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Abstract: The fractional derivatives are not equal for different expressions of the same
piecewise function, which caused that the equivalent integral equations of impulsive frac-
tional order system (IFrOS) proposed in existing papers are incorrect. Thus we reconsider
two generalized [FrOSs that both have the corresponding impulsive Caputo fractional or-
der system and the corresponding impulsive Riemann-Liouville fractional order system as
their special cases, and discover that their equivalent integral equations are two integral
equations with some arbitrary constants, which reveal the non-uniqueness of solution of
the two generalized IFrOSs. Finally, two numerical examples are offered for explaining the

non-uniqueness of solution to the two generalized IFrOSs.
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1 Introduction

Since the idea of impulses was brought in the Caputo fractional order system, there appeared a
lot of studies to focus on the subject of two kinds of impulsive fractional order systems (IFrOSs) (for

details see [7—30] and references therein)

Cpay(t) = h(t,z(t)), te (to,S] and t #ty (k=1,2,..., K),

to

2(t) — 2(t;) = ou(2(t)), k=1,2,...K, (1.1)
[ 2(t0) = 20,
and
(CDe2(t) = h(t, 2(t), t€ (to,S] and t £ty (k=1,2,...,K),
2(t) = vu(2(ty)), k=1,2,.. K, (1.2)
z(to) = 2o,
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where {Df (a € (0,1)) represents the left-sided Caputo fractional derivative, h : [tg,S] x R — R,
0<ty<t1 <..<tg<tg+1=S,¢p:R—>Rand ¢y :R—=>R (k=1,2,.... K).
For (1.1) and (1.2), the piecewise function

t (t . 7_)0171
20 + ~——————h(r,2(7))dr for t € [to, t1],
2(t) = /to F(Oi) B (1.3)

t t a—1
2(t)) —i—/ gh(T,Z(T))dT for t € (tg, tg+1], k=1,..., K,
ti F(O{)

was often used to discuss their properties (such as existence of solution, numerical solution, stability

and controllability etc) in many existing papers. But, (1.3) does not satisfy the condition of fractional
derivative in (1.1) and (1.2), and its fractional derivative is

o t t — s —x
tCODt Z(t)‘te(tk,tk+1] - / Qzl(s)ds for t € (ty, tp+1] (k=1,2,..,K)

to I'l—-a)
_ (t—s) Ry s b2 (t—s)_az,s s t(t_s)_azls s
‘/ T —a)” OB+ | T *"*/t,c T —a)” &
B (t—s o S(s—T7)o ! !
‘/to - [“ W, T th} s (1.4)

_I_
(t—s) s—T1)*t '
+ 1 ~a) [ +/ (o) th] ds

(t—s) S(s—r)et 7
+ .. +/k T _a) [ (t+)+/tk ) hdr] ds
# h(t, 2(t)) fort € (ty,tpra] (k=1,2,...,K).

In fact, it has always been the incorrect understanding for the piecewise function (1.3) in existing
studies. Let us reconsider another piecewise expression of (1.3):

t t* a—1
z0+/ (FT)h(T,Z(T))dT, t € [to, 1],
to

z(t) = ()
0, t e (tl,S],
0, t€ (to,tsl, (1.5)
K t - a—1
238 seh)+ [ e, te ()
k=1 tk
0, te (tk;_H, S],

which its fractional derivative is

0, t € (to, k),

o [RE0), et & o-t
tODt 2(t) = + Z h(t,2(t)), t€ (thstr+al,

0, tc (tl, S], b1
10, t € (tht1,95],
= h(t, (1)), t€ ([to,t1] U Uty (tr, tri]) -
Thus (1.5) meets the condition of fractional derivative in (1.1) and (1.2).

Remark 1.1. Although (1.5) and (1.3) in value are equal, (1.5) meets the fractional derivative in
(1.1) and (1.2) but (1.3) does not satisfy fractional derivative in (1.1) and (1.2).

(1.6)



Moreover, the above incorrect understanding also appeared in studies of two impulsive Riemann-

Liouville fractional order systems [31, 32]:
LDz (t) = h(t, 2(t), t€ (to,S)and t # ¢ (k=1,2,...,K),
BT s — PRI R0, = Gela00), k=1 K, 1.7

RL~+1—
to Lt az(t)‘t—no—&- = %0,

and
fEDRz(t) = h(t, 2(t), t € (to,S]and t £t (k=1,2,..., K),
tRoLItliaz(t)’t:tz' = @Z)k(z(t];))v k= 1727 "'7K7 (18)
tR;LItliaZ(t)’tatoJr = 20,

where tROLDf‘ and %LItl_a represents the left-sided Riemann-Liouville fractional derivative and the
Riemann-Liouville fractional integral respectively.

The above incorrect understanding for (1.3) caused that the equivalent integral equations of the
above four IFrOSs proposed in existing papers are incorrect. Motivated by the above discussion, we
integrate the above impulsive Caputo fractional order systems and impulsive Riemann-Liouville frac-
tional order systems by using the Hilfer generalized fractional derivative to reconsider the equivalent

integral equation of two IFrOSs:

HRDMPL(t) = h(t, 2(t)), t€ (to,S] and t # ty (k=1,2,..., K),
gLItl_Vz(t)’ L~ ﬁLI,}”Z(t) C=or(2(ty)), k=1,.. K, (1.9)
t:tk t:tk .
RL~41—x o
[ fo L z(t)‘t_)tﬁ -
and
((HRDO (1) = h(t, 2(1)), t€ (to,S] and ¢ # by (k=1,2, ..., K),
REL )|, = wno(67)), k=12, K, (1.10)
Tk
RL~1—x o
[ fo L Z(t)‘t—no—i— -

where gRDf‘ p (0 < a<1land 0 < p <1) denotes the Hilfer generalized fractional derivative and

tROLItl 7 (y = a+ B — apB) represents the Riemann-Liouville fractional integral, tROLIthz(t) =
Tk

. 1- 1- . 1-
lim,_, g+ tR;LItkﬁsz(tk +¢) and 117, Vz(t)‘ o =lim - ﬁ)LIthr’ysz(tk +¢e).
7k
Remark 1.2. (1.1) and (1.7) are two special cases of (1.9) when 5 =1 and 5 = 0 respectively, and
(1.2) and (1.8) are two special cases of (1.10) when 5 =1 and 3 = 0 respectively.

2 Preliminaries

Let —oo < tp < S < oo, and give some notations: the spaces of Lebesgue integrable functions
LP(ty,S) (p > 1), the spaces of continuous Cltg, S], the spaces of absolute continuous AC|[tg, S| and

the spaces of n-times continuously differentiable functions C™[ty, S]. And let

C.lto, S] = {z : (to, S] = R+ (t — o) 2(t) € Clto, S|} (0<~ < 1)



and
C[to, S] = {z e 0"t ] 2™ e Cy[tO,S]} (n € N) and C2[to, S] = C, [to, S].

Definition 2.1([1-3]). Let z € L'(tp,S). The Riemann-Liouville fractional integral {*Z¢z(t) is
defined by
t a—1

RL7a (t—s)* x(s)

o Iiz(t) = /to Tds (t >tg, a>0).
Definition 2.2 ([1-3]). The expression

d
DR a(t) = DT} 2(t) (t>t, 0<a <1, D= ﬁ)’

provided DgLItl_az(t) exists, is called the Riemann-Liouville fractional derivative.

Definition 2.3 ([4, 5]). Let 0 < @ < 1 and 0 < 8 < 1. The Hilfer generalized fractional derivative is
defined by

gRDta,B _ tROLItﬁ(l—a)D (tRoLIt(l_ﬂ)(l_a)) ,
which is the Riemann-Liouville fractional derivative and the Caputo fractional derivative
when =0 and 8 = 1, respectively.

Define

2 1o, ] = {z € Cy_4[to, S), HEDP 2 € Cl_v[to,S}}

and
CY_[to, S] = {z € C1_4to, S], £'D]z € C1_4to, 5]} .
Theorem 2.4 ([6]). Let a € (0,1), 8 € [0,1) and v = o+ 8 — af. Let f : (to,S] x R — R satisfy
f(2(0) € Cry[to, S] for any z(-) € C1—4[to, S]. If 2(t) € C]__ [to, S] satisfies the fractional differential
equations
W DAt = f(t2(1), € (to, )

R Il - ‘ =
L z(t 20
to =t ( ) t—sto ’

iff z(t) satisfies

2(t) = %(t — o)L+ F(la) /to (t — 1) f (7, 2())dr, t€ (to,S).

Remark 2.5. In order to the existence of gRDf"ﬁ [fti) (t — 7)1 f(r,2(7))dr| in Theorem 2.4, we
need add an assumption that for function f : [tg, S] X R — R there exist two positive constants L and
M such that

|f(t,y) — f(s,2)] < L|t — s| + M|y — z| for Vs, t € [to, S] and Yy, z € R.
3 The equivalent integral equations of two IFrOSs
For simplicity, let Jx = (tx, tg+1] (k=0,1,..., K), h = h(7, 2(T)),

A(t) = %(t — )L+ /tt =" (3.1)



and o
zo + ftzk 7(;’“_T) *hdr

t a—1
(@a—FD) 1 (t—1)
t—ty)? +/ 2 pdr, k=1,..,K. (3.2)
(v) (t =) W Tla)

Tr(t) =

And for 0 < v < 1 further define some function spaces:

Cr_[to, S] = {z (to, S] R : [t — 4] 2(t) € Oty tiga], i =0, 1, K}
Gy lt0, 5] := {z € Cy_,lto, S), FEDY2(t) € Cy 4 [to, 5]} ,

IC([to, S),R) := {z e O [to, S), FET}72(t) € CY([to, t1) U UL, (th, trest ),

lim [iﬁ%}‘vz(t)] < oo, lim [d

+
t—t]

1_ d 1—
B0 = ST

For (1.9) and (1.10), there are some hidden properties:

(a) lim {system (1.9)}
¢r(2(t, ))—0 for all ke{1,2,....K}

HEDOP (1) = h(t, 2(1)), t € (to, 9],

RLl'l—'V — .
to Lt z(t) - 20
& z(t) = “0 (t— t0)7_1 + L /t (t— T)O‘_lth t € (to, 5]
I'(v) L(a) Ji, ’ ’

b lim system (1.9
( ) tpy—tr for all ke{1,2,...,K} and Vre{l,Q,...,K}{ Y ( )}

HRDMP2(t) = h(t, 2(t)),  t € (to,S] and t # t,,
K
1— 1— —
_ ) BT - BT = onla(),
" T k=1
RL~1—v .

1, ’ = 2.
to +t z(t) bstod 20

(c) lim {system (1.10)}

— t
[0 (2 (65) ~20— gy Sidk (bi=7)7hdr| -0
for all ke{1,2,....K}

HEDOP (1) = h(t, 2(t)), t € (to, 9],

RL~+1—
BT =
<0 -1 1 ! a—1
S 2(t) = t—tg)” +/ t—T hdr, t € (tg,S].
()= F(t =t + g | €= (0. 5]

Remark 3.1. The property (c) of (1.10) is corresponding to the property (a) of (1.9), and no property

of (1.10) is corresponding to the property (b) of (1.9). In particular, (1.9) is equivalence with (1.10)
under K = 1 and ¢1(z) = ¥1(z) — fELItl_Wz.

To seek the integral solution of (1.9), we consider fractional derivative of (1.9) in each subinterval



to find a piecewise function

~ t—tg)” —i—/ t—7)*""hdr, te€ Jy,
Z(t) = F(’y)( 0) L) Ji, ( ) 0
0, te (tl, S]
0, te (totxl, (3.3)
K R :
+ s 1/ (t—7)* L hdr, teJ,
k=1 I'() I(e) Jy, ’ ’
0, te€ (tke1,95],
with g’zl'tl_v,z(t)‘tifr = fgLItl_Wz(t)‘tit_ + ¢n(z(ty)) and 1 <k < K.
'k 'k

Although Zz(t) meets these conditions of initial value, impulses and fractional derivative in (1.9),
but Z(t) reject the property (a) to be only regarded as an approximate solution of (1.9).

And then we discover the equivalence between (1.9) and the Volterra integral equation of the
second kind by calculating the error between z(¢) and the exact solution of (1.9).
Theorem 3.2. Let 0 < a<1,0< B <1and y=a+ f — af. And let function h(-, z(-)) satisfy

|h(t,x) — h(s,y)| < L|t — s| + M|z — y| for Vs,t € [to, S] and Vz,y € R,

where L and M are two positive constants.
If z(t) € IC([to, S],R) meets system (1.9) iff z(¢) meets

A(t)a t € Jo, K 0, te (to,tk],
z(t) = : + t
¥ ; M(t—tk)%la t e (tr, S,
At), te Jg, I'(v)
[ 0,  tely, A(t), te o,
_ A(t), t e Jo, Ti(t), te, A(t), te.J,
+Edr(=(7)) + _ - | o
O, t S (tl,S], : : (34)
! Ti(t), te€ Jk, A(t), te Jg,]
A(t), t e Jo, A(t), te o,
_ 0, te (to,txl, A(t), te .,
+Eok (2(tx)) + -
A(t)v tEJK—la TK(t)7 tGJK,
O’ tEJK’ A(t)v tGJK,

where £ is an arbitrary constant.

The proof of Theorem 3.2 will be given in the section of appendix.



Remark 3.3. (3.4) in value is equal to

t a—1
7(75—750)7 —|—/ ———~——hdr, te€Jy,
I'(7) o L)
20 1 (t - 7') ¢z (t ) -1
t—1to)” +/ hd + Yy ——F(t—t)
o) ) Z r)
z(t) = e (3.5)
k (ti—T)*"7
20+ Jiy Hayhdr D
+&) dila(ty o T t—tﬂ1+/hd7
> oiete) e I
D _ gyt /t (t_T)alth} te k=1, K
- - Y s koo = Ly I
L T w L)
But (3.5) does not satisfy the condition of fractional derivative in (1.9).
Next we consider the integral solution of (1.10). Similarly, (3.1) with tROLItlfwz(t) T Vr(2(ty))
'k
(here 1 <k < K)
TS N /t (t—7)*thdr, teJy
Z(t) =4 T() I(@) Jy, ’ ’
0, te(t1,9],
0, te (t0>tk]’ (36)
= wk I
+ t—t +/ t—7) thdr, teJy,

2 S @

=1
07 te (tk+la S]v

is an approximate solution of (1.10), which z(¢) satisfies these conditions of initial value, impulses
and fractional derivative in (1.10), but it dissatisfies the property (c).
On the other hand, we consider fractional derivative of (1.10) on whole interval (to, S] to discover

a particular solution of (1.10):

A(t), te Jo, 0, t€ (to,tls
(1) = | n Z Vr(z(t),)) ZOF( ?;o Fa—D "7 (t—tp)"" L, tedy, (3.7)
Y

)

k=1
A(t), te g 0, t€ (tk+1,5].

The next theorem yields the equivalence between the Cauchy problem (1.10) and the Volterra

integral equation of the second kind.
Theorem 3.4. Let 0 < a<1,0< B <1and y=a+ f— af. And let function h(-, z(-)) satisfy

|h(t,z) — h(s,y)| < L|t — s| + M|z — y| for Vs,t € [to,S] and Vz,y € R,

where L and M are two positive constants.



If z(t) € IC([to, S|, R) satisfies (1.10) iff z(¢) meets

A(t), te o, 0, te&(totr],
A(t)7 te Jla K t,)) — — [ Mhd
(=1 $ S 4 Cl) a— hy Tt
: o I'(v)
A(t), te Jxk, 0, 1€ (e, S,

0, t € Jo, A(t), t e Jo,
A(t), te Jy,
X + Tl(t), t e Jp, — A(t), teJp,
0, t € (t1, 5],
Oa te (tQaS], 07 te (tQaS]a

oK [¢K(Z(tl_()) — 20— /tK thﬁ

A(t), te€ Jo, A(t), teJo, |
: 0, t e (to,tx], A(t), te i,
: A(t), te Jg_1, {TK(L‘), teJg,
0, te Jg, At), te Jg,]

where 7, (1 < k < K) are some arbitrary constants.
The proof of Theorem 3.4 will be given in the section of appendix.
Remark 3.5. (3.8) in value is equal with

,

t _ \a—1
0 (t—t0)7_1+/ (tFT)th, t € Jo,

F(’Y) to (O[)
_ th (ty—7)*""
Ue(z(t)) = 20 = fi TlamF hdT (t—ti) 1 =2t — tg)?
L'(7) '(v)
O  (f— 1)
_ ~ 7 hd t)) — 29 — - hd
=y ) o= [T
w0+ fiy Tammhdr O
X o t—t 71+/ ~——hdr
) A A ()
t a—1
20 1 (t—71) }
I TPPRPG _/ U7 il teqk=1,..K,
) M A A v ¢

but (3.9) does not satisfy the condition of fractional derivative in (1.10).

4 Applications

Let a = %, B € [0,1] and v = %(B + 1) in this section, and we provide two IFrOSs to expound

Theorems 3.2 and 3.4.



Example 4.1. Consider the following IFrOS

(1
IRp2 ”Bx(t) =t, te€(0,2] andt#1,

1
=(1—
APt I |
t=1+ t=1—

1.
B2 1)

=1.
t—0+

1.
Rz )

By Theorem 3.2, we compute the solution of (4.1):

_{A<t>, ECRI Rt
- . (t—1):08D e,
A(t), te(1,2], r@@8+1»( ) €(1,2]
e AW, te©1, [0, te©1, [AW), te@1
0, te(L,2, |Ti), te(1,2, |A®), te(12]
where £ is an arbitrary constant,
! Pt-r)et 1 -1y, 1 3
A(t)F(V)+/o ) TdT*iF(%(IB—I-l))tQ —|—F(%)t2
d
N L+ Jy i L [
T1(t) = ) (t—1)7" —1—/1 T'a) TdT
1+ —1
A Gl PREEY (G VSR SRR SN
RS ! gt Y
Remark 4.2. (4.2) in value is equal to
1 1 1 3
261 4 t2, te(0,1],
TIG+ 1) g e
1 1 1 3 1 1
- L3 ¢+ 136D
(151 1) rp” Traee Y
(t) = 1 F(3_11,3) 1 1 3 1 1
+ 2 (p—1)27 D 4 t—1)2 + t—1)2
SGraery' Y NS TE
1 1 1 3
_ $2(B-1) _ t2 v, te(1,2],
NETEESY) o) } <2

Moreover, (4.1) without impulses is presented by

1
HED2P oy =4 ¢ € (0,2,

1.
20wl =1,

t—0+

(4.6)



and by Theorem 2.4 the solution of (4.6) is

1 1 1
(361

3
2(t) = ETEE) Tt te 0,2). (4.7)

We find that (4.1) has many solutions because its solution (4.2) is with an arbitrary constant &,
and we use the numerical simulation to show the non-uniqueness of solution of (4.1) and compare
some solution trajectories of (4.1) with the solution trajectory of (4.6). Fig.1-4 show the solution
trajectories of (4.1) and (4.6) with 5 = 0, 0.5, 0.8, 1 respectively. In each figure, 'No impulse’
denotes the solution trajectory of (4.6) with the corresponding (3, and these curves ’¢ = 0’, ¢ = 1’ and
’¢ = —1’ which are drawn by numerical simulation of (4.2) with £ =0, 1, —1 respectively, represent
three solution trajectories of (4.1) with the corresponding £.

Example 4.3. Consider another IFrOS

1
IRp2 ”Bx(t) =t t€(0,2] andt#1,
1
3(1-8)
orLr a(t) =1, (4.8)
t=1+
1
5(1-8)
RET2 x(t) =1.
t—0+

By Theorem 3.4, we calculate the solution of (4.8):

where 7 is an arbitrary constant, and A(t) and Y;(¢) are defined by (4.3) and (4.4).
Remark 4.4. (4.9) in value is equal to

(1 1y 103
7F(%(6+1))t2 ! +r(g)“7 t e (0,1],
b Lty 13 1 _a-)
ey e raerore-_ip Y
z(t) = . 1+ F(g_l o Le 1 5 (4.10)
A T AR e
11 1 Loy 13
TV gy r(é)”}’ te

Similarly, (4.8) has many solutions owing to arbitrariness of 7 in (4.9). We also apply the numerical
simulation to show the non-uniqueness of solution of (4.8) and compare some solution trajectories of
(4.8) with the solution trajectory of (4.6). Fig. 5-8 represent the solution trajectories of (4.8) and

10



50

No impulse
X E:O
40 * &=l :
X &=-1
X
301 b
X
— X
< 20 X g
X

Fig. 1: The solution trajectories of (4.1) with 5 =10

(4.6) with 8 =0, 0.5, 0.8, 1 respectively. In each figure, '"No impulse’ denotes the solution trajectory
of (4.6) with the corresponding £, and these curves 'n =07, 'n = 1’ and 'n = —1’ which are drawn by
the numerical simulation of (4.9) with n =0, 1, —1 respectively, represent three solution trajectories
of (4.8) with the corresponding £.

5 Appendix

We first prove Theorem 4.2.

Proof. ’Sufficiency’ (it prove that the solution of (1.9) satisfies (3.4) by using mathematical induction).
By Theorem 2.4, the solution of (1.9) as t € (to, t1] satisfies

20

['(v)

Therefore the solution of (1.9) satisfies (3.4) as t € (to, t1].
By (A.1) we have

2(t) = (t—to)t + L /t (t —7)* thdr, t€ (to,t1]. (A.1)

[(a) to

RET )| L = BT 0|+ ()
1 Y e (A.2)
=20+ ¢1(2(t7)) + /t Mhdr

11



14

12 x

X(t)

No impulse
=0
=1

Fa B IV |

=1

Fig. 2: The solution trajectories of (4.1) with 5 = 0.5

55

XX X

4.5

()

15

No impulse
&=0

&=1

&=-1

15

Fig. 3: The solution trajectories of (4.1) with = 0.8
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5 I

No impulse
45 £=0
&=1
X =1
al £
35fF
X 3
25 b
2 - 4
15} b
1 Il Il Il
0 0.5 1 1.5 2
t
Fig. 4: The solution trajectories of (4.1) with 5 =1
20
No impulse
15 * n=0 .
X n =1
10 < X r] =1 u

X(t)

Fig. 5: The solution trajectories of (4.8) with 5 =10
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x(t)

()

>>§ No impulse
_3 - % a
n=0
-4} x x n=1 i
PN n =1
_5 L X 1
0 0.5 1 15

—

Fig. 6: The solution trajectories of (4.8) with 5 = 0.5

35

or No impulse |-
< n=0
-0.5} X * n=l 1
X n =1
_1 I I 1
0 0.5 1 15

Fig. 7: The solution trajectories of (4.8) with = 0.8
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3.5 \

No impulse
n=0
3r x n=1 i
n=-1
25} b
g 2t
15 b
1 -
0.5 | | |
0 0.5 1.5 2

Fig. 8: The solution trajectories of (4.8) with 5 =1

We substitute (A.2) into (3.3) to obtain

N 20 + ¢1( +f tlaTawdT 1 t
) = — 0] NCRERY (t—t1)71+r(a)/t (t — ) Lhdr A3)

fort € (tl,tg].

Let e(t) =
solution z(t) and the exact solution of (1.9) as t € (¢, tg+1]-
y (A.1), the exact solution z(t) of (1.9) as t € (¢1, t2] satisfies

z(t) — Z(t) for t € (tx,tx+1] (here 1 < k < K) denote the error between the approximate

. 20 -1 1 ! a—1
lIim  z2(t) = ——(t — to)” +/ t—T hdr, t € (t1,ta]. A4
1 (2(t]))—0 Q F(W)( ) L(a) Jy, ( ) (f1, 2] (A4)
Applying (A.3) and (A.4), we obtain
lim e ()= lim {z(¢) —Z(t)}
b1(2(t1))—0 P1(2(t1))—0
0+ fig Hamamhdr C—r)e!
- _ (o t—t)7! +/ hdr
) R A LY (A5)
t a—1
2, 1 [f=1)
F(’y) (t to) /to 71_‘(&) hdrp, te€ (tl,tg].
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y (A.5), we assume

e1(t) =w (¢1(z(t1_))) lim  ei(t)

¢1(2(t1))—0
+ (=) 7 hdr t —r a—1
= —w (¢1(z(t1))){ o+ Ji F(O;)VH (t—tl)vlJr/t (tl“(a))th "
1“?;) (t—to)" ! — /t: (t}(;);“hdf}, t € (t1,ta],
where w(-) is an undetermined function.
y (A.3) and (A.6), we have
A,y [T d1(z(t) g
z(t) = F(’y)(t to)” +/t0 (o) hd + T(v) (t—1t1)"
20+ [P B gy t (4 _ a1
T [1w(¢1<z<t1>>>]{ J PR gty [ b

_%(t_to)vfl — /t @F(Ta);_lhdr}, t € (t1,t2].

to

Letting 8 = 1 in (1.9) (gRDta’l is the Caputo fractional derivative), we get 1 — w(¢1(2(t]))) =

€p1(2(t7)) (here £ is an arbitrary constant) by using the method in Theorem 2.1 in [13]. Thus we
rewrite (A.7) into

0= [ —F@;m NICI P
o+ b () hdr t T a—1
+€¢1(z(t1)){ Je Fré‘j;)”“ (t—t1)7_1+/t (tr&)th (A.8)

W gyt [T
F(’V)(t o)’ /to T'(a) hd }7 t € (t1,ta].

Thus the solution of (1.9) satisfies (3.4) as t € (t1, ta].
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Next suppose that the solution of (1.9) as t € (t, tx+1] (here 1 < k < m) satisfies

A(t), t G J[), O, t e (t(],ti],
A= DR NG PR |
i1 (t—t)" ", te(t,s],
A(t), te g, I'®)
[ 0, t e Jy, At), te Jo, ]
B A(t)’ te JO7 T1(t), t e Jl, A(t), t e Jl,
+ & (2(t7)) 0. te(t.S + - + ...
; 1 )

L Tl(t)? tGJK, A(t)v tGJK,_

I A(t)a te JOa 07 te (thtkL A(t)? te J07 1
Tk(t)v le Jk7 A(t)a te J17

+ Edr(2(t;)) + . -
A(t), te Jip_1, :
L 0, t e (tk,S], Tk(t), te Jg, A(t), t e JK,_
By applying (A.9), we have
B0 = FLT0| + den ()
t=tf,, t=t,,,
k+1
_ k1 (tk+1 —T7)* §bi
Z0+/to Ny th+Z¢Z Z o v+1

t; tea1 trt1
X [/ (ti — )% "hdr —i—/ (the1 — 7)) Thdr —/ (th1 — T)O‘_Vth] .

to ti to
Plugging (A.10) into (3.3), we obtain

k1
)

o (=t Bt — £i(2(t;)
q) =0 — {zo—I—/tO T 77D th%—Zd& ZF(a—fy—i— )

i=1

(A.9)

(A.10)

)
1
t; trt1 tht1
X [/ (t; — 1) "hdr +/ (tge1 — 7)* Thdr / (tge1 — 7)) ThdT } (A.11)

to t; to

t (t _ 7_)0471
—|—/ ———~—hdr, te (tk 1, Lk 2].
thi1 I'(a) " -

On the other hand, by (A.9), the exact solution z(t) of (1.9) as t € (tg11, tx12] satisfies

t (t _ T)a—l

. Z _
lim x(t) = T O (t—to)? +/t W}ldﬂ t € (ths1, trtal,
0

$:(2(t7))—0 for all ic{1,... k+1} ()

17

(A.12)



and

lim z(t
¢;(2(t;))—0 for je{1,....,k+1}
(t—m)! ¢i(2(t;)) -1
- (t — to) +/ hdr+ > L0t — )7
) o T(@ A T
and i#j
s—T)OY
20+ [ ta oyhdr Lt —m)!
+¢ o=t o DT -t [ D ar
and i#j
t a—1
— t—tg)” —/th , tel(t , T .
F(’}/)( 0) o F(Oé) ( k+1 k-‘r?]
Thus by (A.11)-(A.13), we have
lim er+1(t) = lim {z(t) — z(t)}
¢;(2(t;))—0 for all je{l,...k+1} #5(2(t;))—0 for all je{l,...k+1}
tk+1 (tg1—1)*7
zo + Sl hdr t — )1
F(PY) tra F(a)
t a—1
20, \ye1 (t—r7)
+ P(’Y) (t t()) + /tO F(O{) tha te (tk+1a tk+2]7
and
lim er+1(t) = lim {z(t) — z(t)}
¢;(2(t;))—0 for je{l,...k+1} ¢;(2(t; ))—0 for je{1,...k+1}

t (t )Y
Zo+f k+1 k+1 )

7hd7' t _ \a—1
_ (a—~y+1) (t_tk+1)7_1_/ (tI‘T)th_’_ZO(t_tD)'y—l

L'(v) tor (@) L'(v)
t; (b;—1)* 7
Lt —r)e! 20+ Jiy Tlayrphdr 1
+/ () AT+ §di(2(t;)) ° (t—t)"
W T(a) 1<§+1 I'(v)
and i#£j
‘(¢ — ) ) (t— ther)™
+/ S hdr— — ) — / th] SR e YA
, T e U M L/ T(y)
§pi(z [/ /tk+1 _
X Z —7)* ThdT + (tge1 — 7)% ThdT
I<ickil Pla—vy+1) + 1) b
and i#£j
tetr1
— / (the1 —7) ”Yhdf] > a (FZ ) [(t—t)" " = (t — tiy1)" ],
to 1<i<k+1 ()
and i#j

t € (tht1, trtal-
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y (A.14) and (A.15), we get

20+ [ 7tk+1 7 hdr t _ el
exsr(t) = —— J F(;; Y (t—tea) ™" = /t (tr(a))th + = F(V) (t—to)"
(t o T)a 1 k+1 20+ fto t;‘r’)ﬁ_l) hdr -
+ /t T ~———hdr + qubz ) (t—t;)
Lt =Tt B Lt —r)* ! o (t —tpyr) !
+ | Syt gyt / R R (A.16)
k+1 t; tet1
Z {i,&z(v _{_))1) [/ (t; — 1) "hdr +/ti (tgs1 — 7)* ThdT

tet1 k+1
- /t (b = 7)™ Vth] T Z W [(t—t) " = (t —tey1)" ],

t € (tps1s trsa).

Using (A.11) and (A.16), we obtain

Ca [T R ee) L
z(t)_r(fy)(t to) +/t0 I(a) hd7+; ) (t —t;)
k41 5 ti (tim) 0 0 a—
—|—§Z¢i(z(t;)) { 0t Ji ;‘G)”“)hd (t—t;)1 + /t %“‘F(Ta))lhm (A.17)
Zo

7= Pt —r)* !
“rpy 1) 1 /to F(Q)th] ;1€ (bt thsa)-

Therefore, the solution of (1.9) satisfies (3.4).
'Necessity’. We compute the fractional derivative and the fractional integral of (3.4):

ht,=(1), t€do, (0, te (to,t],
ARDXMP (1) = : +) 90, te + 61 (2(t7))
ht,=(t), tedg, 0 t€ (thr, S,
i 0, t € Jo, h(t, z(t)), t € Jo, ]
h(t, (1)), t € Jo, h(t,z(1)), t € Ju, h(t,z(t)), t € Ju,
. {0, te(tl,S],+ IRE
I h(t, 2(t)), t € Jx, h(t, 2(t)), t € Jx, | (A.18)
+ o+ Eor (2(tg))
[ ( h(t,z(t), teJo, h(t, 2(t)), te€Jo, ]
: 0, t e (to, txl], h(t,z(t)), te€Ji,
: h(t,z(t), te Jg_1, ! { ht,=(1), te Tk,
0, t e Jg, h(t,z(t)), te€ Jxk, |

= h(t,2(t), teJ, (k=0,1,..K),
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and

Z0+/ ————dr, t € Jy,
- 'f‘ 1 K 0, t e (to,tk]
BT T2t = +3° 4 on(=(ty), te i,
k=1
7)Y 7h 0, te (tes1,9],
zO+/ a7 t€ K (B, 5]
to
+Ep1(2(t7))
0, tGJo,
t1 t — a=vp t t— a=vp t t— a=vp
/ (h=7)"7h dT+/ (=) Th dT—/ (=) (A.19)
X to F(a—’y—i—l) t1 F(Oé—"}/—i-l) tor(a_’y—i_l)
te Ji,

\0, t e (tQ,S],

+ o+ oK (2(t))
'0, t e (to,t[(],

U (tge — 1) 7h Lt — 1) h Lt —7)* 7R
X dT—I—/ = ———dt —/ -,
/to Mla—v+1) tx Lla—7+1) to (@ —7+1)

te Jk.
Thus 17020, — BT 70| = au(a(t) (here 1 <k < K) and P72 =z
k k 0
Finally, we consider two limit cases of (3.4):
lim {equation (3.4)}
¢r(2(t, ))—0 for all ke{l,2,...,m}
<0 -1 1 ! a—1

S 2(t) = =——(t —tg)” +/ t—T hdr, t € (tg,S].
0= gyt + g | ) (t0,
HRDOB, (1) = h(t, 2(1)), t € (to, S, (A.20)

=

RL41—
to It ’Yz(t) tsto+ = 20-
= lim {system (1.9)}
¢k (2(t, ))—0 for all ke{1,2,...,K}
and
li ti 3.4
t—tp for all k€{1,2,..1.,HII{} and Vpe{l1,2,...,.K} {equa on ( )}
0, t to,
o0 {A(t), t € (to, t,), . iK e¢( ;),(p],»
z(t) = _1 Op(2(T,
A(t), te€ (ty,S), k—lm) Pt -t te (L, S),

(A.21)

A1), tE(to,tp], 0, tE(to,tp], A1), tE(to,tp],
V10, tens), AW, teys) ]
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Therefore, (3.4) satisfies all conditions of (1.9). The proof is completed. O
Now we prove Theorem 3.4.
Proof. 'Sufficiency’. By Theorem 2.4 the solution of (1.10) meets

<0 -1 1 ! a—1
(t—to)" " + / (t—7)*""hdr, te€ (to,t1]. (A.22)
(7) [(a) Ji,
Next we seck the solution of (1.10) for t € (tg,tg+1] (1 < k < K). By (3.6), the approximate
solution z(t) when t € (tx, tg+1] is
Sy Ye((t) o, L /t -1
Z(t) = TR (=) T 4 —— t— 1) "hdr, t€ (tg,tprl, (A.23)
and ex(t) = z(t) — 2(t) as t € (t, tx+1] (here 1 < k < K) represents the piecewise error between z(t)
and the exact solution z(¢) of (1.10).
On the other hand, by the particular solution (3.7), the exact solution of (1.10) when t € (¢, txt1]

meets

t a—1
. ZO —1 (t - 7_) h
lim 2(t) = (t —to)” +/ o dr, t € (e, el (5 0y
{wk(z(t;))*zoffztok %dT} -0 F(’Y) to F(a) ( : )
By (A.23) and (A.24), we have
lim er(t) = lim {z(t) — 2(t)}
onctam it g0 [t ]
tr (tk—7')o‘7’Y
20+ Jig Tl M7 tt-T)et
- o t—ty) ! +/ hdr (A.25)
R i )
t a—1
———(t —to)" —/ ~——————hdr|.
TR M e
According to (A.25), we assume
ty _ a7y
ault) = (n(et) — 0 - [ 1) lim (0
to g [wk(z(t;»,m, I %d} -0
B (b =)o E
=K z(t7)) — 20 — 7 pdr) | (= t)
(wk( (fi)) =0 /to Mo —v+1) F(v)( o) (A.26)
_ by (te=7)*"7 _
. /t (t —7)° 1 e Zo + ftok mth i - tk)'Y” B /t (t—T1)* 1th
w @) I'(7) v, (@) ’

where k(-) is an undetermined function.
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Using (A.23) and (A.26), we get

Ur(z(ty) = 20 — [ WD hdr 2
2(t) = o Dot ) (g7 4 20 (1 — tg)7

4 /: (t_r(;);_lth + {1 —x (wk(z(t;)) o /ttk Mhdrﬂ

tr (t —T)a77 a—
zo + fto Féca—v—i-l) hdr (t— tk)7_1 n /t (t—7)o ! hr
L'(v) PR ()

(A.27)

X

20 _ t (t _ T)a—l
- P(’y) (t — to)’y T /to F(a)hd’/—] , t€ (tlmthrl]'

To get x(+) in (A.27), we discuss a special case of (1.10) (only an impulse in (1.10)) as:
HEDO4(t) = h(t, 2(t),  t€ (to,S] and t # ty,

AT ()| = el (7)),

_—
t=t}

RL~41—v
7 zt’ = 2p.
to ~t ()t to+ 0

HRDRPo(t) = h(t,2(t),  t€ (fo,S) and t £ t,
1— 1—
gLIt Wz(t)‘ttg B gLIt 7Z(t)’ttk
= Yu(a(t7) = RET 2| (A.28)

» .

ol - [ T

hdr,

R 0)| =z

\ t—to+

By applying Theorem 3.2 and (A.27) to (A.28) respectively, we get 1 — k(y) = nry for Yy € R where
Nk is an arbitrary constant. Therefore, (A.27) is rewritten as
_ te (fo—7)2"
)~ 20— h HEETHMT L 0
— 1tk =~ —to
I'() I'(9)

bt —r)at _ (b =)
[ i et o [T e

b (tp—7)*77
y z2o + fto T(a—F1) hdt ‘ tk)7_1 N /
F(Fy) tr

2(t) =

(A.29)

z _ Lt =7t
_T(’)y)(t_tow 1_ /to F(a)th] , t€ (tg, tk+1),

which means that the solution of (1.10) satisfies (3.8) as t € (tg, tg+1] (1 < k < K). Thus the solution
of (1.10) satisfies (3.8).
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Now we prove the necessity. We compute the fractional derivative and fractional integral of (3.8):

h(t,z(t)), te Jo, [0 te (to,t],

HRDPa(t) = +3°%0, te g,
ht,=(1), te e, L0, t€ (tr,S),
t (tl — T)a_7
N-z20- | =+—"L _hd
e [net) =20 [ T har]
0, t € Jo, h(t,z(t)), te€ Jy,
h(t, 2(t)), te Jo, ’ (i, 2(2)) ‘
<19, et ht,2(t), t€ Ji, — 4 ht,=(t), teJi,
M E M )
' 0, te(tss, |0,  te(tS) (A.30)
ti (tK _ ,7_)04—"{
oot 2(tR)) — 2 —/ th]
K [¢K( (tx)) — 20 , Tla—7+1)
F (Rt 2(1), te o, h(t, (1)), t€ Jo, ]
: {0, tc (t07tK]7 h(t,Z(t)), te Ji,
X + _
ht,z(t), teJg 1, (Rt 2Q1), teJk,
L L O, t e Jg, h(t,z(t)), te€ Jk, |
= h(t,2(t), te Jy (k=0,1,..K),
and
4 t _ \a—y (
ZO+/ (=7 R 0, t€ (totx],
to Ll —v7+1) K /tk (tr — T)a_’yth
g [ Uz T) R
mET () = : +3 W Tla—7+1)
. /t (t— 1) h e k=1 +r(2(ty)), tE i,
T/ _ ., 1\ T7 9
" ), Tla—y+1) K 0, t€ (trs1,9),

b (a7 -0 [ (A= ]

O,t t e Jy, t t (A.31)
" /1 (t1 —T)O‘_thT_F/ (t—7)*"h dr _/ (t—7)*"h dr te
to F(OZ—’}/+1) t1 ]._‘(Oé—’}/‘i-l) tol_‘(a_fy—'_l) ’ ,
0, t e (tg, S],
U (tg — 1) A
+...+ 2(t)) — = —/ dr}
K {?ﬁK( (tk)) — 20 . Ta—~71)
0, te€ (to,txl],
X /tK (tx — T)O‘_Vth N /t (t—7)*h g /t (t—7)*h dr te T,
to F(Oé—’)/—}—l) tKF(a_’7+1) tOF(Oé—’)/—}—]_) ’
Thus by (A.31) we have tR;LItl_Vz(t)‘t = Yr(z(t;, ) (here 1 <k < K) and tROLItl_Vz(t) s 20 -
=t} o
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Finally, consider a limiting case of (3.8)
lim {equation (3.8)}

— t _
(9026 ) 20— iy S (B5=7)* T har] =0
for all ke{1,2,...,.K'}

t
S 2(t) = =2 (t—t) "t + 1/ (t—7)* L hdr, te (to,S].

I'(v) () Jy,
HRpOB (1) = h(t, 2(1)), t € (to, 9], (A.32)
RL~1—7 .
to It Z(t) t—sto+ = 20-
= lim {system (1.10)}

— t —
[0t ) =20~ pgamtsgry Ji (6x—r) = Thdr] -0
for all ke{1,2,....K}

Therefore (3.8) meets all conditions of (1.10). The proof is completed. [
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