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Abstract: The purpose of this paper is to study the following equation driven by a nonlocal
integro-differential operator L

2(6—1)

ug + [uls Lcu+ alug|™ tug = blulP~

with homogeneous Dirichlet boundary condition and initial data, where [u]? is the Gagliardo

seminorm, a > 0, b >0, 0 < s < 1, and 0 € [1,2%/2) with 2 = 2N/(N — 2s), N is the space
dimension. By virtue of a differential inequality technique, an upper bound of the blow-up
time is obtained with a bounded initial energy if m < p and some additional conditions are
satisfied. For m = 1, in particular, the blow-up result with high initial energy also is showed
by constructing a new control functional and combining energy inequalities with the concavity
argument. Moreover, an estimate for the lower bound of the blow-up time is investigated.
Finally, the energy decay estimate is proved as well. These results improve and complement
some recent works obtained by Pan, Pucci and Zhang( J. Evol. Equ. 18 (2018) 385-409) and
by Lin and Tian et al( Discrete Contin. Dyn. Syst. Ser. S 13 (7) (2020) 2095-2107).
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1 Introduction

In this paper, we are concerned with the following Kirchhoff-type hyperbolic equations in-
volving the fractional Laplacian and the weak damping

wy + W27V Leu + alug ™ty = blufPlu in Q x (0,7),
u(z,t) =0 in RM\Q x (0,7), (1.1)
u(,0) = ug(x), ue(z,0) = u1(z) in €2,

where [u]? = [[gon [u(z,t) — u(y,t)|*K (z — y)dady is the Gagliardo seminorm, a > 0, b > 0,
T € (0, +o0] is the maximal existence time of the solution, €2 is a bounded domain in RV (N > 2s)
with smooth boundary 02, s € (0,1) is fixed and L is the integro-differential operator, which
(up to normalization factors) may be defined as

Lru(x) =2 lim (u(z) — u(y) K (z —y)dy, = eRN (1.2)
e—=0% JRN\ B, ()
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for u € C$°(RY), where B.(z) is a ball with x as the center and ¢ as the radius, z € RY, ¢ > 0,

the kernel K : RV\{0} — (0, +00) is a function satisfying the properties below:
(a) vK € LY(RY), where v(x) = min{|z|?,1};

(b) there exists A > 0 such that K (x) > Aaz|~(N*2%) for any z € RV\{0};

(c) K(x) = K(—x) for any € RV\{0}.

Throughout this paper, let ug(x) € Xo, u1(x) € L?(Q2) and the exponents satisfy the condition

*

2
(H) 1<m, 1§9<ES, 20-1<p<2;—1

where 27 := N2i\;s, Xo will be showed later.

In 1883, Kirchhoff [10] first introduced the following hyperbolic equation:

L 9 2
phuy + duy = {po—i-fg/o (gZ) dac}g;;—i—f, 0<xz<L,t>0,
to describe the nonlinear vibrations of an elastic string, where u = u(x, t) is the lateral deflection,
F is the Young’s modulus, p is the mass density, h is the cross-section area, L is the length, pg
is the initial axial tension, § is the resistance modulus, and f is the external force. Lions [12]
proposed a functional analysis framework to study the following higher dimension problem in
presence of an external force term f:

U — <a+b/Q |Vu]2dx>Au = f(z,u).

Subsequently, the study of the mathematical theory to Kirchhoff type equations has been well
developing by various authors. The interested readers can refer to references [2, 9, 16, 17] to
be familiar with the latest results. Specifically, Han and Li [%] discussed the following initial
boundary value problem for a class of Kirchhoff type parabolic equations with a nonlinear term

up — M(fQ |Vu|2dx) Au = |ul?lu in Qx(0,T),
u(z,t) =0 on 09 x (0,7),
u(z,0) = up(z) in Q,

where the diffusion coefficient M(s) = a + bs with the parameters a, b being positive, 3 < g <
2* —1 with 2* being the Sobolev conjugate of 2. They applied the modified potential well method
and variational method to give a threshold result for the solutions to exist globally or to blow up
in finite time when the initial energy is subcritical and critical, respectively. The decay rate of
the L?(Q2) norm was also obtained for global solutions in these cases. Moreover, some sufficient
conditions for the existence of global and blow-up solutions were also derived when the initial
energy is supercritical.

In recent years, more and more attentions have been paid to various models involving frac-
tional Laplacian and nonlocal operators. This type of operators arises in a lot of applications,
such as, continuum mechanics, phase transition phenomena, population dynamics, image pro-
cess, game theory and Lévy processes and so on. Servadei and Valdinoci [30] studied the following
equation

Lru+ f(zr,u) =0 in Q,
u=20 in RM\Q,



with
Lru(x) = /RN (u(z +y) +u(z —y) — 2u(z))K(y)dy, =R,

They proved that the equation above admits a Mountain Pass type solution v € Xy which is not
identically zero if f is a Carathéodory function satisfying suitable conditions. For more results
with non-local operators of elliptic type, one may refer to [1, 29, 31, 33]. And there exist some
papers on the study of fractional p-Laplacian evolution equations, the interested readers can
refer to [18, 26, 27, 341]. For Kirchhoff type problem involving a nonlocal operator, many results
have been showed. For example, Fiscella and Valdinoci [3] investigated

~M([u)®)Lxu = \f(z,u) + |u|>* 2u in Q,

u=0 in RM\Q,
where ) is a positive parameter, M : RT — RT is an increasing and continuous function, and
there exists mg > 0 such that M(t) > mo = M(0) for any ¢t € RT. They proved that there

exists A* > 0 such that the above problem has a nontrivial solution u) for all A > A\*. Xiang,
Radulescu and Zhang [35] studied the following problem

ug + M([u]?)Lrxu = [uP~2u  in Q x (0,7),

u(x,t) =0 in R¥\Q x (0,7),

u(x,0) = up(x) in Q,
where M : Rar — Rar is continuous and there exists mg > 0 and > 1 such that M (o) > mgo?~!
for all o € Rg . Under the suitable conditions, the local existence of nonnegative solutions was
obtained by employing the Galerkin method. In addition, supposed that there exists a constant
> 1 such that pM(c) > M(o)o for all o € Ry with M(c) = [J M(7)dr, they proved that
the local nonnegative solutions blows up in finite time with arbitrary negative initial energy and
suitable initial values by virtue of a differential inequality technique. Moreover, an estimate for
the lower and upper bounds of the blow-up time was obtained. These results were improved by
Ding and Zhou [2].

To our best knowledge, there are many papers dedicated to the blow-up phenomenon of the
solution for hyperbolic problems involving the Laplacian, one may see [1-7, 13, 15, 24, 25, 32]
and the reference therein. However, there is hardly any work on the study of hyperbolic problems
involving the fractional Laplacian, in particular, on the blow-up study with high initial energy.
In this paper, we are devoted to the study of problem (1.1) on the blow-up phenomenon of
the solution with the subcritical and high initial energy, respectively, and will give the energy
decay estimate when the solution of problem (1.1) exists globally. Our results improve and
complement some recent works in [21, 28], where for @ = 0 and b = 1 in problem (1.1), Pan,
Pucci and Zhang [28] obtained the global existence, vacuum isolating and blow-up of solutions
by combining the Galerkin method with potential wells theory for subcritical initial energy
under some appropriate assumptions, and investigated the existence of global solutions with the
critical initial energy. It is noted that the blow-up phenomenon with high initial energy is not
discussed in [28]. Hereafter, Lin and Tian et al [21] estimated the upper bound of the blow-up
time with arbitrary positive energy under some assumptions, and gave the lower bound of the
blow-up time for p € (2% — 1,2%/2]. In this paper, we investigate the the lower bound of the

S
blow-up time for p € [2’5‘ -1, % — 29(2% — %)) Obviously, the range is extended due to 2% > 2.

The outline of the present paper is as follows: In Section 2, we will give the corresponding
function space and some necessary lemmas. Section 3 is devoted to give a blow-up result with
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a bounded initial energy. In Section 4, a blow-up criterion with high initial energy is proved for

m = 1. The lower bound of the blow-up time will be discussed in Section 5. In Section 6, we
prove that the solution exists globally, and give a energy decay estimate.

2 Preliminaries

We begin with introducing some spaces and lemmas, which can be found in [30]. In the
sequel, we denote Q = R2M\ O, where O = CQ x CQ C R?Y and CQ2 = RV\Q. X is the linear
space of Lebesgue measurable functions from RY to R such that the restriction to € of any
function v in X belongs to L?(Q) and

the mapping (z,y) — (u(z) — u(y))\/K(z —y) is in L*(Q, dzdy).

The space X is endowed with the norm defined as

Jullx = [lullL2@) + </ o Ju(z) — u(y)|*K(z — y)dl‘dy> ’

Define
={ue X :u=0ae. inCQ}.

Lemma 2.1. "/ Let K RM\{0} — (0, +00) satisfy assumptions (a) — (c).

(1) For any r € [1,2%], there exists a positive constant ¢, depending only on N,s such that for
any u € Xo

lul2 ey = lull2 gy < / [ u(e) = u()PK (e~ y)dody;

(2) There exists a constant C' > 1 depending only on N, s,0 and Q such that for any u € X

S o)~ P =y < e < € [ o)~ ut)P e~y
that is, )
o, = ([ 1) = utP K o = psay )
1s @ norm on Xy equivalent to the usual one.

Definition 2.1. (Weak solution) A function v = u(x,t) over Q x [0,T] is said to be a
weak solution of problem (1.1) if u € C([0,T); Xo) with uz € C([0,T]; L*(Q)) N L™1(0,T;Q),
u(z,0) = ug(z) € Xo, ug(w,0) = ui(z) € L3(Q) and

/uttgodx—i—(u(-,t),cp(-,t)>X0+/a|ut| utgod$—/b|up_1u<pdx (2.1)
Q Q Q

for any @ € Xy, where

(u(- 1), () x0 = [Jul 1150 // u(@,t) —uly, 1)) (p(2,t) — p(y, 1)) K(z — y)dedy.
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The local existence of the solution to problem (1.1) may be proved by exploiting the Galerkin

method in [35].

Definition 2.2. (Blow-up in finite time) We say that the weak solution u of problem
(1.1) blows up in finite time T* if

li pr=
e [[ull +1 = +00.

Define the energy functional
1 2, 1 20 b p+l
E(t) = §||Ut”2 + @HU”XO - mHUHpH- (2.2)
Lemma 2.2. Ifu is a solution for problem (1.1), the energy functional E(t) is nonincreasing
with respect to t, that is E'(t) = —al|u|[t] < 0.

The proof of this lemma is pretty direct if we choose ¢ = u; in (2.1). Here, we omit the
process.

3 Blow-up with a bounded initial energy

In what follows, we are committing to discussing the blow-up phenomenon with a bounded
initial energy. Our results is as follows:

Theorem 3.1. Let m < p and (H) hold. Supposed that

p+l 20 1 1
ol > o 1= (0eF) T, 50) < Bri= (55— )

the solution of problem (1.1) blows up at finite time T* and
Myl —0o

TS FE O

where F(0), o, My, Ms will be discussed below.
Let us first give two critical lemmas to help prove this theorem.

Lemma 3.1. If u is a solution for problem (1.1) and all conditions in Theorem 3.1 are
satisfied, there exists a positive constant ag > o such that

lull3 > az, V> 0. (3.1)

Proof. 1t follows from (2.2) and Lemma 2.1(1) that

E(t) > allullX, — ——llulpi > 29” ull%,
i1 (3.2)
1 bc 2 pt1
= —a— a 20 = h(a),
20 p+1
where a := a(t) = ||u|]§fo It is easily verified that h(«) is increasing for 0 < o < v, decreasing

for a; < o, h(a) = —o0 as a — +00, and h(ay) = Ep. Since E(0) < Eq, there exists an ae > oy
such that h(a2) = E(0). Recall (3.2), then h(a(0)) < E(0) = h(az), which implies a(0) > oo
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since the condition a(0) > ay. To prove (3.1), we suppose by contradiction that for some ¢y > 0,

a(tp) < ag. The continuity of «(t) illustrates that we could choose ty such that o < a(ty) < ag,

and then we have
E(0) = h(az) < h(alto)) < E(to).

This contradicts Lemma 2.2. O

Lemma 3.2. Set H(t) = Eo — E(t) for allt > 0 with Es € (E(0), E1). If all the conditions
of Theorem 3.1 hold, for allt > 0,

b 1
0<H()<H() < muungg. (3.3)
Proof. Lemma 2.2 implies that H(t) is nondecreasing with respect to ¢, thus for ¢ > 0, H(t) >
H(0) = E2 — E(0) > 0. (2.2) and (3.1) illustrate

1 b ) 1 b . b »
H(t) < Er— a2t ]mHUHZZL < FEi— M T mHUHzL = m\lUllﬁﬂ-

We are now in a position to prove Theorem 3.1.
Proof of Theorem 3.1: Define an auxiliary function

F(t)= H™(t) + 5/ upudz,
Q

where 0 < o < min {ﬁ, Q&;Jrll)}, € > 0. The rest of this proof will be divided into three

steps:
Step 1: Estimate for F’(t) Differentiating directly F(t), recalling (1.1), adding and
subtracting e(p+ 1)(1 —e1)H(t) with 0 < 7 < 1, we obtain

F't)=0—-0)H °(t)H'(t) + 6Hut||% — 8||u||§?0 — sa/ |ut|m_1utudaz + 5b||u||§i%
Q

> (1 ) (A (0) + <1+ EIVLZ g4 [CHEDEZE) g

— sa/ \ut|m_1utudx +elp+1)(A—e)H() —e(p+1)(1 —e1)E2 + 551b||u||ﬁ%.
0

(3.4)
Applying Young’s inequality with €5 > 1 and H'(t) = —FE’'(t), Lemma 2.2, the embedding
LPTHQ) — L™H(Q), we easily get
1
| [ tweuda] < ot @)l + o HO Ol
@ 2 (3.5)

5 1
< CHTOOH' (1) + S HO (9] + 1™ ful
2



Recalling 0 <o < ¢ +17;l and Lemma 3.2, apparently,

1
o +1 +1
@H ()92 + 1) ul[5
m—+1

Ham—i_i_ t _m+1 m41_
Loy 4yt ) g ) o 351 )
om+-
€y’ H° p+1 (0) (3.6)
b\t 1 pmil g
: s@““’*”m*l(ﬂ) gy B e )l
b B2 1
00 () T T ol

It follows from (3.4) (3.5) and (3.6) that

FI(t) > (1— o —eeg) HO(t)H'(£) + +& [1 + w} (A E:

2
+1)(1—e¢
N 6{@)2(91) — 1l + =+ D)1 —e)HE) e+ 1)(1—)B  (3.7)
_a m+1 b TTT om+ 2t p+1
o= 01+ () T )l

Let us choose 0 < &1 < B +1+129 sufficiently small and choose Ey € (E(0), E7), sufficiently close
to E(0) such that

1 1
B<af=-————)<E
2—‘“(29 (p+1)(1—51)>< b

therefore, Lemma 3.1 implies

Z€|:(p+1)é1_€1) — 1}0&1 —E(p+1)(1 —El)EQ > 0.

Let us fix the constant €5 so that

e1b > (10 + 1)+ (L) P pomt i1 )
! en p+1 ’

and then choose € so small that 1 — o > ee9. Therefore, (3.7) can be written as
1
F/(t) > My ([l 3+ H(0) + [l 271). (358)
where

M, = amin{l + (p+1)§1—51)7 (p+1)(1—e1),

b 5T omim
€1b—7(’Q|+1)m+1( )erlH m+pi11 1(0)}
+1
Step 2: Estimate for Fﬁ(t) We now consider

1

Fre(t) = (Hl—"(t) +s/9utudx)1“’. (3.9)



8
On the one hand, applying Cauchy-Schwarz inequality, embedding LP*!(Q) < L?(Q) and

Young’s inequality to show

= = = =) =T 1
| [ weuda] ™7 < (0 4+ 1077 o lull 7 < Crludl + Callull 557, (3.10)
where . .
oo LHDTE () e o) ~ 1]
2(1—0) 2(1-o0) ’
Recalling 0 < ¢ < (p +1)’ Lemma 3.2, we obtain
: (p+ D H(t)] *Grib e 1 1
Jull 57 < [P E) o lullstt < Callullyh (3.1)

2—(p+D[2(1—0)—1]

with C3 = (min {M, 1}) OB Tnserting (3.11) into (3.10), and combining (3.9),
we obtain

1
Fr (6) < My () + el 3 + w51, (3.12)

where

Mg = 2£ max{l,aiCl,eﬁcng} .

Step 3: Blow-up result Combining (3.8) and (3.12) arrives at Fﬁ(t) < %F’(t), which
implies by Gronwall’s inequality

Fi7a(t)

v

with F(0) = H'7(0) + € [ u1(z)uo(xz)dz > 0 by choosing suitable e, which further yields

F(t) — +o0 at finite time 7% and 7™ < Fﬁ(())%ljfo

In what follows, we will prove lim F(t) — 400 = lim [u|?1] =
t—T* t—=T™*

p+1 = 100. Let us consider the
following two cases based on the definition of F(t) as t — T™:
Case 1: H(t) — +oo. In this case, Lemma 3.2 yields Hu”pJrl — +00.

Case 2: [, ujudr — +o00. Cauchy’s inequality and Lemma 2.1(1) illustrate
1 1 1 1
[ e <l Sl < Gl + el (313)
Q
Recalling (2.2) and E(t) < E(0), we have

lullpiy < E(0) +

1
pt1 S lullpy (3.14)

p+1

Loz Lynoe
= =FE(t

It is direct by combining (3.13) with (3.14) that if there exists [, usudr — +oo, we obtain

Hquﬁ — +00. This completes the proof of this theorem. O



4 Blow-up with high initial energy

In Section 3, we show a blow-up result with a bounded initial energy. The aim of this section
is to give a blow-up criterion with high initial energy for m = 1. Before moving further, let us
first give a lemma, which comes from soma ideas in [7, 15, 22].

Lemma 4.1. Let (H) hold. Ifu is a weak solution of problem (1.1), there exists the following
inequality:

d[/UUtd$p+1E(t) (p—|—1—29)(l9—1)}
Q

dt My 209 My
+1 (p+1-20)(0—-1) (4.1)
p p - —
> M, de — ——FE(t) — .
= 2o [/QT”Ut T g B0 2089 M, ]
_2p+1-20)(p+1) 0 _ 6 A(p+1-26)(p+1)
uhere My = ety > 0 & = mae {1 GG |
Proof. Define an auxiliary function G(t) = [, uuydz. The first equality in problem (1.1), (2.2)

and Cauchy’s inequality with é > 0 yleld

G'(t) = |Juel|3 +/ wugdz = [lugll3 — ||u||X0 - a/Quutdx + b”“”iﬁ

p+3 p+1 da a
> = [lue* + H 4 3HUH§—275IIutH§—(p+ DE({).
p+1—20

By choosing é = and combining Lemma 2.2, we have

A2a+4(p+1)]

p+1

d
— - E
760 = BB (@)
p+3 p+1 da 2 (p+1) a 4.2
> P33 P *||u||2+(70 55 ) lul3 = 0+ VE@)  (42)
p+3 p+1
P2 34 2E 2l — 23— o+ )

Moreover, Lemma 2.1(1) and Cauchy’s inequality yield

p+1 p+1 p+1

— 20
P B, > P2 P g > 22 P gt — 0 - ) (4.9
Substituting (4.3) into (4.2) yields

d p+1

(p+1—-20)0—-1)
160~ 5 B0 - ]
> Mo (el - 2t - L2014 ) (4.0
p+1 (p+1-20)0-1)
> M, <G(t) - B - ) .

(4.1) obviously follows from (4.4). O
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Lemma 4.2. /" ]Suppose a positive, twice-differentiable function 1 (t) satisfies the inequal-

1ty
() (t) — (L+60) (¢ (1)* > 0,
where 0 > 0. If (0) > 0, ¥'(0) > 0, then ¥(t) — 00 ast — t; <ty = %.
Based on the two lemmas above, we give our result as follows:

Theorem 4.1. Let (H) hold. Assume that the following conditions are fulfilled:

p+1 (p+1-20)(0-1)
H FE ;
(Hi) /Quomdx > 5 2 (0) + 260, :

(Hy) b2l - (6— 1) > EO)

then any weak solution u blows up at finite time T*. And Tynee can be estimate from above as
follows:

2 2
T < 2(|Juoll5 + po©) N
(p — 1)[[q uruodz + po] — 2||uol|3

with p = Z28[0]lug]3 — (0 — 1)) ~ 2E(0) > 0 and o > max {0, 2l Jorrwode],

Proof. In what follows, the proof will be divided into two steps.
Step 1: Finite time blow-up Suppose, on the contrary, that the solutions u exist globally,
i.e. Thnar = 00. Using Holder’s inequality and Lemma 2.2, then for all ¢ € [0, c0),

t t
Ju®lls = oo+ [ wrdr]], < ol + | ur ()l
0 0

< ool + VA( [ ue(r)i3ar)’ (@.5)

M

= [luoll2 + \/E(E(O) — E(t)>.

Since u is a global solution of problem (1.1), we have E(t) > 0 for all ¢ € [0,00). Otherwise,
there exists tg € [0,00) such that E(tg) < 0. Choosing u(z,ty) as the new initial data, then it
is clear from Theorem 3.1 that the solution blows up in finite time, which is a contradiction. It
follows from Lemma 2.2 that 0 < E(t) < E(0). Thus, (4.5) can be rewritten as

lu®)ll2 < Jjuoll2 + @E(o»% (4.6)

for all ¢ € [0, 00).

Let
p+1 (p+1-20)(0—-1)

— — E —
F(t) /Quutda: YA (t) 2071, ,

then it follows from Lemma 4.1 and (Hy) that

d

&IIU(t)Hg =2 /Q wupdz > 2 []—‘(O)eMof + (p+1-20)(6—1)

2069 M, (4.7)

pt+1
My

E(t) +

> 2F(0)eMot > 0.
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Integrating (4.7) from 0 to t yields

t
I =lluolB+2 | [ wurdsar
0 Jo
t
> ol +2 [ FO)Mdr (48)
0
2
= [luoll5 + ﬁof(o)(eMot -1),
which contradicts (4.6) for ¢ sufficiently large. Thus, the solution w for problem (1.1) blows up
in finite time.
Step 2: An upper bound of the blow-up time. In what follows, we are devoted to get

the upper bound of the blow-up time. We still denote by T the maximal existence time, and
T* < 0o due to step 1. For any T' < T™, define an auxiliary function

U(t) = flu(®)]3 + a/ot lu(r)3dr + a(T* = t)|juoll3 + p(t + 0)* for t € [0,T]. (4.9)
It follows from a direct computation that
v'(t) =2 /Q wpudz + al|u(t) |13 — alluoll3 + 2p(t + o)
= 2/Qutudx + 2a /Ot /Q urudzdr +2p(t + o) for t € [0,T).
Let us combine problem (1.1) and the above one, then

d
v(t) = th/ wpudx + 2a/ upudz + 2p
0 0

= 2[lur()3 = 2(jull¥, + 2blulbiy +2p  for t € [0,T].

By making full use of Holder’s inequality and Cauchy’s inequality, one has

6(0): = [l +a [ u(r)Bar + p(e + 0] [l + o [ lrtr)ar + 5

- [/Qutudx-l-a/ot/QuTudxdT—{—p(t—i—a)r
= futolBluol - ([ utudx)Q

+pllu(®)3 + p(t + 0)?||ue (£)]I3 — 2p(t+0)/QUtudw

t t t
+,0a/ Hu(T)H%dT—f—p(t—f—U)Qa/ HuT(T)\%dT—Qp(t—l-J)a/ /uTud:L'dT
0 0 0 JQ

t t t 9
+a [ futr) i [ el - (o [ [ wudsar)
0 0 0 JQ

t t
T allu(®)]3 /O e () 37 + allue(£) 3 /0 Ju(r) |3dr

t
—2a/ utud:n/ /uTud:vdT >0 fortel0,T].
Q 0 Jo
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Therefore,

w1 - 22wy
— (O (t) — (p—|—3)[ /Q wudz + a /0 t /Q uTudasdT+P(t+a)]2
= w0+ o+ 9 - [+ o [ Tu)ar+ e+ o]
<l +a [ funtlBir + o] + €0}
=P () + (p+3){ — | 2) ~ a(T" ~ )] juo 3] (4.10)
< @l +a [ e )lBar + 5]} + 0+ 20
= WOV (0~ o+ 38O (@i + o [ lurr)3r +0) + 0+ Do)

o)~ Ol [ + 0 [ )i+
> U(t)n(t) forte0,T],

where
00 =00~ 0+ )l +a [ o)+ ).
It follows from the definition of E(t) in (2.2) and (4.3) that

t
1
0(t) = 2(®) = 2l + 200l + 20 = 0+ 3) (w1 +a [ Jur(lBdr + )

> 203 — 203, +2[ P ol + 2, — 0+ DEW] + 2
~ o+ 3) (@1 +a [ urtr)lir + )
. . (4.11)
= PR @), — 260+ DEW — alp+3) [ urlr)dr - 0+ D
0
> P00l - (6 - 1)) - 200+ DEO) + alp—1) [ )l — -+ 1)p
> P2 2 g — (0 1)) 200 + DE©) ~ (p+ 1)p for i € [0.7).

Here we have used ||u(t)||3 > |luo||3 obtained by (4.7). By recalling

_p+1-20
0 (p+1)

then we directly obtain 7(t) > 0. Therefore, it follows from (4.10) that

[Olluoll3 — (6 — 1)] = 2E(0),

p+3

v -

(V'(t)?>0 fortel0,T].

It is noted that
U (0) = [|luolls + T*[|uoll3 + po” > 0,
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v'(0) = 2/ urupdx + 2po > 0,
Q
and 2 2 2
2(J|luollz + T*[uollz + po?)
(p — 1)[fQ uluodx + ,OU]

Here we have used Lemma 4.2. Since the arbitrariness of T' < T, we obtain

T <

T* < 2(|Juoll3 + T*luoll3 + po?)
- (p — 1)[fQ uiuodx + pa] ’

or equivalently

2 2
. 2(Juo 3 + por)

= (p— 1)[fq wiuodz + po] — 2[juo||3” (4.12)

O

Remark 4.1. For m > 1, we find this method is not applicable. It is necessary to propose
a new method to discuss the blow-up phenomenon with high initial energy.

5 Lower bounds for blow-up time

In what follows, we will discuss lower bounds for blow-up time in this section based on some
ideas in [5, 6, 32]. The following is the main result.

Theorem 5.1. If all conditions of Theorem 3.1(or Theorem 4.1) hold, the blow-up time T*
satisfies the following estimate:

(1) fOT‘p € (29 - 17 %]:

+00 1
/ > dy < T*, (5.1)
®(0) B1y? + Boy + B3

where ®(0) = ||u0||£ﬂ, Bi, By, Bs will be discussed later.

(2) forve [$.5 - 20(% - 1)),

+oo 1
dy < T*, 5.2
/p(o) Bgy"(t) + Boy*(t) + Bio V= (5:2)

*

25
where ¥(0) = Hu0||%i, Bg, By, Big, 1, ¢ will be discussed later.

2

Proof. (1) Denote by ®(t) the norm HquE for simplicity. It is direct that

p+1

- p+1 2 2
() = (p+1) /Q ufP~ugde < P2 (1l + Juel3) < 25— (llall, + lwll3)  (5:3)

due to Cauchy’s inequality. Recalling (3.14), we directly get

p+1 2 b ‘ ’
o) < Sy [ ent (B0 ) 2 (B0 iR
< B1®6 (t) + By®(t) + Bs,
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where

1 b \§ 1
B =2t Pl 20)F ()", Ba=b, By = ’“L DL w95 (29)
p+1
Inequality (5.4) yields (5.1) due to Theorem 3.1 or Theorem 4.1.

(2) Define W(t) = [[ul|3 with § = % + 1. Clearly,

D
0

(E(0))% + (p+1)E(0).

2(5—1 0/ 28 9(5-1
(1) < 3 (208 + Juel3) < 3 (5 38 + ) (5.5)

since 2(0 — 1) = 2%. (3.14) implies

or 2 b i b 1
(1) < 7[720 ( 0) + —— ”“) +2<E0 v ”*)}
(t) < 5 |c2 (20) 7 (E(0) pHIIUHpH (0) pHIIUHpH (5.6)
< By®7 (t) + B4®(t) + Bs,
where
O 2% s-1-9 -1 b 1 ) O 25 s-1-9 -1 -1
By=ev2 v (20)F <zm)e’B4:zm’ Bs = Sc3270 (20)7 (E(0)) 7 +3E(0).
By the interpolation inequality, we get
1 1 1 1 1
®(t) < [lufl§ PV ullp Y < e /panss (5.7)

where -1 = = 7 + 25 Noticing that oD > 1, and then using Young’s inequality with € > 0,

p+1
(5.7) can be ertten as

+1)

20(1—y)(p+1)
a() < % (P a2y 10D i )

20 20
< AW A0 ot R ) 4 S e (o) + 120),
p+

(pt1) 20 . . .
Let us now choose ¢ such that 1 — ¢ 2 ver+0 b > 0, it follows form the inequality above

20(1—v)(p+1)

®(t) < BgW 29w+ (¢) + By (5.8)
where A1) 20 1 20
(2B 20— égp+1)€—m A (p 4 1)e 700 E(0)
Be = F(p+1) , Br = y(p+1) 26 ’
—c 2 757(?“) b 1—c 2 ~e et}

which implies lirr}l U(t) = 400 due to Theorem 3.1 or Theorem 4.1.
=T
Inserting (5.8) into (5.6) is to get

U'(t) < BgW'(t) + ByWe(t) + Bio, (5.9)

where
_ 260 -y)p+1)o-1
”_5[29—7( 6 T

20(1 —v)(p+1)
620 — ~(p + 1)] ’

Bs = B3Bg 7 2*—1 By = ByBs, Big = B32°7 _1B7 + B4B7 + Bs.
Clearly, (5.2) follows (5.9). O
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Remark 5.1. For a = 0, i.e. in the absence of the weak damping, Theorem 5.1 still holds.

And this result improves that one in Theorem 4.3 of [21], which only discussed the lower bound
of the blow-up time for p € (20 — 1, 27*]

*

Remark 5.2. For p € [275 — 20(2% — %) , 25 — 1] , we do not discuss the corresponding lower
bound of the blow-up time.

6 Energy decay estimates

In this section, we show the global existence of the solution and the following decay estimate:

Theorem 6.1. Let 20 — 1 < m < p and (H) hold. Supposed that
0< E(0) < Ey, [luoll¥, < on,

then the solution of problem (1.1) exists globally. Moreover, the energy functional satisfies the
following estimate
Km+1) s

where the constant K may be defined in (6.13).
Let us give some lemmas to prove Theorem 6.1.

Lemma 6.1. ' 'Let E : R* — RT be a nonincreasing function and ¢ : RT — RT be a
strictly increasing function of class Clsuch that

#(0) =0 and ¢(t) = +o0 as t — +oo.

Assume that there exist 0 > 0, and w > 0 such that

Vs >0, o Et)7¢ (t)dt < %E"(O)E(s).

S

Then E(t) has the following decay property:
if o =0, then E(t) < E(0)e!™*®) vt >0,

. 1+o0 7
>0, then E(t) < E(0) | —————— vt > 0.
o> 0. then B(0) < BO) (155 ) o v
Lemma 6.2. Let all conditions of Theorem 6.1 hold, then there exists a positive constant
0 < ag < aq such that
Jull3 < da, Vt>0. (6.2)

Proof. With the proof of Lemma 3.1 in mind. This proof is clear. Since F(0) < Ej, there exists
an ao < aq such that h(az) = E(0). Recall (3.2), then h(a(0)) < E(0) = h(az), which implies
a(0) < ay since the condition «a(0) < ;. To prove (6.2), we suppose by contradiction that for
some to > 0, a(tg) > daz. The continuity of a(t) illustrates that we could choose ¢y such that
a1 > afty) > aa, then we have

E(0) = h(d2) < h(alto)) < E(to).

This is a contradiction since Lemma 2.2. O
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Lemma 6.3. Let all conditions of Theorem 6.1 hold. The following inequalities hold:

p+1 p+1—29

1 20c 2 ap 20
”quil p+1 N p+1729 E(t)7 Vt 2 O' (63)
1— m 20c =2 20
= 7Et <—F(0 Vi > 0. 6.4

Proof. Lemma 2.1(1), (2.2) and (6.2) implies

+1 +1 L +1-20 b +1

lullfs < 5l < 2005 Jullf 7 (B@) + —— ullf)
p+

260

p+1 _ pt+l1— b p+1
<20c 2 ay 20 (E(t) + m”“”pﬂ)

The above inequality directly implies (6.3). And combining (6.3) with (2.2), we have (6.4). O

Remark 6.1. Lemma 6.3 yields that the solutions of problem (1.1) exist globally.

Proof of Theorem 6.1: Some ideas in [19, 20] are used here. Multiplying the first identity
of problem (1.1) by E?(t)u(f > 0) and integrating over Q x (s,T)(s < T) give

T d T
/ Eﬁ(t)dt/uutda:dth/ Eﬁ(t)||u||§?0dt
s Q s

T (6.5)
4 [ B (=l - Wl + a [ Jonl™ s )t = o.
s Q
Inserting (2.2) into (6.5) yields
T T d T
26 / EPHL(t)dt < — / a[Eﬁ(lt) / uutdx dt—l—ﬁ / EPL()E (1) / uugdadt
s s Q Q
T
20 + 2
+a/ Bt )/ L e / B8 ud2dt (6.6)
+b / EP()|ullPidt o= Jy + Jo+ Js + Jy + Js.
It follows from Young’s inequality and (6.3) and Lemma 2.2 that
11| = )Eﬁ(s)/uut(.,s)dm—Eﬁ(T)/uut(.,T)dm‘
Q Q
EP(s)
< =57 (I )1 + e, ) + s TYE + el T)I3) o
6.7
EP(s)
< =52 e(llu )%, + N, ), ) + e, )13 + llus (- DI3]

< [o( 2ot D)4 20D ] pio o)t
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<=2 [T B OB @B + el < - [ B OB @R, +
< ——( 2?14:12)9)5/ EPYoT () E' () dt — +p1+_120/ EP(t)E(t
= _(;iﬁt?g)é95+ 1 [Emé(s) B Emg(T)} (6:8)
rEste Rt CARCRY NG
Blp+1)

BC 29(p+ 1) % 0 B+1-1
< | —
_[2(p+1—29) E7To0) +

i Eﬁ(())] E(s).

(p+1-20)(3+1)

Using Young’s inequality with 0 < ¢ < 1, Lemma 2.1(1) and (6.3), we obtain

T m___ml 1 1 1 1
il <a [ B ol e fulltt ) de
S

m + 1 +1
_m+1
m 9 m
o Eﬁ'f’l _ Eﬁ-f—l T / Eﬂ m+1 6.9
T Fa T BT ) - B )] 4 £l % e (6.9)
_m+1 m+1 mA41
m € m ae 2(9(p+ 1) 56 mtl_
— EP(0)E E ! EPTL(t)dt.
Smrigil O (S)+m+1[b(p+1—29)} ” <0)/8 ®)

For m+1 > 2, one may apply Holder’s inequality and Young’s inequality with €1 > 0 to establish
the following inequalities

T < (1419 / B (1) Hutumﬂdt

L _m+1 T
< el (1 [9))? e T ) [ e
S
1 - ) . i (6.10)
<emt 1+19Q)) EPHY$)dt — — = o (140 E'(t)dt
< el (149 / (Ot = e 1R [ E )
milm —1 2 —mtl
<em ! 140 B )ydt+ ————¢, 2 (1+|Q|)%FE
<t [ B e 0BG
where (Trj_l = [+ 1. (6.3) directly implies
20 20" iy " g
'J5'§b<1‘p+1)1_%Cp;_w / £ (6.11)
Obviously,
20 20c55 iy M
wi=b(1- =) e <20
p+1/9 120c 2 a2
We choose ¢, €1 satisfying
ac™r 20(p+1) }”E?Ewggl_l(o)_erl—% gg—ﬂm 1(1+‘Q|) p+1—26
m—+1Lb(p+1—26) B 4 b m41 4
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and utilizing (6.6) — (6.11), we arrive at the following inequalities

T 2 20p+1)\s . 2(p+1) ]
B+1 < 0 B+5—1
/S BT (0t < +1—29[c< +1—29) + +1—29}E " 0)E()

20(p + 1) \ s 0ET51(0) B(p+ 1)E5(0)
< ) 05 + 1 (p+1—29)(5+1)} ()

p+1—20[ p+1—20
m+1 B m+1 1
+1—20[m+1,8+1 O)B(s) + & T 1+ 19175 (s)
= KEP(0)E(s),
(6.12)
where

_ 2 20p+1) Vo, 2(p+1) 114
p+1—29{[c<p+1—29) +p+1—29]E (0)
+ @( 20(p+ 1) )é@E’e_l(O) Blp+1) (6.13)

p+1-20/ 08+1 ' (p+1-20)(B+1)

m—+1
m & m mtl gy — 1

_mE et T g an2ER o) .
tmrlprl @ LU AL (0)

Obviously, (6.1) follows from (6.12) and Lemma 6.1. This completes the proof of Theorem 6.1.
O
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