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Abstract

We will study binocular vision for 6-DOF robotic manipulator in conformal geo-
metric algebra approach. We will focus on the case where some information as relative
cameras positions, has been lost. In particular, we will use the construction of the
manipulator to infer a self calibration method for cameras position based in binocular
vision with incomplete information.
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1 Introduction

Computer vision has been here for a while, but since the spread of neural networks and
artificial intelligence models in the past decade it became trendy and gained a lot of popularity
in research and industry as well. With wide range of applications - from facial recognition,
through industrial measurements to modern microscopy - researchers and developers pushed
hardware to the limit. Moreover, just one sensor can not secure satisfactory field of view,
reliability and stereopsis. To ensure such conditions, one has to use binocular vision. In
order to achieve a solid reconstructed scene, one has to ensure either fixed relative position of
sensors, which is due to material flexibility always a problem, or compute the position from
some reference object, which is operationally hard to achieve since the object has to be fixed
in predefined configuration (pose). In this paper we would like to propose a method which
resolves such troubles. Even though there are another work-arounding methods, e.g. gradient
based and sometimes machine learning, we are intended to proceed in more geometric way.
We will investigate a case where we will reconstruct 3D position of observed object, given by
images from two cameras. Our goal is to solve a case where we have lost cameras positions,
which, in general, has to be known for further computation, i.e. calibrate cameras position,



which leads to 3D scene reconstruction. Moreover our approach does camera self-calibration,
thus cameras (or binocular vision) does not require any special calibration method. In order
to get the 3D position of observed object we will use a minimum knowledge of observed
object construction.

This approach will be demonstrated with a typical example of robotic manipulator. For
this problem we will use Conformal geometric algebra. At first we will recall some notions such
as multivectors, transformators etc. from CGA in section 2. Then, in section 3 we will infer
equations for determination of manipulator position given by cameras position and its images.
Those equations are useful for further computations. Inversely we will define equations for
camera images given by cameras and manipulator position. With such knowledge we can
solve a problem of binocular vision in the case where some information (e.g. camera position)
has been lost in section 4. It means that we do not have any information of cameras position
neither manipulator position. Traditional task of binocular vision is to compute position of
object from cameras position or vice-versa. This is not the case. Fortunately we have some
knowledge of observed object like kinematics, dimensions, specific construction etc. which
can by used to infer the unknown positions.

2 Conformal geometric algebra

We will infer further computations using geometric algebra approach, which can be found in
classical books [15, 4, 5, 2, 12] or scientific papers (e.g. [7, 9]) published in last decade. In
this chapter we will recall only some necessary notions from the theory of geometric algebra
calculus. We will recall just statements and formulas which will be strictly needed. For
compact theory see the books listed above.

In the binocular vision and robotics, the conformal geometric algebra (CGA) plays signif-
icant role. So, let us have conformal geometric algebra, i.e. geometric algebra G4 together
with Hestenes embedding

1
(z,y,2) € R® = ze; + yeq + zes + 5(:661 + yes + ze3)%es + €0 (1)

Generally in Geometric algebra models we represent objects by so called OPNS and
IPNS representations with the help of dot and wedge product. In detail, for each point P
and each geometric object O in IPNS representation, resp. geometric object O* in OPNS
representation the following property holds:

PcO & P-0=0, (2)
PcO" & PAO"=0. (3)

Follows relation between IPNS and OPNS representation of object O:
O=clO", IT=eNesNegNex Neg, c€R\{0}. (4)

It allows us to represent geometric objects in forms as in Table 1.
Let us recall some properties of conformal geometric algebra. During the following algo-
rithms of binocular vision these relationships between geometric objects are used:



Object IPNS representation OPNS representation

Point P =p + 1[|p|*ex + €0
Sphere S=P — irle S*=P, AP, AP; APy
Plane T =mn+ dey ™ =P APy AP3 Aeg
Circle Z = Sl VAN 82 7 = P1 VAN P2 VAN P3
Line L:7T1/\7TQ L*:Pl/\Pg/\eoo
Point pair P, =S; A Sy A S3 P; =P; APy
P = pi1€1 + p26e2 + p3es, N = nie; + Noeo + N3es, HIIH =1

Table 1: Geometric objects in CGA

1. Distance between two points: dp,p, = v/ —2(P; - Py)
2. Angle between two planes: cosa = 7y -

3. Plane of symmetry of two points:
=P - Py ()
4. Midpoint M of point pair P; A P, as point pair with e.:
(M Aey) =(c(P1APy) - ex) Lpp,, ¢ c1 €R/{0}, (6)

where
Lplp2 = I(C(Pl A Pg) VAN 600). (7)

5. Distance between points of point pair P; A Py:

d —9 C(Pl A PQ) . C(Pl A P2)
PP [Lp,p, - ILp,p,

(8)

For the following computations, let us introduce a couple of new operators, namely e and
o as follows:

oT = , (9)

§‘
r| .
3

oL = ﬁ, (10)

then e is a standard representation of plane m and oL is a standard representation of line L.
In standard representation, a plane, resp. a line has unit normal vector, resp. unit direction
vector. In the end, remind that by translator we mean a multivector

1 > (—1tes)! 1
T = exp(—§teoo) = Z QT =1- 513600, (11)
i=0 )

where t = xe; + yes + zeg is a translate vector with its conjugate

~ 1 1
T = exp(§teoo) =1+ §teoo. (12)



By rotor we mean a multivector

0
R= exp(—ﬁLSt), (13)

where Ly, is standard IPNS representation of rotation axis and # € R is a rotation angle,
with its conjugate

R= exp(gLst). (14)
Recall that by motor we mean a rigid body motion
M = RT (15)
with its conjugate 5 o
M =TR. (16)

Remind that having a geometric object O we compute rigid body motion with help of con-
jugation by motor M, e.g. O = MOM.

3 3D scene reconstruction

There are various concepts of 3D scene reconstruction. We focus on so called binocular
vision, for example see [8, 14, 13] (for monocular vision see [16] for multiocular vision see
[1]). At first, we define forward kinematics in CGA, this became a standard approach, see
[10, 18, 19, 3, 6] (for inverse kinematic in geometric algebra approach see [17, 6, 11]).

3.1 Forward kinematics

The goal of this subsection is to compute the final position of the manipulator after applying
rotational motion in its joints. Let us denote angles of rotations as

6017 6127 0347 0567 0677 078'

The final position is given by points P e {0,1,...,8}, where P; represents point P; after a
rotation.

11,57 57,16

16,39

9,29]




Figure 1: An example of robotic manipulator. Blue lines represent coordinate system axes,
purple lines represent rotation axes, red points describe robot position.

Obviously point Fj is identified as origin of our coordinate system and point P, never change
its position, thus Py = Py and P = P;. Now let us denote axes of rotation corresponding to
0;; as L;; and corresponding rotors as [2;;. Then we can compute

f‘;(j = O(].Sl VAN 15]' VAN 600), (17)
0;; -

Finally, we can compute the final positions of points P; after applying a transformation as

P, = Ry PyRys,

P; = RisRP3Roi Ri, (19)

]-58 = R67R56R34 R12R01P8 ROl R12R34R56 R67 .

3.2 Binocular vision

In this subsection we will determine a position of the manipulator by an image from two cam-
eras. Input parameters of such problem are positions of left camera focus Oy, = [011, 012, 013] =
or1€1+ 01262+ o0r3€3 4—%||0L||2 +ep and right camera focus respectively Og = [0g1, Or2, Ors] =
OR1€1 + ORoes + opses + %HORHQ + e9. Parameters «ay, 51,7 describe the view angle of left
camera, where «y, describes a rotation around vertical axis, 5, describes a rotation around
horizontal axis and 7, describes a rotation around anteroposterior axis. Analogically we
assign to ag, Br,Yr corresponding angles for the right camera. For simplicity, let us assume
that those reference axes go through the focuses of cameras. Parameters f7, fg represents
focal distance of cameras. For simplicity assume that they are equal f;, = fr = f. Tprr, Tprr
denotes projection planes and images of points P;,i € {0,1,2,...,8} we denote as P, resp.
PiR-

Firstly, let us place camera focuses and images of projection planes into the space. Ini-
tially we place images of projection planes into plane m,, = e; and camera focuses to point
O = fe; + %fzeoo + eg. Now we need to determine motor My = T; Ry, given by parameters
011,012,013, f,r, Br, VYL, which realize such geometric transformation which grants appro-
priate position of left camera focus and images from left projection plane in the space.
Equivalently we determine motor My = T Ry, given by og1, 0r2, 0rs, [, @R, Br, VR

Remark 3.1 During computation of 3D scene reconstruction we assume that rotations Ry, Ry
of cameras are given. In fact, a technician can set cameras with angles ag, Br,Yr, TESP.
ar, Br,vr. Therefore we infer rotations of cameras with those parameters in this article.

We can compute axis z as
Lz =€ VAN €9. (20)



Now we can move this axis to point O with translator 7' =1 — %teoo, where t = fe;, and
convert it to standard form:

L: = TL.T. (21)

Furthermore we will define a rotor which represents rotation of left camera around vertical
axis Lz by angle oy, in negative direction.

R exp(%Lz). (22)

2L
Now we will move line L, = e3 A e; with translator 7" and we will rotate it with rotor R, ,
to preserve horizontal axis fixed with camera

L, = TL,T, (23)
L: = R.,LyR., . (24)

YL
Now we will define rotors representing rotation around horizontal axis L; by angle B, in
negative direction:

B
R, = exp(;LiL). (25)
Next we will rotate axis L, = e A eg with rotors R., and R,,. After that we will compute
rotor representing rotation around this anteroposterior axis of left camera by angle 7y, in

negative direction.

L%L = RyLRZLLxRZL Ryu (26)
Ro, = exp(Ls,). (27)
Finally we will define translator representing translation to the appropriate position
tr = (o1 — f)er + or2ea + orses, (28)
T, = 1— %tLew. (29)
Resulting in motor M,
My = T.R; Ry, R, (30)
and its conjugate motor
M, = R., R, R.,T.. (31)

Analogically we can get motor My and its conjugate rotor Mg, for the right camera. We will
place image records into space with motors M and My as
Py = MPy M, (32)
Pir = MgpPipMg. (33)



Figure 2: Position reconstruction of points P, in space

Now we will introduce planes

Tii+l1,L — I(OL A f)iL VAN ]Tj)(sz)L A 600), (34)
Tiitir = IORAPr AP rAEs), i€{0,1,.. 7} (35)
Point P;, i € {1,2,...,7} is an intersection of planes from set

I, = {mi—140, Tii+1.0, Ti1iR, Tiit1,r} (see figure 2). Conformal geometric algebra allows to
find an intersection of three planes as a pair of points, where one of the point is e.,.

C(f)z N 600) = I(ﬂ'il A T2 A 71',‘3), (36)
where
celR \ {O}, i1, T2, Ti3 € Hiyﬂ-ij N Tk ?é 0, 7, k e {1,2,3}7 J 7é k. (37)
If we know ¢(P; A e, we can find coordinates of P; easily, because
- 1
P, New = (pier+ pizea + pises + 5”1%'”2600 +ep) N e
= piél N ex + Pi2€a N ex + Dis€s N ex + €0 N €. (38)
Remark 3.2 The set Il; = {m_1, 1, Tiit1,0, Ti—14iRr: Tiit1,ry contains four planes, which

intersect in one point. But generally four planes need not to have an intersection point in
the space. In real applications it might happen that it the position of a camera is not exactly
as we assume it, we get multiple possible position of point P,. The real position of point P,
has to be estimated by appropriate approximation.



Remark 3.3 Condition m;; N my # 0, 5,k € {1,2,3}, j # k grants various planes of three
out of four planes from the set I1;. Two planes from the set would be identical in instance if
points P;, P, 1,0 and Og layed on one plane.

Point Pg lays on planes 775 1, 778 g and on lines

Ls;, = I(Op APgp Aes), (39)
L&R = ](OR/\].SgR/\GOO). (40)

We will find a pair of points f’g A €so as
C(f)g A 600) = I(L&L A\ 7T7,87R) (41)

or
C(Pg A eoo) = [(L&R A 7T7,8,L>- (42)

So have found all points P;, i € {0,1,2,...,8}, thus we know the final position of the machine.

4 Self calibration

In the previous chapter, we solved the problem of the binocular vision for a specific 6-DOF
manipulator. Next we consider that we lost information about the exact position of the
cameras for a short time due to some influences. Our goal is to calibrate the system using
knowledge of the manipulator construction (proportions, movement possibilities), the current
recording of the cameras and their approximate position. The manipulator construction and
the current recording give all possible camera positions, figure 7 shows the possible focus
positions. The solution is not unique, but if we know the position of the cameras at least
approximately, we can choose a specific possible position of the cameras, which is closest to
the approximate position with respect to the appropriate metric.

Note that the current recording is given by images P;r, P;g,i € {0,1,...,8} on projection
planes. Consider coordinate system of left, resp. right camera in such a way, that its focus
is placed to point O = fe; + %eroo + eo and its images P;;,P;z are projected to plane
Ty, = e1. In our procedure we are trying to find a rotor Rror = exp(—*£2LLgor), which
represents rotation of coordinate systems to each other and translator Trrans representing
their relative displacement. Resulting motor M, = TrransBEror, r€sp. Mv = fZROTTTRANS
will transfer a representation of geometric objects from one coordinate system to the other
one. This is key for the following description of all possible camera positions.

4.1 Relative cameras rotation

At first we want to find rotor Rror, which describes the rotation of the rlght camera coor-
dinate system to the left camera coordinate system. Note that points Py, Py, P3, Py always
form a rectangle in the space with respect to the possible machine position configurations.
An intersection of lines I(P1;, A P3p Aes) and I[(Pop APyp Aes), resp. 1(Pir AP3g Aey)
and I(Par A Pyg A es) is an image of center point S of rectangle P,,P,, P3P, (see figure
3). Relative rotation of cameras can be found using diagonal vectors of the rectangle (normal

8
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Figure 3: Calculation of line Lo, g S of rectangle P, P,, P;, Py

vectors of symmetry planes P; — Py and Py — 152) in the coordinate system for left and right
cameras. Now consider coordinate system of the left camera. Firstly let us compute following
objects

ML = oI(OAPiL APsp Aex)), (43)
Toar, = o(I(O APy APy Aes)), (44)
LPlL,PgL = O<[(P1L /\PBL /\600)) (45)

Image Sy, of center point S is the intersection of plane 74 1, and line Lp,, p,, , which we can
express in the equation
C(SL A 600) - I(W24,L A LP1L7P3L)' (46>

Point S belongs to line
Lo,s = o(I(OAS.New)) (47)
For illustration see figure 3.

Remark 4.1 The algorithm fails if images from points Py, Ps, Py and Py of one camera
belong to one line.

Now we will compute representations of line through focus and points Py, Ps, Ps, Py:

LOL7P1’ = O(I(O/\PiL/\eoo)), i€{1,2,3,4}. (48)



Figure 4: Illustration of angles given by lines in plane m3 1,

In the picture 4 we can see lines belonging to plane ;3 1, angles defining these lines and a line
perpendicular to the plane. Analogously we can denote angles aaq 1., 0/247 1 Boar, ﬁ§47 L V24,L5 VoL
in plane mos . When computing directional vectors of rectangle f’l, f’g, f’g, P, diagonals we
have to rotate line Lo, p, with angle 7}, ; in plane m3 1 and line Lo, p, with angle 5, ; in
plane 7y 1. It is necessary to define angles 75 1,754 ;, and lines perpendicular to its respective
planes. Firstly we will compute angles defined by line Lo, s and lines Lo, p,, € {1, 3}:

aiz = arccos(no, s No, P, ), (49)

0/137L = arccos(no, s - No, Psy), (50)

where ng, s = ngie; +ng2e2 + ngses is unitary directional vector of line Lo, g and no, p, =

npie1 +npoes + npses is unitary directional vector of line Lo, p,. According to law of sines
we can infer that

T sin a3,
/ _ > / _
V3L = B for ——== + cos(m — a3 — a3 ) =0, (51)
sin v
13,L
, sin(m — ong L — &g ) :
Vs = arctan : otherwise. (52)

sin 13,1,

+ cos(m — aqsL, — 0/13’,4)

sino 3
Analogously we can compute angles a4 1, 0y 1, Yo4,L, Vou,1.-

Remark 4.2 Image of function arctan(x) in the previous expression we consider set (0, ) /{5 }
in order to get nonnegative, convex angles 7{37]4, Vou.1

10



Now we will compute a line perpendicular to plane 73 1, resp. mo4 1, passing the origin

LTF13,L = MNims 62 Nes + 2,715 €3 Ner+ 13,713, €1 N €, (53>

L7r24,L = Mo 62 Nes+ N2,724,1,€3 Nej + N3,m04,1,€1 N e, (54>

where 1; x,, ,, T€Sp. N x,, , are coefficients of unitary normal vector of plane 73 1, resp. mo4 1,
i €{1,2,3}. Next, let us perform following lines Lo, p, a Lo, p, rotations

’713,L L

R13,L - exp(_ 2 71'137[‘)7 (55)
. 7&4,L

R24,L - eXp(_ 2 L7F24,L)7 (56)

Lpy,r = BRisrLlo,p,Risr, (57)

Lpy,,. = RorLo, p,Roar. (58)

Directional vectors of lines Lpy,, ; and Lp,,, 1 refers to normal vectors of planes P3 — Py
and P, — Py in the coordinate system of left camera. In the direction of such vectors we
can find points, whose distance from the origin is equal to 1. Those points we will denote as
P13 and Ppag . Analogously we can find similar points Py13 r and Pyog g in the right
coordinate system. Relative rotation of cameras coordinate systems describes a rotation
rotating point Px13 g into P37, and at the same time P94 r into P oy 1 or conversely. If
the rotation converts one point to another, then its rotational axis has to belong to a plane of
symmetry of both points, because rotation is a circular motion, whose center is equidistant
from both points, rotational axis passes the origin and is perpendicular to the plane, where
the rotational circle belongs. Thanks to the expression (5) we can find a plane of symmetry
of points P13 and Pyi3 r and a plane of symmetry of points P oy 1 and P13 r as

ms13 = o(Pnisz —Pnisr), (59)
Te24 = '(PN24,L—PN24,R) (60)

Final rotational axis belongs to both of those planes therefore applies following

Lror = o(msi3 A Ts24) (61)

Furthermore we need to compute rotational axes in such a way that final motor M, converts
representations of geometric objects from coordinate system of the right camera into coor-
dinate system of the left camera. We can get an orientation of rotational axis in following
way

o = I(eo APni13r APnNis Aex), (62)

Lror = sgn(m, Agor)Lror, (63)

where sgn(z) is sign function and Ngor is directional vector of line Lror. The meaning of
the sign in the scalar product of vectors m, and ngor is visible in the picture 5.

11



Pni3.r

Figure 5: Normal vector of plane 7, defines orientation of rotational axis

Remark 4.3 If (O APni13r APN13L A ex) - Tigor = 0, then it is a rotation of m radians,
the azis orientation does not apply and we can use either Lror = Lror or Lror = —Lgor.

Now we can compute the angle of rotation agror. Rotation of point Pyi3 g into Py is
performed in a plane perpendicular to line Lzor, where those points belong (see figure 6).
Let us denote such a plane as m,. To find plane 7, we have to compute auxiliary point Py,
which belongs to it in the following way

T,=1- %71'246007 (64)
Py, = T,Pyi3T,. (65)
Then we can compute plane , as
T =I(Pni13 APN1s R APNp A eo). (66)
From the equation
c(Pror A €so) = I(m, ALgor), c¢€R/{0}, (67)

we can compute an intersection Pror of plane 7, and line Lror (see (38)). The angle of
rotation which is defined by normal vectors of planes

mror,. = Pz, — Pror, (68)

mror,k = Pniz,r — Pror, (69)

12



LroT

TS24
mTS13
P
N13,R|_ Pror
PN13,L_ p
PNno4, L

Figure 6: Rotation of point P13 g to point P31, and another rotation of P g4 r to Pyoar
around axis Lror with angle aror. mg13 is a plane of symmetry of points P13 r and Py 1,
Tso4 is a plane of symmetry of points Pyos g and P oy 1

SO
OROT — aI"CCOS(WROTL . WROT,R)' (70)

Next we will move rotation axis into focus O

1
Ty = 1-— §f€1€oo, (71)
Lror = TiLrorTy. (72)

We got the resulting rotor Rror, describing a rotation of the right camera coordinate system
with respect to the left camera coordinate system as

a ~
Rror = exp(— R20T Lror). (73)

4.2 Relative shift of cameras

As the next step we have to find translator Trrans, which describes the shift of the right
camera coordinate system to the left camera coordinate system. At first we have to get the
length of rectangle Py, Py, P3, P, diagonal as

dp,p, =/ —2(P; - P3). (74)

Next we want to compute a position of point Py in the left camera coordinate system and
the right camera coordinate system simultaneously. It holds that

513,/: = = 0/13,1: - 713,L (75)

13



(see figure 4). From the law of sines it follows that the distance of point Py from the left
focus we can compute as

1 sin 815 1,
do,p. = = s 76
OLP3 2 P1P3 Sin 043711 ( )
With translator 75 1, which we can get as
tsr = do,p,n0. Py (77)
1
Tzp = 1- 5 t3.1€00, (78)

where ng, p, is unitary directional vector of line Lo, p,, we can compute a position of point
P; in the left camera coordinate system as

Pl = T3,0Ts;. (79)

Analogously we can compute a position of the point in the right camera coordinate system,
which we will denote as P3R. Next we will rotate this point with rotor Rror

PgROT = RporPH Reor. (80)

The shift of the right camera coordinate system to the left camera coordinate system describes
translator Trrans, which we will get as

TTRANS = 135 - f’fﬂom (81)
1
Trrans = 1— 5 TTRANS€oo- (82)
The final motor
M, = TrransRror (83)

converts representations of geometric objects from the right camera coordinate system to the
left camera coordinate system. The following equation

PL = M,PEM,, ie€{0,1,..,8}. (84)

holds. Conjugate motor R ~ ~
M, = RrorTrrans (85)

converts representations of geometric objects from the left camera coordinate system to the
right camera coordinate system, so

PR = M, PEM,, i€{0,1,..,8}. (86)

14



4.3 Cameras positions possibilities

Now we want to describe a space of all possible cameras positions in original coordinate
system. With respect to possible machine motions we know points Po=PyaP, =P -
their position does not change with machine motion. With inferred relations from previous
sections we can compute their position in right, resp. left camera coordinate system and
their distance from focuses. At first we will convert representation of left focus and image
in the left projection plane from left camera coordinate system to right camera coordinate
system

of = M,0M,, PE = M,P, M, ic{01,..,8}. (87)

Representations of points Py and Py in right camera coordinate system follows from
Pl Nesw) = I(T(OEAPE APE Ae)) A(I(OAPg Aes))), (88)
a(PfAnes) = I((I(OFAPE AP Aew)) A(I(O AP Aew))), (89)

where o, ¢; € R/{0}. The distance of points Py and P from left and right camera focuses

we get as

Next fix the original coordinate system. Focus of left camera belongs to following two spheres
Sip = Pi — 5dg 5 €0, i€ {0,1}. (91)

This yields that it belongs to circle
ZL = SOL/\SlL- (92>

Analogously we can compute circle Zg, where belongs right camera focus. Now we will
compute one particular position of left and right camera and we will label resulting points
with upper index z. Let us combine plane 7,, = ey and circle Zr and we get its intersection
(pair of points) as

c(ORNO%) =1(Zr N7y.), c€R/{0}. (93)
Now we want to choose point O% out of pair of points ¢(O% A OF) with positive z-axis
coordinate. We can compute a line, which is defined by those points, as

Lojop = He(O3 A OF) A ). (99)
Let Mo: o= be the midpoint of line segment [O3073| given by (6) and dg: o= is its length
given by (8). We can get points O% and O3 as a shift of point Mo;o;? in positive, resp.

negative orientation of line Lo o2 with displacement %dog o2+ Furthermore we move points
Por and P,p in following way

., = 0% —0, (95)
1

T, = 1—§7th€oo, (96)

Pirr = T.PirT., ic{0,1},. (97)
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Now we need to determine a rotation of right camera with respect to the original position.
To achieve that we will use analogical inference as in the picture 6. Initially we want to find
images positions of points P§, and Pj,. These points belongs to lines

Lo:p, = o(I(OxAP;New)), i€{0,1}, (98)

in distances
dop,, = V—2(0-P;p), ie{0,1}, (99)

from focus O%. We can get images f’SR and f’fR with a shift of focus O% with unitary
directional vector of line L. p_, resp. L. 5. in the following way
RO RT1

1
Tofzf)zR = 1- itO%ﬁOReoo’ (101)

Now we need to determine rotation converting point Pog 1 to point P, and point Pirr to
point Pi; as well. So the axis of rotation belongs to plane of symmetry of points P§p and
Porr and simultaneously it belongs to plane of symmetry of points Pi, a Pirr. We can
compute those planes as

17 = Pi —Pipp, ic€{0,1}. (103)

7

Then we can get the rational axis within its orientation as

Ej:zo:roR = my ATy, (104)

Lrorog): (105)

where Ny510, is directional vector of line f;OTOR. Next we want to know an angle of
such rotation. Firstly we will find an intersection P{org, of rotational axis and plane

roro, = o(sgn({(Ox APorr A PipAes) - N%070,)

perpendicular to it, which contains points P{, and Por 1

VA 1 z
7 = 1- 5T oo (106)
P: = T:P;.T7, (107)
c(Pioro, N es) = IIT(Pir APorr A P> Aex) ALzoro,)- (108)

Then the angle of rotation define normal vectors of planes

z _ z
TROTPorr — Porr — PROTOR7 (109)
z . Dz z
TROTPZ, = Pir — Proropy: (110)
SO
— z z
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Resulting rotation describes rotor

2 QROTOR 1 »
ROTOR — exp(_TRLROT0R>' (112)
For images in right camera holds
~§R = R%OTORPiR,TRZROTORv i€ {0,1,...,8}. (113)

Representations of geometric objects from right camera coordinate system converts to the
original coordinate system motor

Finally, because motor M, converts representations of geometric objects from left camera
coordinate system to right camera coordinate system and following relations hold

0? = M.,M,OM,M,, P?, = M.M,P;;M,M,, ic{0,1,..,8}. (115)

Thus all possible camera positions can be described as

0
Ry = exp(—ﬁel A eg), (116)
0! = RyO%Ry, P’ = RyP* Ry, (117)
0% = RyO%LRy, P’y = RyP:Ry, i€ {0,1,..,8}, (118)

where parameter 6 takes values of interval (0, 27) (see figure 7).

5 Conclusion

We considered a system given by a specific manipulator and two cameras that detect the ma-
nipulator position. Using CGA, We have proposed a method, which can compute all possible
camera positions precisely with minimum initial knowledge - recording of the cameras and
manipulator construction. It can be useful for self calibration, if we lose information about
the exact position of the cameras for a short time due to some influences. The solution is
not unique, but the selection of a concrete possible position will allow knowledge of the ap-
proximate position of the cameras (last known position). Although the algorithm is limited
with a quality of images while image processing - structure identification, the method itself
is quite effective, consisting with just a few equations, which enables online re-calibration
of sensors. This means that the process can re-calibrate the sensors position prior further
analysis on every image sample. Furthermore this method is applicable on wide range of
structures, namely solid structures, which are supported by plane skeleton or plane frame.
To reduce the dependence on given sensors images the research could continue adding pertur-
bations and noise to the problem. The file containing the supporting code shall be available
on https://www.vut.cz/www_base/vutdisk.php?i=277353a744.
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012
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Figure 7: Final possible camera positions depending on parameter 6 € (0, 27) - top view
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