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ABSTRACT. We discuss the existence and nonexistence of a local and global-
in-time solution to the fractional problem

Ofu=Au+ f(u) z€Q, 0<t<T,
u=20 red, 0<t<T,
u(z,0) = up(z) x €,

where Q C RY (N > 1) is a bounded domain with C? boundary, 0 < T <
00, ug € L™(2) (1 <r < o0) and 9§ (0 < a < 1) is the Caputo fractional
derivative. We assume that f(u) is a continuous function such that for some
p > 1 one has [f(€) — f(n)] < C(1+ €] + [n)P~[€ — ] for all €5 € R
Particular attention is paid to the doubly critical case (p,r) = (1+2/N,1).

1. INTRODUCTION AND MAIN RESULTS

Let Q C RY (N > 1) be a bounded domain with C? boundary and 0 < a <
1. We are interested in existence and nonexistence of a solution of the time
fractional spatially homogeneous parabolic problem

Ofu=Au+f(u) z€Q, 0<t<T,
(1.1) u =0, red, 0<t<T,
u(z,0) = ug(x) x €,

where 0 < T' < co. The operator J;* denotes the Caputo fractional derivative

defined by
d [* 1 u(s) —u(0)
ou(t) = — d
rult) dt/o T1—a) (t—sa
where I" is the usual Gamma function. If u(¢) is smooth enough, then the
above derivative can be written as
1 b d.u(s)
dfu(t) = ds.
ru(®) F(l—a)/o (t— o)
In the last two decades various models involving fractional time derivatives

have been devised to discuss real life phenomena ranging from hydrology [3]
and earth sciences [29] to medical image enhancemen [18] and biosciences [20].
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From mathematical point of view, the Caputo fractional derivative has been re-
cently discussed in the frame of diffusion equation [2,8], Hamilton-Jacobi equa-
tion [6], predator-prey models [11], transport equation [19], acoustic wave equa-
tions [14], porous medium equation [26] and Ginzburg-Landau equation [27].
A maximum principle for differential equations involving Caputo fractional
derivative is studied in [15].

In the present work we investigate the influence of the Caputo fractional
derivative in the parabolic problem (1.1). We assume that f : R — R is a
continuous function that fulfils:

(F1) there is C' > 0 such that
[F(©) = )] < CA+[E]+ )P He — | for &,n € R.

When we discuss the existence of a global-in-time solution, we replace (F1)
above with the slightly stronger condition, namely

(F1') f(0) =0 and there is C' > 0 such that
1£(€) = f(m)| < CUE| + )" |€ =l for &,n € R.

In defining the notion of a solution to (1.1) we follow [10, Section 3]. We
consider the following Wright type function

O, (2) = Z T (=2)" z e C.

—nll'(—an+1-a)

It is known that ®,(t) satsifies
Bo(t) > 0 for £ >0 and / B (t)dt = 1,
0
and hence ®,(t) is a probability density function. Moreover,

o0 I'(p+1)
PO ()t = ——2 p>—1, 0<a<l.
A () Tlap+ 1) 7 “

Let A be the Dirichlet Laplacian on €2 in the Lebesgue L"(2), 1 < r < oo,
equipped with the norm | - ||, whose domain is {u € W*"(Q); u = 0 in 9Q}.
Then A generates a strongly continuous semigroup {S(t)}+>0 on L"(f2). For
t > 0 we define

Sa(t), Po(t) : L"(Q2) — L™ ()
by

Sa(t)v = /000 O, (1)S(Tt*)vdr,
(1.2) for all v € L"(Q2).
Py(t)v = at*™* / 7P, (7)S(Tt*)vdrT,
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Let us consider the nonhomogeneous problem

Ofu=Au+ f(z,t,u), z€Q, 0<t<T,
(1.3) u=0, red, 0<t<T,

u(z,0) = up(x), x €,
where f: ) x [0,00) x R — R is a measurable function that satisfies, instead
of (F1) and (F1’) above, the nonhomogeneous conditions:

(i) there exists ¢ : 2 x [0,00) — (0,00) and p > 1 such that for all £ € R
and a.e (x,t) € Q x (0,7T) there holds

(1.4) (@, 8, 8)] < e, )(1 + [€]7);

(ii) For all &,n € R and a.e. (z,t) € Q x (0,T") there holds
(1.5) (2, t,€) = fla,t,)] < (@, )1+ [¢] + )"~ |E = nl.
Here,

T 1/q2
(16) ([ 1t ol ) <

for ¢1,q2 € [1,00), with the obvious modifications when ¢; = oo and g, = 0.
We adopt the following definition of a mild solution of (1.3) from [10, Defi-
nition 3.1.1].

Definition 1.1. We say that a measurable function u a solution of (1.3) if
there exists 7" € (0, 0o] such that the following conditions (a)—(e) hold:

(a) u(-,t) € LY(Q) for all 0 < ¢ < T}

(b) f(-,t,u(-,t)) € LY(Q) for a.e. 0 <t < T

() /Ot||f(-,3,u(-,s))||1ds<oof0r0<t<T;

(d) wu(-,t) satisfies
u(-,t) = Sa(t)uo+/tPa(t—s)f(-,s,u(-,s))ds for 0 <t<T,
0

where the integral in the above equality is an absolutely converging
Bochner integral in L(Q);
(e) The initial condition holds in the following sense:

|lu(-,t) —ul|, =0 ast—0
for up € L"(Q) if 1 <r < 0.

It follows from [10, Remark 3.1.2] that the property (e) in the Definition 1.1
holds if and only if

(1.7) lu(-,t) = Sa(t)uol, =0 ast—0,
which is equivalent to the convergence to zero in the norms of the integral term

in Definition 1.1 (d).
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The aim of the paper is to develop an L"-theory for the Cauchy-Dirichlet
problem (1.1), 1 < r < oo with a particular focus on the case r = 1. A solution
w of (1.1) is defined similarly to Definition 1.1 above where f(z,t,u) = f(t, u).
The homogeneous version of [10, Theorem 3.1.4] that applies to (1.1) reads as
follows:

Proposition 1.2 (Local existence in L"(f2)). Let N > 1 and 0 < o < 1.
Assume that f € C(R) satisfies (F1) and that one of the following holds:

(i) (Subcritical case) 1 <r < oo and1 <p<142r/N,

(i) (Critical case) 1 <r <oo and1 <p=1+2r/N.

Then, for each initial function uy € L™(2), (1.1) has a local-in-time solution
in the sense of Definition 1.1.

On the other hand, the nonexistence of a solution to (1.1) is not completely
understood, apart from the case of pure-power nonlinearities f(u) (see [23]).
The first main result of this work discusses the nonexistence of a nonnegative
solution of (1.1) which shows the sharpness of the two conditions (i), (ii) in
Proposition 1.2.

Theorem 1.3 (Nonexistence in L"(§2), 1 <r < o0). Let N > 1 and0 < a < 1.
Suppose that f : R — R is nonnegative and nondecreasing. If 1 < r < oo and

f(s)

(1.8) thUPSHT/N = 00,

5§—00
then there exists a nonnegative ug € L™ () such that (1.1) has no nonnegative
solution in the sense of Definition 1.1.

For
(1.9) flz,t,u) = c(z, t)|ulftu  (z,t,u) € Q x [0,00) x R,

the nonexistence of a local-in-time solution to (1.3) was obtained in [23]. To

the best of our knowledge, Theorem 1.3 is new for general nonlinearities f(u).
For nonlinearities f(x,t,u) given by (1.9), the nonexistence of a solution to

(1.3) with a general partial differential operator A instead of A is conjectured

in [10, Problem 2 in p.154]. In the Laplacian case the conjecture reads as

follows: Let g1, 2 € [1,00] be given in (1.6). If

N 1  Np-1)

+—+ "> 1,

1.10 —
( ) 21 Qqo 2r

then (1.3) does not have a solution for some initial data uy € L"(£2). When
1 = g2 = 00, (1.10) becomes p > 1+ 2r/N. By (1.8) we see that Theorem 1.3
gives an affirmative answer for the homogeneous nonlinearity f = f(u).

Let us consider the case f(u) = |u|’~'u. For each r € (1,00), Theorem 1.3
indicates that Proposition 1.2 is sharp in this case, i.e.,if 1 <p <1+ 2r/N,
then (1.1) with ug € L™(€2) has a solution. On the other hand, if p > 1+2r/N,
there is a nonnegative initial function uwy € L"(Q2) such that (1.1) has no
nonnegative solution. The semilinear case a = 1 is discussed in Weissler [25].
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Let us next comment on the case r = 1 in the setting of pure power non-
linearities f(u) = |u[P"'u. By Proposition 1.2 and Theorem 1.3 we see the
following:

o If 1 <p<1+2/N, then (1.1) with ug € L'(Q2) has a solution;
o If p > 1+ 2/N, then (1.1) with uy € L'(Q) does not always have a
nonnegative solution.

The doubly critical case (p,r) = (14 2/N, 1) is not covered by neither the
above Proposition 1.2 and Theorem 1.3. This requires a more delicate analysis
as both exponents reach the critical threshold.

In the semilinear case o« = 1 and (p,r) = (1+2/N, 1), it is known that there
is a nonnegative initial function vy € L*(2) such that (1.1) has no nonnegative
solution; see [5,7] for a nonexistence result in the case Q2 = RY and [7,17] in
the case where () is bounded.

In the recent paper [21] it is shown that the problem

O = Au + |u)*Nu reRY 0<t<T,
u(-,0) =ug € L'(RY) z e RV,

has solutions if and only if

/N |uo| (log(|uo| + €))* dz < oo.
R

Local existence of a solution to (1.1) is studied in an abstract setting in
[1,12,24]. However, those methods are not applicable to our present setting,
since a local Lipschitz (or Holder) condition in a function space is assumed.

Our second main result concerns the existence of a local-in-time solution to
(1.1) in the critical case (p,r) = (1+2/N,1).

Theorem 1.4 (Local solution in L'(Q2)). Let N > 1,0 < a < 1 and p =
1+2/N. Suppose that f € C(R) satisfies (F1).

Then, for each initial function ug € L'(Q), (1.1) has a local-in-time solution
in the sense of Definition 1.1.

Theorem 1.4 shows a sharp contrast in terms of existence of local-in-time
solutions to (1.1) in comparison to the semilinear case o = 1.

Our third main result discusses the existence of a global-in-time solution to
(1.1) in the critical case (p,r) = (1 4+2/N,1). This time we require f satisfies
(F1’) instead (F1).

Theorem 1.5 (Global solution in L'(Q)). Let N > 1, 0 < a < 1 and p =
1+2/N. Suppose that f € C(R) satisfies (F1’).

Then, there exists € > 0 such that for all ug € L*(Q) with |lug||, < & there
exists a global-in-time solution w of (1.1) in the sense of Definition 1.1 with
T = oo.

Moreover, if ug is nontrivial and nonnegative and |lugll, < €, then (1.1) has
a nontrivial nonnegative global-in-time solution.

When a = 1, f(u) = u? and Q = RY, Fujita [9] showed the following: If
1 <p<1+42/N, then (1.1) with a nontrivial nonnegative initial data blows
up in finite time. If p > 1+ 2/N, then there is a small nontrivial nonnegative
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initial function wy such that (1.1) has a global-in-time solution. It is proved
in [13,16] that a nontrivial nonnegative solution blows up in the threshold case
p=1+2/N.

This shows again a sharp contrast with the fractional case 0 < o« < 1. For
f(u) = v and Q = RY it is shown in [28] that (1.1) may have a nontrivial
nonnegative global-in-time solution. Our Theorem 1.5 is in line with the result
in [28] in the sense that the existence of a global-in-time solution still holds
for small L' data in the case of bounded smooth domains 2.

Theorem 1.6 (Uniqueness of solution). Let N > 1, 0 < a <1, p=1+2/N
and B = a/p. Suppose that f € C(R) satisfies (F1).

Then, (1.1) has a unique solution in the class

K = {u(t) € C([0,T), L}()) for some 0 < T < co and sup t° [u®)l, < oo} :
0<t<Ty
in the sense that if u(t) € C([0,T1), L} (Q)) and v(t) € C([0,T3), L (Q)) are

two solutions in the above class K then
u(t) = v(t) in L'(Q) for 0 <t < min{T}, T»}.

The remaining of the paper is organised as follows. In Section 2 we recall
the L"-theory (1 < r < oo) for (1.3) and a monotone iterative method. A
supersolution to (1.1) is constructed by using a solution of (1.3). Then, a
monotone iterative method enables us to construct a nonnegative solution of
(1.1) under a mild condition on f. In Section 3 we describe the LP-L? estimates
for S, (t), P.(t) and construct a local-in-time solution of (1.1) in L*(€2). We
also construct a nonnegative solution of (1.1) in L'(€2) under a mild condition
on f using a monotone iterative method. In Section 4 an existence of a global-
in-time solution of (1.1) for a small initial data in L'(Q) is proved. In Section 5
we establish a nonexistence theorem in L"(§2), 1 < r < oo. The method used in
Section 5 is based on the approach developped in [17,23]. Combining existence
and nonexistence results, we obtain a necessarily and sufficient condition on
the growth of f for the existence of a nonnegative solution to (1.1) in L"(€2).
Finally, in Section 6 we prove the uniqueness of a solution of (1.1) in the set
K given in Theorem 1.6.

2. EXSITENCE OF A SOLUTION IN L"(Q), 1 <7 < o0

Let us start with a quick overview on the monotone iteration techniques in
the fractional setting. Consider the problem

fu = Au+ folz,t,u), 2€Q, 0<t<T,
(2.1) u=0, red, 0<t<T,
U(ZE,O) = UO(ZL‘), r €1,

where @ € RY (N > 1) is a bounded domain with smooth boundary and
fo: 2 x[0,00) x R — R is a continuous function such that:

(F2) fo(z,t,€) is nonnegative and it is nondecreasing in &.

Definition 2.1. We sat that a measurable function u a solution of (2.1) if
there exists 1" € (0, oo] such that the following conditions (a)—(e) hold:
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(a) u(-,t) € LY(Q) for all 0 < ¢ < T}

(b) fo(-,t,u(-,t)) € LY(Q) for ae. 0 <t < T;

t

(c) / I fo(-,s,u(-,9))],ds < oo for 0 <t <T,;
0

(d) wu(-,t) satisfies

u(~,t):Sa(t)ug—l—/tPa(t—s)fo(-,s,u(-,s))ds for 0 <t <T,
0

where the integral in the above equality is an absolutely converging
Bochner integral in L*(€);
(e) The initial condition holds in the following sense:

lu(-,t) —ul|, =0 ast—0
for up € L™(Q) if 1 <r < 0.

We call 4 a supersolution of (2.1) if u satisfies Definition 2.1 (a)—(c) and the
following (d’) and (e’) hold:

(d’) u satisfies the inequality:
t
a(-,t) > Sa(t)u0+/ P.,(t—3s)fo(-,s,u(-,s))ds for 0 <t<T,
0
(€’) u satisfies

where ug € L"(Q) for some 1 < r < oc.

—0 ast—0,

/0 P.(t—s)fo(-,s,u(-,s))ds

r

Proposition 2.2. Let 0 < T < oo. Suppose that the function fo(x,t,€)
satisfies (F2).

If (2.1) has a nonnegative supersolution u(t) on 0 < t < T, then (2.1)
has a solution u(t) in the sense of Definition 1.1 on 0 < t < T such that
0 <wu(t) <ul(t).

For the reader’s convenience we provide a quick proof (see [22, Theorem 2.1]
for details).

Proof. Let @ be a nonnegative supersolution of (2.1) for 0 < t < T. Set
uy = S(t)up and for n > 2 define u,, by

Up, = F(Up_1),
where
F(u) = Sq(t)ug + /t P.(t—3s)fo(-,s,u(-,s))ds.
Then, an induction argument yioelds

0<uy < < <y, <--- <u< o0 fora.e.xERN, O<t<T.
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This indicates that the limit w(z,t) := lim, o u,(z,t) exists for almost all
r € RV and 0 <t < T. By the monotone convergence theorem we see that

lim F(u,—1) = F(u),

n—oo
and hence u = F(u). It is clear that
(2.2) 0<u(t)<u(t) foraezeRY 0<t<T.

We check that u(t) satisfies the conditions in Definition 1.1. Since @ satisfies
Definition 1.1 (a)—(c), by (F2) and (2.2) we see that u also satisfies (a)—(c).
Since u = F(u), u satisfies (d). By (F2) and (2.2) we obtain

||u<t>—sa<t>uor|r:] [ Pate =) st s

T

<

/0 P,(t—s)fo(-,s,u(-,s))ds

r

Since u satisfies (e’), we have

|lu(t) — Sa(t)uoll, = 0 ast—0,
and hence (e) holds. Thus, u satisfies Definition 1.1 (a)—(e), and hence u is a
solution of (2.1). O

Theorem 2.3. Suppose that fo(z,t,&) satisfies (F2). Suppose that there exists
a function fi(z,t,£) such that fi satisfies (1.4) and (1.5) with

N 1
JAS [1700)7 ¢ € [1700] N (5700]7 G2 € (5700]

and
(2.3) fo(z,t,8) < fi(z,t,&) forx € Q, t >0 and £ > 0.
Then, for each nonnegative initial function ug € L"(S2), (2.1) has a nonnegative
local-in-time solution if one of the following holds:
(i) pe (1,00), r € (1,00) and

N 1 —

_ 4 — M S 1.

291 aqo 2r
(i) pe [l,00), r € [1,00) and

N 1 (p—1)N

_—t — 4+ ——— < 1.
2q1+aq2+ 2r

(2.4)

Proof. Since all the assumptions in [10, Theorem 3.1.4] are satisfied in both
of the above cases (i) and (ii), it follows from [10, Theorem 3.1.4] that the
problem

Ofu = Au+ fi(z,t,u), z€Q, 0<t<T,
(2.5) u =0, xed, 0<t<T,

u(z,0) = up(x), x €}
has a local-in-time solution, which is denoted by u(t), in the sense of Defini-
tion 1.1. By (F2) and (2.3) we see that fi(z,t,&) > 0 for £ > 0. Since ug > 0,

it is clear from Definition 1.1 (d) that the solution u(t) is nonnegative. We
show that @ is a supersolution of (2.1). Since @ is a solution of (2.5), it is clear
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that @ satisfies Definition 1.1 (a)—(c) with fo. Because of (2.3), (d’) clearly
holds. Using the equivalence of (e) and (1.7), we have

/0 Falt =) /o s,ul- 5))ds /0 Palt =) fi(+,s,a(-,5))ds
= ||a(t) — Sa(t)uoll, — 0.

<

s T

Therefore, (e’) holds, and hence @ is a supersolution. Since u(t) is a superso-
lution of (2.1), by Proposition 2.2 we see that (2.1) has a nonnegative solu-
tion. U

Theorem 2.4. Suppose that f € C(R) is nonnegative and nondecreasing.
Then, for each nonnegative initial function ug € L™(S2), (1.1) has a nonnegative
local-in-time solution if one of the following holds:

(i) 1 <r <oo and

. f(s)
(2.6) hEILSOljp EETTI
(ii) 7 =1 and there exists p € (0,14 2r/N) such that
lim sup @ < 00.
5—00 spP

Proof. First, we prove the case (i). Let p =1+ 2r/N. We define fo(z,t,£) =
f(u). Because of (2.6), there exists A > 0 such that f(§) < A(1 + |£J?) for
€ > 0. We define fi(x,t,&) = A(1 + [£P). It is clear that fi(x,t,¢), which
is defined on Q x [0,00) x R, satisfies (1.4) and (1.5). Because f; does not
depend on (z,t), ¢(x,t)’s in (1.4) and (1.5) are constants, and hence ¢; = oo
and ¢; = oo. Then, p,qi,q,r satisfy all assumptions in Theorem 2.3 (i),
including (2.4). Then, (2.1) has a nonnegative local-in-time solution for every
nonnegative initial ug € L"(€2). The proof of the case (i) is complete.

Using Theorem 2.3 (ii), one can prove the case (ii) in a similar way. We
omit the details. The proof of the theorem is complete. 0

In Section 3 we show that Theorem 2.4 holds for r =1 and p =1+ 2/N.

3. EXISTENCE OF A SOLUTION IN L'(Q)
We recall the following estimates on S, (t) and P,(t).

Proposition 3.1. (i) Let N > 1 and 1 < p < q < oo. Then, for each
¢ € LP(Q),
_N(1_1
Is@ell, <t~ =G igll, for > 0.
(i1)) Let N > 1 and 1 < p < q < oco. Then, for each C, > 0 and ¢ € LP(Q),
there is ty = to(Cy, o) such that

1

1Sl < ot 260 for 0<t <ty

The multiplicative constant in (i) can be taken to be 1 (see [5, Lemma
7]). The constant C, in (ii) can be taken arbitrarily small. The proof of
Proposition 3.1 (ii) can be found in [5, Lemma 8§].
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Proposition 3.2. (see [10, Lemma 2.2.2])

Let N> 1 and 1 <p < q < oo. Then the following hold:
(i) If % (Il) — %) < 1, then there exists C' > 0 such that, for each ¢ € L*(Q),

Na(l 1

ISa@®ell, < ct =G g, for ¢ >0,

1

(ir) If § (— — 5) < 2, then there exists C > 0 such that, for each ¢ € L*(Q),

p

Na

[t Pat)o]), < ct= G o), for t> 0.
A similar result to Proposition 3.2 (ii) holds for S,(t).

Lemma 3.3. Let N > 1 and 1 < p < q < 0o such that % (% — % < 1. Then,
for each C. >0 and ¢ € LP(R2), there is tg = to(Cl, ¢) such that

1

1Sa(t)ell, < Cut™ G0 for 0<t <t
We can take an arbitrarily small C, > 0.

Proof. Let € > 0 be fixed. By Proposition 3.1 (ii) we see that there is t; > 0
such that

1S()ell, < et~ 2G=3) for 0<t <.
Then, if 0 < 7t* < t1, then

15(rt)gll, < er TG FG73) for 0 <t < 1y,

and hence

tit™® 11 it 11
/ o (7) 1S (%), dr < et~ % (73) / O (r)r 2 Ga)dr
0 0

(3.1) < et~ %(3-1) F(l_% (i_%» ,

Note that (3.1) holds for all ¢ > 0. On the other hand, there is t; > 0 such
that if 0 < t < tq, then

| v sl dr <ol 67D [ aumri6-tar
(3.2) tit=« tit—o

<t TG g,
since

By (3.1) and (3.2) we have

1Sa(8)ell, < 0t~ FG73) forall 0 <t <t

oo HZEGL)
-xG-)
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We can take an arbitrarily small € > 0 if ¢; > 0 is small enough. Therefore,
we can take € > 0 such that C, = (e, and hence the conclusion holds. 0

Proof of Theorem 1.4. Let
(3.3)
E=L>((0,T),L" () N {u € L%((0,T), LP()); tPu e L>((0,T),L(Q))},

loc

where (= % (1 — %) =2 < 1 and T will determined later.

p
We define the metric d: £ x E — [0,00) by
(3.4) d(u,v) = sup t?||lu(t) — v(t)][, forallu,ve k.
0<t<T

Let M > |lugl|, and
K= {u € E: [lul®)]l, < CyM +1 and ¢ |[u(t)], < 6 for 0 < t < T} ,

where C7 > 0 and 6 > 0 are chosen later. Then, (K, d) is a nonempty complete
metric space. We define F : K — E by

(3.5) F(u)(t) = Salt)uo + /Ot P,(t —s)f(u(s))ds forallt > 0.

Because of (F1), the following holds:

(3.6) There exists C' > 0 such that |f(&)| < C(1+ [£]P) for & € R.
By (3.6) it follows that

(3.7) 1f ()l < CA A+ [uls)])-

Using the estimate (3.7) together with Proposition 3.2(ii) (for p = ¢ = 1) we
have

t
IF@OI <l + Ca [ (=97 (14 u(s) ) ds
C ¢ P
< Cufuall + 2 Co [ (= sy s (5 o)) s
o 0

C Pl
sclnu()nﬁft”@(“p a Ilu<t>|\p) [a=nyrerear
0

o<t<T
CQ a ! Sp

Here, we used pf = « and the fact that with the change of variable s = 7t one
has

¢ 1
/ (t —s) 15 %ds = / (1—7)" " 2dr < .
0 0

Therefore,
(3.9) [Fw)(@)l, < 1M +1
if

, 1
(3.10) Cy07 < 5
and

1

(3.11) Cra™'T* < 3
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Next, by Proposition3.2(ii) (with ¢ = 1) and (3.7) we have

t
CIF@ON, < s ¢ [Sa(Oual, + Cat” [ (=571 (14 Ju(o)ly) ds
0<t<T 0

Cs
< sup 7|8, (0wl + g
Sup [1Sa(t)uoll, "
p t
+ Cst? ( sup t’ Hu(t)Hp) / (t — )~ Lra—B 5By
o<t<T 0
Cs 1
< sup 17| Sa(tyuoll, + —t® + C5” / (1 = 7)-Hebrage
0<t<T a—p 0
C
(3.12) < sup 7S (tuoll, + —t" + C3o".

o<t<T a—f3

In the above sequence of estimates we used the change of variable s = 7t so
that

t 1
/ (t —s) 1o PsPls = t_ﬁ/ (1—7) e bPredr < Ct7°.
0 0

Therefore,
(.13 swp ¢ F)O], < s S, + 5
if
_ 1
(3.14) CLort < 1
and
Cy . 0
(3.15) Oé—ﬁT <7
Since
/Q [F(u(s)) = f(o(s))lda < C / (14 us)] + [o()]) ™ fu(s) - v(s)lda
<[ @ P + P ) fuls) = ols)lds
< CY Ju(s) = v(s)l],
+ G () 5™ + o) luls) = v,
we have

t7| F(u)(t) = Fo)@t)l, < Cstﬁ/o (t=5)" P f(uls)) = flu(s)]l, ds
< Cst? (CZ /t(t — 5) 1A s

t
+26p1011/ (t—S)H"‘ﬂspﬁdS) sup ¢7 u(t) — v(t)]
0

0<t<T

(3.16) < O3 (C{C5t* P +201Ce67 ") sup 7 |Ju(t) — v(t)
o<t<T

p

”p7
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where

! 1
Cs = / (1— 1) 8778dr and Cg= / (1—7) trofragr
0 0

Therefore,
1
(3.17) sup t7 || F(u)(t) — F(0) ()], < 5d(u,v)
0<t<T 2
if
1
(318) 20304066])71 < Z_l
and
1
(3.19) C3CYCsT P < =

4

We fix any small 6 > 0 such that (3.18), (3.14) and (3.10) hold. Because of
Lemma 3.3, we can choose T" > 0 such that (3.19), (3.15) and (3.11) hold and

(3.20) sup t” [Sa(t)uoll, < é
0<t<T 2
Then, by (3.20), (3.13) and (3.9) we see that F : K — K. Moreover, it follows
from (3.17) that F is a contraction mapping on K. Thus, F : K — K has a
unique fixed point in K which is denoted by wu(t).
We check that u(t) satisfies Definition 1.1 (a)—(e). Since u(t) € K, (a) holds.
Since 7 [Ju(t)]|,, < ¢ and pj = «, by (3.6) we have

(321) [ fu(®)]l, < O+ [lu@)]}) < C(1+6t) < oo for 0<t<T.

Thus, (b) holds. Let ¢t € (0,7). Integrating (3.21) over (0,t), we see that (c)
holds. We can easily check that fg | Po(t — s) f(u(s))||;ds < oo for 0 <t <T
which indicates that u(t) € C((0,T),L'(Q)). Therefore, u(t) = F(u)(t) for
a.e. x € Qand 0 <t < T. Hence, (d) holds. As in (3.8) we have

u(t) — Sa(t)uoll, < Cra™"t* + CLo».

Since § > 0 and ¢ > 0 can be chosen arbitrarily small, by the local uniqueness
of the fixed point we have

[u(t) = Sa(t)uoll, = 0,

which indicates that (e) holds. Thus, u(t) is a solution of (1.1) in the sense of
Definition 1.1. 0

Corollary 3.4. Suppose that f € C(R) is nonnegative and nondecreasing.
Then, for each nonnegative initial function ug € L*(Q), (1.1) has a nonnegative
solution if

f(s)

5—00

< 0Q.

Proof. The proof is similar to that of Theorem 2.4. Let p = 1+2/N. Because
of (3.22), there is C' > 0 such that f(§) < C(14&P) for € > 0. Let f1(§) = C(1+
|€]P). Then it follows from Theorem 1.4 that (1.1) with f; has a nonnegative
solution @ for each nonnegative initial data ug € L*(€2). By Proposition 2.2 we
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14 MARIUS GHERGU, YASUHITO MIYAMOTO, AND MASAMITSU SUZUKI

can construct a nonnegative solution for (1.1) with f, since @ is a supersolution
for (1.1). The details are omitted. O

4. GLOBAL-IN-TIME SOLUTION IN L'(Q)
Proof of Theorem 1.5. We follow a similar strategy to that in the proof of
Theorem 1.4. Let E (resp. d) be defined by (3.3) with 7' = oo (resp. by (3.4)
with 7' = o0). Here, § = % (1 — %) =5 <1l We define K by

K = {u € E; sup |lu(t)||, +supt’ [u(®)]l, < (5} ,
>0 >0

where 6 > 0 is determined later. Then, (K, d) is a nonempty complete metric
space. We define F by (3.5). Hereafter we assume that |lugl|, < e. By (F1’)
we see that there is C' > 0 such that |f(u)| < ClulP. By a calculation similar
to (3.8) we have

[IF)(@®)]l, < Cr[Juol| + C507.

Therefore,
(4.1) [F ()@, <6
if

0
and
(4.3) Cyor—t < %

By a calculation similar to (3.12) we have

) @), < sup t7[|Sa(t)uoll,, + Cs0"-

Therefore,
)
(4.4) sup t” [F(u)@)l, < sup t” [|Sa(t)uoll, + 3
>0 >0
if
! cp—1 1
(4.5) Cy0P— < 3

By a calculation similar to (3.16) we have

7| F(u)(t) — F)@®), < 203CCs6P 1 Sil>1}03 7 |u(t) — v(t)|

P

Here we used (F17), and hence the term C5C7C5t*~# in (3.16) does not appear.
Therefore,

1
(4.6) sup t7 | Flu)(t) = Fo) ()], < §d(u7 v)
if

1
(4.7) 205C,CsP ! < 3
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TIME-FRACTIONAL EQUATIONS 15

We fix § > 0 such that (4.7), (4.5) and (4.3) hold. By Proposition 3.2 (i) we
see that

(4.8) sup t* [Sa(t)uoll, < Ce.
>0

We can choose £ > 0 such that Ce < § and (4.2) holds. Then, it follows from
(4.8) and (4.4) that
(4.9) sup t? | F(u) @), < 0.
>0

By (4.9) and (4.1) we see that F : K — K. Moreover, by (4.6) we see that F
is a contraction mapping on K. Thus, F : K — K has a unique fixed point in
K which is denoted by u(t).

We can check that u(t) satisfies Definition 1.1 (a)-(e) with 7" = oo in the
same way as in the proof of Theorem 1.4. We omit details.

The existence of a nontrivial nonnegative solution with small nonnegative
initial function easily follows from a nonnegativity of a solution with nontrivial
nonnegative initial function.

The proof is complete. O
Corollary 4.1. Suppose that f € C(R) is nonnegative and nondecreasing. If
f(s)
(4.10) Stliﬁ) SN < 0%

then there is € > 0 such that for each nonnegative initial function ug € L*(Q)
with ||uol|, < e, there exists a global-in-time solution u(t) of (1.1) in the sense
of Definition 1.1 with T = oo.

Proof. Let p = 1+ 2/N. Because of (4.10), there is C' > 0 such that f(§) <
ceP for € > 0. Let f1(€) = C&. Since f; satisfies (F17), it follows from
Theorem 1.5 that there is ¢ > 0 such that (1.1) with f; has a nonnegative
global-in-time solution @ for each nonnegative initial data uy € L'() with
||uo|l1 < €. By Proposition 2.2 we can construct a nonnegative global-in-time
solution for (1.1) with f, since @ is a supersolution of (1.1) with 7" = co. The
proof is complete. ]

5. NONEXSITENCE OF A SOLUTION IN L"(Q), 1 <71 < 0o

Let G(z, y, ) denote the Dirichlet heat kernel on Q2. When ug € L"(Q2), we
see that S(¢ = [, G(z,y,t)uo(y)dy and that S(t)ug gives a solution of
the heat equatlon 8tu = Awu on () Wlth the Dirichlet boundary condition.

Proposition 5.1 (see e.g., [4, Corollary 2.2]). Let § > 0 be such that Bas C Q.
Then,

G(z,y,t) > cit ™2 for all z,y € By and 0 < t < §°
such that |z — y| < V/t. Here, c, depends on N and §.

Proof of Theorem 1.3. Let p =1+ 2r/N and denote by wy the volume of the
unit ball in R¥. If ¢, is the constant given in Proposition 5.1, we define

CysWN

1
d,(7)dr,
- /1/4 ()
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16 MARIUS GHERGU, YASUHITO MIYAMOTO, AND MASAMITSU SUZUKI

which depends only on ¢, N and a. By (1.8) we can choose {ay}32, such that

(5.1) ar >k and f(coar) > abek/m  for all k > 1.

Let pp = sagr/ Ng=2r/N_ By taking ¢ > 0 small enough, we may assume

Bs,, C Qforall k> 1. Let

oo
uo(x) = Zuk where ur = arXp,,
k=1
where for p > 0, y, denotes the indicator function of the ball B, C RY.
Since
T N _r 6N
Juell;, = wnpy af = WNW,

we have
[o.¢] oo 1
1/N
luoll, < uell, = wy™e™™ )y 0 o < 0.
k=1 k=1

Suppose that (1.1) with the above defined initial data uy € L"(RY) has a
nonnegative solution w(t) for small ¢ > 0. Then,

u(t) = Sa(t)ug +/ P.(t —s)f(u(s))ds.
0
Since u > 0 and f > 0, we have
u(t) > Sa(t)ug > So(t)ug.
Hence, for any k£ > 1,
(5.2) u(t) > / Pt — ) (Su()un)ds,
0

since f is nondecreasing.
For k > 1, let s > 0 be small such that v/s* < px/2 and 0 < 7 < 1. By
Proposition 5.1 applied for ¢t = 75* and § = ¢ one has

S(7s)x,, = / Gy, 75%)dy
ly|<pk

2 Xrso 2/ e (15%) N 2dy
/ lz—y|<V/Ts%/2
CiW N
~ Ton Xvrse/z

Hence, from (1.2) we find
1

Sa(s)ukZ/l D, (7)S(75Y) [arXx,, JdT

/4
1
CxWNQ
(5.3) > =55 / o (T)Xy/r5m 2dT
1/4
1
CxWNQ
> Q—NX\/?&M // Po(7)dr = CoakX /5o /4
1/4
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On the other hand, if ¢ > 0 is small and

(5.4) ” T<t2_ ) < \/g_a Sss<t
then
(5.5)

S(r(t — $)) [y ] = /| By sy

> X e / e {r(t - )7} N2y
(=92 oyl /rlt=s) /2

CiW N
N Xyfrie=sy/2 = OX /ey

Let 79 = ﬁ. If /4 < 7 < 79, then

VTt —5)2/2 < /s2/8  for all s,t > 0 such that t/3 < s < t/2.
Since (5.4) holds for 70/4 < 7 < 79, by (5.3) and (5.5) we see that if
Vs < pp/2, t/3<s<t/2 and t>0 issmall,

then
Po(t = s)[f(Sa(s)ur)] = Pa(t — s)[f(coar) X /554]

70

> flepar)alt — 5)°! / r o (7)S(r(t — 8)%) [ yer,aldr

7‘0/4

70
zfcoakat—sal/ 7P (7)cox =0T
(coar)ar(t — s) » (T)eoX /=2

70

> f(coar)a(t — 3)a100X\/W/4/ 7P (7)dT

7’0/4

= c1.f (coar)ar(t — 3)a_1Xm/4-

Therefore, if ¢ > 0 is small and

(56) (5) <2
then
t t/2
[ et = s Stmolds 2 enfteonita |0 s

> 2" 1\ o
zaflon) ((5) —(3) 1% mwmm
Thus, from (5.1) and (5.2) we deduce
Ju)|l, > cof (coar) o N2 > czazpta(’”*%)ek,

It follows from (5.6) that t < 2!72/%p%/® and hence we can choose ¢ =
21_2/0‘/)?0‘. Then,

|w(t)|| > czai?pn P27 ek = cyk™?Per — 00 as k — oo.
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This means that [|u(t)||” — oo as t — 0, since t = 2172/%p2/* 5 0 as k — oo.
Therefore, ||u(t) — uol|, > ||u(t)|l, — ||uoll, — oo, and hence Definition 1.1 (e)
does not hold. Thus, (1.1) with the initial function u, has no nonnegative
solution. O

Corollary 5.2. Let 1 < r < oo. Suppose that f € C[0,00) is nonnegative
and nondecreasing. The problem (1.1) has a nonnegative solution for every
nonnegative initial data ug € L"(2) if and only if

. f(s

lnsli> s;)lp SH(T;N < 00
Proof. When 1 < r < oo, the sufficient part follows from Theorem 2.4 (i) and
the necessary part follows from Theorem 1.3 with 1 < r < oco. When r = 1,
the sufficient part follows from Corollary 3.4 and the necessary part follows
from Theorem 1.3 with r = 1. ([l

6. UNIQUENESS

In this section we provide the proof of Theorem 1.6. Let u(t) and v(t) be
two solutions of (1.1) in the class K defined for 0 <t < T} and 0 < t < Ty,
respectively. Without loss of generality we assume T < T5.

A={te[0,T1]; u(t) =v(t) in L'(Q)}.

Since u(0) = v(0) = uy, it follows that 0 € A, so A is nonempty. Let U C [0, T}]
be the connected component of A that contains 0. Because of the definition,
U is a closed set of [0,7}]. Hereafter, we show that U is an open set. Since
[0,T}] is a connected set, this yields U = [0, T}].

Suppose that u(t) = v(t) in L*(Q) for 0 < ¢t < T where 0 < T < T}. By the
fact that u(t),v(t) € K there is M > 0 such that

sup t° Ju(®)ll, <M and sup tP [o@®l, < M.
o<t<Th 0<t<Ty

Let 0 < e < Ty — T. With a similar calculation to (3.16), for T <t < T +¢
we have

2 u(t) — v(t)], < Cot? / (t — )70 | f(u(s)) — Fo(s)], ds

< Cytf / (= 5) 7 flus)) — F(o(s))], ds

T

T+e
< Cst? (C’Z/ (t —s)" T PsPds
T

T+e
+2Mp_1C’Z’L/ (t — s)_Ho‘_ﬁs_pﬁds) sup 7 ||u(t) — v(t)]], .
T T<t<T+e
Observe that as ¢ — 0 we have
T+e T+e
tﬁ/ (t —s) " PsFds — 0 and tﬁ/ (t —s) T PsPPds — 0.
T T

Hence, from the above estimate it follows that

O ut) o0, <o(1)_sup ¢ u(t) = v, a0,
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By taking € > 0 small one derives

sup 1 Jult) (D), < 5 sup # u(t) ~ v(t)],

T<t<T+He T<t<T+He

so u(t) = v(t) in LP(Q2) on [0, T + ¢]. Because of the continuous embedding
LP(Q) — LY(2), we see that u(t) = v(t) in L}(Q) for 0 <t < T +¢. Hence, U

is an open set which yields U = [0, T}]. This completes the proof. U
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