · · · , t

n
k+1) ∈ DR0

r0 .

Then by (4.10), it follows that

(b1urk
1 , · · · , bk+1urk

k+1) ∈ Nrk
k .

Thus by Lemma 3.5 (i),

E(b1urk
1 , · · · , bk+1urk

k+1) ≤ E(urk
1 , · · · , u

rk
k+1).

On the other hand,

E(urk
1 , · · · , u

rk
k+1) ≤ E(b1urk

1 , · · · , b1urk
k+1)

due to (urk
1 , · · · , u

rk
k+1) ∈ Nrk

k and Lemma 3.5 (i). Thus we conclude that (b1, · · · , bk+1) =

(1, · · · , 1) and (4.11) follows.

Finally, by (4.9), (4.11) and (4.12), we see that

Ψ(rk) = Erk (urk
1 , · · · , u

rk
k+1) = lim sup

n→∞
Ern

k (v
rn

k
1 , · · · , v

rn
k

k+1) ≥ lim sup
n→∞

Ψ(rn
k).

So Ψ(rk) ≥ lim supn Ψ(rn
k).

Step 2: Prove Ψ(rk) ≤ lim infn→∞Ψ(rn
k).

Indeed, similar as the former case, we define v
rn

k
i : [ri−1, ri]→ R by

vrk
i (r) = bn

i w
rn

k
i

(
rn

i − rn
i−1

ri − ri−1
(r − ri−1) + rn

i−1

)
, i = 1, · · · , k.

vrk
k+1(r) = bn

k+1w
rn

k
k+1

(rn
k

rk
r
)
,
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and there exists (bn
1, · · · , b

n
k+1) ∈ DR0

r0 such that (v
rn

k
1 , · · · , v

rn
k

k+1) ∈ Nrk
k and bn

i → 1 as

n→ +∞ for all i. Then

Ψ(rk) = Erk (urk
1 , · · · , u

rk
k+1) ≤ lim inf

n→∞
Ern

k (v
rn

k
1 , · · · , v

rn
k

k+1) = lim inf
n→∞

Ern
k (u

rn
k

1 , · · · , u
rn

k
k+1)

= lim inf
n→∞

Ψ(rn
k).

Thus (iii) follows.

Therefore, by (i)-(iii), there is a minimum point r̄k = (r̄1, · · · , r̄k+1) ∈ Γk of Ψ. The

proof is finished. �

Now, we start to prove Theorem 1.1. Precisely, by using the deformation lemma and

Miranda theorem, we shall prove that the solution (wr̄k
1 , · · · ,w

r̄k
k+1) of the system (2.4), cor-

responding to r̄k found in Lemma 4.3, is the desired element that can be used to construct

a nodal solution of (1.1) with exactly k + 1 nodal domains.

Proof of Theorem 1.1. According to Proposition 4.1, Lemma 4.2 and Lemma 4.3,

for each k ∈ N+, there exists r̄k ∈ Γk and a corresponding critical point (ur̄k
1 , · · · , u

r̄k
k+1) ∈

N
r̄k
k of E with (−1)i−1ur̄k

i > 0 in Br̄k
i such that

E(ur̄k
1 , · · · , u

r̄k
k+1) = Ψ(r̄k) = inf

rk∈Γk
Ψ(rk) = ck.

Then (ur̄k
1 , · · · , u

r̄k
k+1) satisfies (2.4). Let

Uk :=
k+1∑
i=1

ūr̄k
i .

Obviously, Uk changes sign exactly k times and Iλ(Uk) = ck, due to (2.3) and (2.7).

We further show that Uk is indeed a solution of (1.1). Indeed, if NOT, by the principle

of symmetric criticality (see [16]), we may suppose on the contrary that there is a radial

function φ ∈ C∞0 (R3)
⋂

H1
r (R3) such that

I′λ(Uk)φ = −2.

For the sake of convenience, we denote by s := (s1, · · · , sk+1) and define a continuous

function g : (R>0)k+1 × R→ H1
r (R3) by

g(s, ε) =

k+1∑
i=1

siu
r̄k
i + τφ,
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Note that g(1, 0) = Uk changes sign k times, where 1 := (1, · · · , 1) ∈ (R>0)k+1. Then there

exists a small τ0 ∈ (0, 1) such that for any τ ∈ [0, τ0] and si satisfying |si − 1| < τ0, the

function g(s, ε) changes sign exactly k times with k nodes 0 < ρ1(s, ε) < · · · < ρk(s, ε) <

+∞, and

I′λ(g(s, ε))φ < −1. (4.13)

Set

Dτ0 := {s ∈ (R>0)k+1 : |si − 1| < τ0,∀i, · · · , k + 1}.

We take a radial cut-off function η ∈ C∞(Dτ0 , [0, 1]) by

η(s) =


1, if s ∈ D τ0

4
,

0, if s < D τ0
2
,

∈ (0, 1), others,

(4.14)

and define another function ḡ : Dτ0 → H1(R3) by

ḡ(s) =

k+1∑
i=1

siu
r̄k
i + τ0η(s)φ.

Then ḡ ∈ C(Dτ0 ,H
1
r (R3)) and for any s ∈ Dτ0 , ḡ(s) changes sign k times with k-nodes

0 < ρ̄1(s) < · · · < ρ̄k(s) < +∞. Moreover, ρ̄i(s) is continuous about s.

Now, we assert that there is s̄ ∈ Dτ0 such that

ḡ(s̄) ∈ Nk, (4.15)

where Nk is define in (1.3). In fact, we denote by 〈·, ·〉 the dual product between H1
r (R3)

and its dual space (H1
r (R3))∗. Let

Vi(s) := 〈I′λ(ḡ(s), (ḡ(s))i〉,

where (ḡ(s))i is the constraint of g(s) on {x ∈ R3 : ρ̄i−1(s) < |x| ≤ ρ̄i(s)}. Then by the

definition of η, it follows that for any s ∈ ∂Dτ0 ,

ḡ(s) =

k+1∑
i=1

siw
r̄k
i , (ḡ(s))i = siw

r̄k
i and

Vi(s) = s2
i ‖u

r̄k
i ‖

2
i +

k+1∑
j=1

s2
i s2

j

∫
B

rk
j

φu
r̄k
i
|ur̄k

j |
2 −

∫
B

rk
j

f (siu
r̄k
i )siu

r̄k
i .

(4.16)
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Clearly, Vi(1, · · · , 1) = 0 and

Vi(1 − τ0, · · · , 1 − τ0) > 0,

Vi(1 + τ0, · · · , 1 + τ0) < 0.

This together with Lemma 3.5 (ii), implies that Vi(s1, · · · , si−1, 1 − τ0, si+1, · · · , sk+1) > 0, ∀1 − τ0 ≤ s j ≤ 1 + τ0,

Vi(s1, · · · , si−1, 1 + τ0, si+1, · · · , sk+1) < 0, ∀1 − τ0 ≤ s j ≤ 1 + τ0.

According to Lemma 2.1, there exists some s̄ ∈ Dτ0 such that Vi(s̄) = 0 for all i, namely,

ḡ(s̄) ∈ Nk. Thus the assertion follows.

According to the assertion (4.15), we deduce that

Iλ(ḡ(s̄)) ≥ inf
rk∈Γk

Ψ(rk) = ck. (4.17)

However, on the other hand, note that

Iλ(ḡ(s̄)) = Iλ(
k+1∑
i=1

s̄iw
r̄k
i ) +

∫ 1

0
〈I′λ(

∑
s̄iw

r̄k
i + θτ0η(s̄)φ), τ0η(s̄)φ〉dθ.

If s̄ ∈ Dτ0/2, then by (4.13), (4.14) and Lemma 3.5 (i),

Iλ(ḡ(s̄)) < Iλ(
k+1∑
i=1

s̄iw
r̄k
i ) ≤ Iλ(

k+1∑
i=1

ur̄k
i ) = ck.

If s̄ < Dτ0/2, then η(s̄) = 0 and by (4.14) and Lemma 3.5(i),

Iλ(ḡ(s̄)) = Iλ(
k+1∑
i=1

s̄iw
r̄k
i ) < Iλ(

k+1∑
i=1

ur̄k
i ) = ck.

In any cases, there always holds

Iλ(ḡ(s̄)) < ck,

which leads to a contradiction with (4.17). So Uk is a solution of (1.1).

In summary, Uk =
∑k+1

i=1 ur̄k
i has exactly k + 1 nodal domains and is a nodal solution

of (1.1) satisfying Iλ(Uk) = ck. The proof is completed.
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5 Energy comparison and the asymptotic behaviors

By Theorem 1.1, we have showed that for each k ∈ N+, the problem (1.1) admits a

radial nodal solution Uk having exactly k + 1 nodal domains. In this section, we are going

to prove further that the energy Iλ(Uk) is strictly increasing in k and Iλ(Uk) > (k+1)Iλ(U0).

Proof of Theorem 1.2:
By Lemmas 4.2 and 4.3, for each k ∈ N+, there exist r̄k = (r̄k, · · · , r̄k) ∈ Γk and

ur̄k
k := (ur̄k

1 , · · · , u
r̄k
k+1) ∈ N r̄k

k satisfying (2.4) such that

ψ(r̄k) = inf
rk∈Γk

ψ(rk),

where ψ(rk) is defined in (2.5). Moreover, by the proof of Theorem (1.1), Uk :=
∑k+1

i=1 ur̄k
i

is a radial nodal solution of (1.1), which changes sign exactly k times. Similarly, there

exist r̃k+1 = (r̃1, · · · , r̃k+1) ∈ Γk+1 and ur̃k+1
k+1 = (ur̃k+1

1 , · · · , ur̃k+1
k+2 ) ∈ N r̃k+1

k+1 such that Uk+1 =∑k+2
i=1 ur̃k+1

i is a radial nodal solution of (1.1) changing sign exactly k + 1 times.

In the following, we denote by

r̂k = (r̃2, · · · , r̃k+1) and ûk := (ur̃k+1
2 , · · · , ur̃k+1

k+2 ),

where ur̃k+1
2 is regarded as a function defined in Br̃2(0) but it vanishes in Br̃1(0). Observe

that (s1ur̃k+1
2 , · · · , sk+1ur̃k+1

k+2 ) ∈ N r̂k
k if and only if

0 = s2
i−1‖u

r̃k+1
i ‖2i +

k+2∑
j=2

s2
j−1s2

i−1

∫
B

r̃k+1
i

φ
u

r̃k+1
j
|ur̃k+1

i |2 −

∫
B

r̃k+1
i

f (si−1ur̃k+1
i )si−1ur̃k+1

i

=: Lûk
i−1(s1, · · · , sk+1).

Obviously, Lûk
i−1(δ, · · · , δ) > 0 for small δ ∈ (0, 1) and

Lûk
i−1(1, · · · , 1) < 0, ∀i = 2, · · · , k + 2,

because

‖ur̃k+1
i ‖2i +

k+2∑
j=1

∫
B

r̃k+1
i

φ
u

r̃k+1
j
|ur̃k+1

i |2 −

∫
B

r̃k+1
i

f (ur̃k+1
i )ur̃k+1

i = 0.
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Then by the definition of Lûk
i , there hold

Lûk
i−1(s1, · · · , si−2, δ, si, · · · , sk+1) > 0, ∀s j ∈ [δ, 1],

Lûk
i−1(s1, · · · , si−2, 1, si, · · · , sk+1) < 0, ∀s j ∈ [δ, 1].

(5.1)

Let D1
δ := {(s1, · · · , sk+1) ∈ (R>0)k+1 : δ < s j < 1}. By Lemma 2.1, it follows from (5.1)

that there is s̃ := (s̃1, · · · , s̃k+1) ∈ D1
δ such that

(Lûk
1 (s̃), · · · , Lûk

k+1(s̃)) = θ,

namely,

(s̃1ur̃k+1
2 , · · · , s̃k+1ur̃k+1

k+2 ) ∈ N r̂k
k .

Hence

E(s̃1ur̃k+1
2 , · · · , s̃k+1ur̃k+1

k+2 ) ≥ inf
rk∈Γk

ψ(rk) = E(ur̄k+1
1 , · · · , ur̄k+1

k+1 ) = Iλ(Uk).

Since Lemma 3.5(i) gives

Iλ(Uk+1) = E(ur̃k+1
1 , · · · , ur̃k+1

k+2 ) > E(0, s̃1ur̃k+1
2 , · · · , s̃k+1ur̃k+1

k+2 ),

it yields that

Iλ(Uk+1) > Iλ(Uk).

Now, we turn to prove Iλ(Uk) > (k + 1)Iλ(U0). In fact, since I′λ(Uk)ur̄k
i = 0, a direct

computation yields that for any i,

‖ur̄k
i ‖

2
i +

∫
R3
φu

r̄k
i
|ur̄k

i |
2 −

∫
R3

f (ur̄k
i )ur̄k

i < 0.

Note that there exists small δ̂ > 0 such that for all i,

δ̂2‖ur̄k
i ‖

2
i + δ̂4

∫
R3
φu

r̄k
i
|ur̄k

i |
2 −

∫
R3

f (δ̂ur̄k
i )δ̂ur̄k

i > 0.

Then by the mean value theorem of continuous function, for each i, there exists δ̂i ∈ (δ̂, 1)

such that

δ̂2
i ‖u

r̄k
i ‖

2
i + δ̂4

i

∫
R3
φu

r̄k
i
|ur̄k

i |
2 −

∫
R3

f (δ̂iw
r̄k
i )δ̂iw

r̄k
i = 0,
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which gives δ̂iw
r̄k
i ∈ N . Hence

Iλ(δ̂iw
r̄k
i ) ≥ Iλ(U0),

where U0 is the ground state solution of (1.1). Then

(k + 1)Iλ(U0) ≤
k+1∑
i=1

Iλ(δ̂iw
r̄k
i ) =

k+1∑
i=1

(
Iλ(δ̂iw

r̄k
i ) −

1
4

I′λ(δ̂iw
r̄k
i )δ̂iw

r̄k
i

)

=

k+1∑
i=1

1
4
δ̂2

i ‖u
r̄k
i ‖

2
i +

1
4

∫
B

r̄k
i

(
f (δ̂iw

r̄k
i )δ̂iw

r̄k
i − 4F(δ̂iw

r̄k
i )

)
<

k+1∑
i=1

1
4
‖ur̄k

i ‖
2 +

1
4

∫
B

r̄k
i

(
f (ur̄k

i )ur̄k
i − 4F(ur̄k

i )
)

= Iλ(
k+1∑
i=1

ur̄k
i ) −

1
4

I′λ(
k+1∑
i=1

ur̄k
i )ur̄k

i

= Iλ(
k+1∑
i=1

ur̄k
i ) = Iλ(Uk).

This completes the proof.

Now, we are in a position to prove Theorem 1.3. In the sequel, we regard λ as a

parameter and analyze the asymptotic behaviors of Uλ
k as λ→ 0+.

Proof of Theorem 1.3:
Suppose that ṽk =

∑k+1
i=1 vi is a least energy nodal solution of (1.4) with exactly k + 1

nodal domains. Obviously, (a1,nv1, · · · , ak+1,nvk+1) ∈ Nrk
k,λn

if and only if

gn
i (a1,n, · · · , ak+1,n) := a2

i,n‖vi‖
2
i +

k+1∑
j=1

λna2
i,na2

j,n

∫
B

rk
i

φv jv
2
i −

∫
B

rk
i

f (ai,nvi)ai,nvi = 0.

(5.2)

Note from I′0(ṽk)vi = 0 that

gn
i (1, · · · , 1) := ‖vi‖

2
i +

k+1∑
j=1

λn

∫
B

rk
i

φv jv
2
i −

∫
B

rk
i

f (vi)vi > ‖vi‖
2
i −

∫
B

rk
i

f (vi)vi = 0, (5.3)
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and from ( f 4) that for any L > 1,

L2‖vi‖
2
i −

∫
B

rk
i

f (Lvi)Lvi = L2

‖vi‖
2
i −

∫
B

rk
i

f (Lvi)
L3 L2vi


= L2

∫
B

rk
i

(
f (vi)vi −

f (Lvi)
L3 L2vi

)
< L2

∫
B

rk
i

(
f (vi)vi − f (vi)L2vi

)
< 0.

Then for sufficiently small λn,

gn
i (L, · · · , L) = L2‖vi‖

2
i + λnL4

k+1∑
j=1

∫
B

rk
i

φv jv
2
i −

∫
B

rk
i

f (Lvi)Lvi < 0. (5.4)

By taking L = 1+ 1
n and λn > 0 small enough such that (5.4) holds, it follows from Lemma

2.1 and (5.3), (5.4) that there is

(a1,n, · · · , ak+1,n) ∈ D
1+ 1

n
1 :=

{
(s1, · · · , sk+1) ∈ (R>0)k+1 : 1 ≤ si ≤ 1 +

1
n

}
such that (5.2) holds. Moreover, (a1,n, · · · , ak+1,n)→ (1, · · · , 1) as n→ +∞. Thus

I0(ṽk) ≤ I0(U0
k ) = lim

λn→0
Iλn(Uλn

k ) = lim
n→∞

Eλn(wλn
1 , · · · ,w

λn
k+1)

≤ lim
n→∞

Eλn(a1,nv1, · · · , ak+1,nvk+1) = E0(v1, · · · , vk+1) = I0(
k+1∑
i=1

vi) = I(ṽk).
(5.5)

There U0
k is a least energy nodal solution of (1.1) among the nodal solutions having ex-

actly k + 1 nodal domains. The proof is completed.
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