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ABSTRACT. In the paper, the author presents three integral representations of
extended central binomial coefficient, proves decreasing and increasing proper-
ties of two power-exponential functions involving extended (central) binomial
coefficients, derives several double inequalities for bounding extended (central)
binomial coefficient, and compares with known results.
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1. MOTIVATIONS

In this paper, we use the following natation:

Z={0,£1,+£2,...}, N={1,2,...},

No={0,1,2,...}, N_={-1,-2,...}.
The classical Euler’s gamma function I'(z) can be defined |21, Chapter 3] by

) nln?
I'z)= lim —=——, 2z€C\{0,-1,-2,...}. (1.1)

n—-4oo HZ:O(Z —+ ,1{;) ’

It is known [2I, Chapter 3] that

(1) the gamma function I'(z) is positive on the intervals (0, +00) and (—2k,1—

2k) for k € N, see [2I], p. 44, Figure 3.1];

(2) the gamma function I'(x) is negative on the intervals (1 — 2k,2 — 2k) for

k € N, see [21, p. 44, Figure 3.1];
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(3) the gamma function I'(z) is single-valued and analytic over the punctured
complex plane C\ {1 — k, k € N}, see [I], p. 255, 6.1.3];
(4) the gamma function I'(z) has simple poles in the left half-plane at the points

1 — k and the residue at 1 — k is % for k € N, see [21] p. 44];
(5) the reciprocal ﬁ is an entire function possessing simple zeros at the points
1—k for k € N, see [1l, p. 255, 6.1.3].

The extended binomial coefficient (?) for z,w € C is defined by

I'z+1)
N,, y & N*;
Twr TG -wtD) -7 wz—we
0, z¢N_, weN_orz—weN_;
(2)w .
<2)= W ze€N-, welo (1.2)
v <Z>z—w
, z,weN_, z—w € Ng;
(z —w)!
0, z,w€eN_, z—weN_;
00, zeN_, wé¢Z,
where
n—1
ala—=1)---(e—n+1), neN
<a>n=H<a—k>:{1 o
k=0 ’ n=

is called the falling factorial.
When defining extended binomial coefficient (jj) in ([1.2)), we considered [9, The-
orem 1] and [I2, Theorem 1.2}, in which, among other things, the limit formula

L(nz) _ (,1)(nfq)kgw

et I'(gz) n (nk)!
was obtained for k € Ny and n,q € N.
It is easy to see that
I'(2 1 1 3
%7 Z#—57—17—§7—27...;
9, (z+1)
=40, z € N_;
z
1 3
00, Z=—=, ==, ...
2" 2

1

T(z) nean that

The above properties of the gamma function I'(z) and its reciprocal

(1) extended central binomial coefficient (2;) is a single-valued and analytic
function over the punctured complex plane C\ {% -k ke N};

(2) extended central binomial coefficient (*’) has simple poles at 2 —k and has
simple zeros at the points —k over C for k£ € N;

(3) extended central binomial coefficient (**) is positive on the intervals (-3, 400)
and (% —2k,1— Qk) for k € N;

(4) extended central binomial coefficient (2;’“) is negative on intervals (1—2k, 3 —
2k) for k € N.

In the literature, there have been a number of estimates and inequalities of

central binomial coefficient (27?) for n € N. See [8] 20, 22], for example.
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In [3, Corollary 3.2], [7, p. 2, Eq. (10)], [10, Theorem 3.1], and [I8, Section 4.2],
among other things, the integral representations

() =2 e

/2
/ (2sinz)?"dz (1.3)
0

™

1 [T 1
- / SR S

T Jo (1/4 + a2)n+t
for n € {0} UN were established and applied. See also [16, p. 57], [I7), Section 2.4,
Theorem 7], and [19, Lemma 2.5 and Theorem 5.5].

In [6, p. 116, (10)], Merkle obtained that the double inequality
. 20 +a)
I'2(1+x)

holds for z € (0,1) and its reversed inequality is valid for z > 1. In other words,

the double inequality
6" 2x (x +1)3"
> > —
2+ 1 2¢ + 1
is valid for & > 1 and its reversed version holds for 0 < x < 1.

In this paper, we aim to extend integral representations in (1.3]) and to extend
and refine the double inequality (|1.4).

< (1+z)3°

(1.4)

2. INTEGRAL REPRESENTATIONS

In this section, we extend integral representations in (|L.3]).

Theorem 2.1. For z € C such that R(z , we have
(22) _ / 1y
z
/2
= —/ (2sinz)** dx (2.1)
T Jo

1/+°° 1
=_ — __dz
7)o (1/4+ x2)=+1

Proof. In [4, p. 19], Kazarinoff proved that

i v L(%5)
sinrdr = Y——-22  —1<a<+toc. (2.2)
/ 2 (o)

See also [I0, p. 112, Remark 5|, [II, p. 16, Section 2.3, (2.18)], [I5, p. 34, Re-
mark 11.1], and [I7, p. 5, (16)]. Replacing o > —1 by 2t > —1 in (2.2) gives

/2 (2t

/ sin2txdx=—ﬁ ) = L2t +1) _ T (* (2.3)
0 2 T(t+1) 22K T2(t4+1) 2241\ ¢t

1

for —5 <t < +oo. Further making use of the uniqueness theorem of analytic
functions in the theory of complex functions [5], p. 62, Theorem 3. 2] We can extend
the integral representation in from —1 <t < +o0 to R(z) > —1. The second
integral representation is thus proved.
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The first and third integrals in (2.1) can be derived via variable substitutions
of definite integrals from the second integral in (2.1, as done in the proof of [I4],
Theorem 1.3]. The proof of Theorem is complete. O

Remark 2.1. The proof of Theorem provides an alternative proof of the integral

representation of the Catalan numbers C,, = %H(QT’;) for n > 0. Several integral

representations of the Catalan numbers C,, have been reviewed and surveyed in the
paper [17].
3. MONOTONICITY AND INEQUALITIES

In this section, we present decreasing and increasing properties of two power-
exponential functions involving extended central binomial coefficient (2;5), derive
several inequalities for bounding extended central binomial coefficient (2;)7 and
compare some of these inequalities with the double inequality .

Theorem 3.1. Let k € N. The function

nw -1 | ()ess] e (3.1)

e2, =0

is decreasing on the interval (—%, —|—oo), with the limits

li Fi(z) =72 2
i Fiz) = (3.2)

and
xl}l’_’I_loo Fi(z) =4. (3.3)

Proof. By straightforward computation, we obtain

In Fy(x) = é {ln m + In(2z + 1)} ,
1
and
2
[z1n Fy ()] =2 {21//(23: +1) =Y (z+1)— M} .
Utilizing the duplication formula
P(22) = %1/}(2) + ;1#(2 + ;) +In2, R(z)>0 (3.4)
in [I, p. 259, 6.3.8] gives
w’(2x+1)i[d)’<x+;> +¢'(z+1)}, x>—%. (3.5)

Hence, we have

[xlnFl(x)]”zilj/(m-l-;) —¢I($+1)_mv 2
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By the integral representations

F o0
s(j) :/ t*~te=stdt, s>0, R(z)>0
0
and
o0 tn
¢<">(z):(_1)”+1/ 17@_te*ztdt, R(z) >0, neN (3.6)
. 1

in [21, p. 49] and [1l p. 260, 6.4.1], respectively, we acquire

e 1 1
" o__ _ —(z+1/2)t =
[z 1n Fy(x)] _/0 <1+e—t/2 1>te dt <0, x> 5
Therefore, the first derivative [zIn F ()]’ is decreasing on (—3, +00).

For a,b € R with a < b, let f(z) and g(z) be continuous on [a, b], differentiable
on (a,b), and ¢'(x) # 0 on (a,b). Theorem 1.25 in [2, pp. 10-11] reads that, if

the ratio g,gfg is increasing (decreasing) on (a,b), so are ﬁf;:g((z)) and ];8:5((5))
Taking [a,b] = [a,0] C (—1,0] and letting
I'(2 1
fl@)=zInFi(z) =1n Fg(;c——::li +In(2z+1)

and g(z) = x, we acquire

f'(x) /

=[zlnF
28— pnn),

which is decreasing on (—%, +oo). Accordingly, the ratio

g(x) = Fifo)

is decreasing on (a,0). Due to a € (—3,0) is arbitrary, the function In Fy(z)

is decreasing on (—%,O). Similarly, if taking [a,b] = [0,b] C [0,+0c0), due to

b € (0,400) is arbitrary, we can find that the function In Fy(x) is decreasing on

(0,400). In conclusion, the function Fy(z) is decreasing on the interval (—1,+00).
It is easy to see that

lim  InFi(z)=-2 lim [InT(2z+2)—InI*(z+1)]
o—(—1/2)+ o (—1/2)F

~ 2|mr(1) - 2lr( 2
e 2 ()

=2Inm.

The limit (3.2)) is thus proved.
By virtue of the L’Hopital rule, we find

Jim In Fi(x) = 11220[3: In Fy(z)]
= Jim 620 +1) — (o + 1)
= 211320[1/)(21: +1) — ¢z +1)]

=2 lim Bi/}(er 1> - %z/}(:chl) +1n2

z—>00 2

=2In2,
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where we used the duplication formula (3.4]) and the limit formula
lim (z* [ (2 + a) — M (2)]) = (-1)Fkla, keNy, a>0 (3.7)

T—r 00

in [I3l Lemma 2.5]. The limit (3.3) is thus proved. O
Corollary 3.1. For x € (0,+400), the double inequality

22z 2x e
< <
2z +1 ( T ) 2z +1
is sharp in the sense that the bases 2 and e cannot be replaced by any larger and

smaller constants, respectively.
Forx € (*%,0), the double inequality

2 < 2z < e
20+ 1 T 20+ 1
is sharp in the sense that the bases m and e cannot be replaced by any larger and
smaller constants, respectively.

Proof. This follows from the limits (3.2) and (3.3)), the definition Fy(0) = €?, and
decreasing property of Fy(z) on the interval (—3,+00). O

Remark 3.1. From the limit (3.3), F1(0) = €%, and Fi(1) = 6, by the decreasing
property of Fi(x), we acquire

6=F (1) <Fi(x) <Fi(0)=¢* 2¢€][0,1]

and
4= lim Fi(z) < Fi(z) < F1(1)=6, x€]l,+o0).

r—r+00

Equivalently, we obtain

6% 2z e
< < 0,1 3.8
2x+1—<x)—2x+1’ ve0.] (38)
and
4* 2x 6*
< — . .
2z+1<(a:>_2x—|—1’ x € [1,4+00) (3.9)

When 0 < z < 1 < 1, the upper bound in is better than the corresponding
one in , where x; is the unique positive root of the equation w =2—-In3.
When z > 29 > 1, the lower bound in is better than the corresponding one
in , where x5 is the unique positive root of the equation In@+l) — 912 —1In3.

x

Theorem 3.2. Let k € N. The function

2+ 1\ *
Fy(z) = ( . ) 270 (3.10)

e, z=0

is increasing on the interval (—%, +oo), with the limits

li F: =0 3.11
im P (3.11)
and

lim Fy(z) = 4. (3.12)

r—400
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Proof. Taking the logarithm of F»(x) and differentiating yield

1 2 1
In Fy(z) = zln( x;— )
1
x

(2 + 2)

P V) P

[zIn Fp(2)) = 2¢(22 4+ 2) —p(z +2) —P(z + 1),
[z1n Fy(z)]" = 4" (22 + 2) — ' (x + 2) — ' (z + 1).

Making use of the formulas (3.5) and (3.6)), we arrive at

[ By(@))” = (x n ‘3) (4 2)

e t
_ / e (1 _ eft/2) o (@+3/2)t 34
0

> 0.
Thus, the first derivative [z In F>(z))’ is increasing on (—32,+00).
Taking [a,b] = [a,0] C (—3,0] and letting

2¢+1
x

fz) = xln Fy(z) = m(

and g(x) = x, we acquire

@) o By,

which is increasing on (—%7 —|—oo). Accordingly, in the light of Theorem 1.25 in [2]
pp. 10-11] mentioned in the proof of Theorem above, the ratio

f@) = In Fy(x)
9(x)
is increasing on (a,0). Due to a € (—3,0) is arbitrary, the function In Fy(z)
is increasing on (—3,0). Similarly, if taking [a,b] = [0,b] C [0,+00), due to b €
(0, +00) is arbitrary, we can find that the function In F3(x) is increasing on (0, +00).
In conclusion, the function Fy(x) is increasing on the interval (f%, +00).
It is straightforward that

. 2 . I'(2x +2) 1
e U URS R O)

li _n+ I
_ 2 {lnlmﬁ(w(@ _ lnp(lﬂ

3 r'(—-1/2) 2
= —00,
where we used the facts that
r<_1> ~ oyF
2
and that
lim T'(z)=-o0
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This limit can be seen from the definition (1.1)) or can be deduced from

lim [(2+m)(2)] = 2

)
z——n n!

in [2I], p. 44]. The limit (3.11)) is thus proved.
By virtue of the L’Hopital rule, we obtain

lim In Fy(z) = lim [xln Fy(x)]
T—0o0

= lim [2(22 +2) — ¢(z +2) — P(z + 1)]

n € Ny

= lim {¢(x+g) —¢Y(zx+2)+2In2

T—00

=2In2,
where we used the duplication formula (3.4) and the limit formula (3.7). The
limit (3.12)) is thus proved. |

Corollary 3.2. For z € (0,+00), the double inequality

. (2x + 1) <2x> 20 +1
e’ < = <4
T z/) xz+1
is sharp in the sense that the bases e and 4 cannot be replaced by any larger and

smaller constants, respectively.
For x € (—%,O), the double inequality

. (Zx + 1> <2x> 2z + 1
e” < = < 40
x z) x+1
is sharp in the sense that the base e and the symbol +00 cannot be replaced by any
larger and smaller constants.

Proof. This follows from the limits (3.11) and (3.12)), the definition F5(0) = e, and
increasing property on the interval (75, +oo). O

Remark 3.2. From the limit (3.12)), F»(0) = e, F3(1) = 3, and the increasing
property of F5(z) on the interval (f%, +oo), we arrive at

€ = FQ(O) S FQ(J?) S Fg(l) = 3, T € [0, 1]

and
3=F(1) < kK@) < ILm Fy(z) =4, z€ll,+0).

Equivalently, we acquire

(x+1)e” 2x (x+1)3*
— < < — 1 Ad
SO () e (3.13)
and
(r+1)3" 2x (x 4+ 1)4"
- < - 1 . 14
2r+1 — \ =z < 20 +1 v €1, +00) (3.14)

When 0 < z < x3 < 1, the lower bound in (3.13]) is better than the corresponding
one in (1.4), where x3 is the unique positive root of the equation @+l —1p6—1.

x

When = > 4 > 1, the upper bound in (3.14]) is better than the corresponding one
in (1.4), where x4 is the unique positive root of the equation w =In6—-2In2.
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4. TWO PROBLEMS
In this section, we pose two open problems to interested readers.

Problem 4.1. From poles and zeros of the gamma function T'(z), the reciprocal
ﬁ, and the extended binomial coefficient (2;) mentioned on pages and@ m
Section [1, we can immediately deduce the limits

lim Fi(z) = +o0
z——kt

and
lim Fi(z)=0
o (—1/2—k)-
for k € N. The function Fy(x) defined by is also decreasing on the intervals
(—l—k,—% —k) for ke N.

Problem 4.2. From poles and zeros of the gamma function I'(z), the reciprocal
ﬁ, and the extended binomial coefficient (2;) mentioned on pages and m
Section [, we can straightforwardly deduce the limits
li F: =0
o B F2()
and
lim  Fy(x) =40
z—(—1-k)~
for k € N. The function Fy(x) defined by (3.10) is also increasing on the intervals
(—% —k,—l—k) for k e N.
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