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ABSTRACT. In this work, we investigate the poroelastic waves by solving the time-domain Biot-JKD
equation with an efficient numerical method. The viscous dissipation occurring in the pores depends
on the square root of the frequency and is described by the Johnson-Koplik-Dashen (JKD) dynamic
tortuosity /permeability model. The temporal convolutions of order 1/2 shifted fractional derivatives
are involved in the time-domain Biot-JKD model, causing the problem to be stiff and challenging to
be implemented numerically. Based on the best relative approximation of the square-root function, we
design an efficient algorithm to approximate and localize the convolution kernel by introducing a finite
number of auxiliary variables that satisfy a local system of ordinary differential equations. The imperfect
hydraulic contact condition is used to describe the interface boundary conditions and the Runge-Kutta
discontinuous Galerkin (RKDG) method together with the splitting method is applied to compute the
numerical solutions. Several numerical examples are presented to show the accuracy and efficiency of our
approach.
Keyword: poroelastic media, Biot-JKD model, temporal convolution, stiff system, Chebyshev approx-

imation, splitting method, RKDG method.

1. INTRODUCTION

Porous media consist of a solid matrix saturated with fluids that can flow through the pores freely
and has important applications in petroleum rocks, engineering composites, energy conversion and energy
storage. The propagation of waves in these media can be described by poroelasticity theory, which was
originally developed by Biot (2; 3; 4). Biot theory predicts that there are three waves propagating in
isotropic poroelastic materials. In the order of decreasing wave speeds, they are classified as: fast p wave,
which are analogous to the standard elastic p wave; s wave, which are analogous to the elastic shear wave;
and slow p wave, which exhibits substantial phase difference between the solid matrix and fluid. Because
of the viscous effect, the fast p wave and s wave are lightly damped, while the slow p wave is strongly
damped. Simultaneously, the viscous dissipation also causes slight dispersion in the fast p wave and s wave
and strong dispersion in the slow p wave.

In Biot’s theory, two frequency regimes of the low-frequency range (LF) and the high-frequency range
(HF) are separated by the critical frequency f.. In the LF regime, the fluid inside the pores is assumed
to be of Poiseuille type, making the viscous effect proportional to the relative velocity between pore fluid
and the solid matrix. In the HF regime, the viscous effect depends on the square root of the frequency,
resulting in a convolution term in the time-domain. In (3), Biot firstly presented an expression of the
memory kernel for particular geometries. In (18), Johnson-Koplik-Dashen (JKD) derived a more general
model of dynamic permeability, which accounted for the viscous effects in a full frequency range and was in
agreement with Biot’s theory for the low frequency regime. In (1), Avellaneda and Torquato pointed out
that the permeability in the frequency domain can be represented as a Stieltjes integral with a probability
measure; mathematically, this is by far the most general theory for the high-frequency correction of Biot’s
LF equations. In (26), Pride et al. developed a drag force model for more general pore geometry by adding
correction to the JKD model when the cross-section size of pore space varies significantly along the fluid
trajectory.
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In the LF regime, the major difficultly for numerical simulation is to handle the stiffness of the Biot
equations; see (20; 12; 29; 27; 5; 15; 16; 33; 32; 11) for reference. In the HF regime, not only the viscous
term but also the temporal convolution is hard to implement numerically, complicating the modeling task
greatly. Two approaches have appeared in the literature to approximate the Biot-JKD equations directly in
the time-domain. The first one is to discretize the convolution term directly by defining a time convolution
product (23). The second one is to approximate the memory kernel by the summation of exponentials
and replace the temporal convolution by the auxiliary variables satisfying local differential equations. In
(10), the Fourier transform of the memory kernel (dynamic tortuosity) is approximated by a sum of Zener
kernels in the frequency domain. In (22), the Biot-DA (diffusive approximation) model with the Gauss-
Laguerre quadrature formula is developed to approximate the Biot-JKD model, which is based on the
diffusive representation of the fractional derivative. Instead of the Gauss-Laguerre quadrature, a linear
optimization procedure has been used to determine the coefficients of the DA model (6; 7), which is more
accurate than the Gauss-Laguerre formula. Furthermore, a nonlinear optimization method is developed in
(8) to improve the performances of the linear optimization method. In (24; 25; 31), based on the fact that
the dynamic tortuosity in the Laplace domain, including the JKD model, can be exactly represented with
a Stieltjes function, whose two-sided residue approximation is used to approximate the tortuosity. This
approach is more accurate than the optimization method.

Both the optimization method and the Stieltjes function approach work well for the approximation of
the convolution kernel. However, although the Stieltjes function approach has high accuracy, it involves
solving a linear system with very large condition number. The linear optimization method also encounter
a high condition number linear system. Besides, both methods are sensitive to the choice of sample points
and an improper choice of the nodes may lead to lower convergence, especially for the linear optimization
method. To avoid solving a system of high condition number, a more general method of the best relative
Chebyshev approximation for the square root functions (9; 30) is developed in this work. One of the
advantage is that it can be implemented easily without the need of forming the system or choosing the
interpolation points.

The objective of this paper is to develop an efficient algorithm to simulate wave propagation in or-
thotropic poroelastic media. For this purpose, we apply the Runge-Kutta discontinuous Galerkin (RKDG)
method to solve the Biot-JKD equations. Due to the existence of the temporal convolution, a naive im-
plementation will be very expensive and highly inefficient. To overcome this difficulty, we design a fast
algorithm by utilizing the best relative Chebyshev approximation of the square-root function
appearing in the JKD model. The main idea is to approximate the JKD dynamic tortuosity in the Laplace
domain by rational functions, and then apply the inverse Laplace transform to obtain the time-domain
approximation of the convolution. By this approach, the temporal convolution is replaced by a set of
local ODEs with auxiliary variables, and thus a fast evaluation is straightforward. In addition, the viscous
dissipation is challenging to be implemented since the viscous term has its own intrinsic timescale, which
is independent of the mesh grids and may cause the poroelasticity system to be stiff. To tackle this, we
apply the second-order Strang splitting method to deal with the viscous term by splitting the Biot-JKD
equations into a homogeneous hyperbolic system and a system of ordinary differential equations (ODEs).
The imperfect hydraulic contact condition is use to handle the interface conditions when heterogeneous
poroelastic media is considered. We give a complete dispersion and energy analysis of the Biot-JKD model.

The remainder of this paper is organized as follows. In Section 2, the mathematical formulation of
the governing equations is described. In Section 3, we present the dispersion analysis. In Section 4,
we introduce the fast algorithm based on the best relative Chebyshev approximation of the square-root
function. A brief description of the numerical method is in Section 5. Finally, several numerical tests are
provided in Section 6.

2. MATHEMATICAL MODEL FOR WAVE PROPAGATION IN TRANSVERSELY ISOTROPIC POROELASTIC
MEDIA

Let u be the skeleton solid displacement vector, U the fluid displacement vector, w := ¢(U — u) the
relative motion of the fluid scaled by the porosity ¢ and ¢ := —V - w the variation in fluid content. The
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solid velocity v and the relative fluid velocity q are defined by

Ju ow
(2.1) Vi= oo 4= e
2.1. The constitutive relation. Let the z axis be the symmetry axis, the stress-strain relations for a
transversely isotropic elastic material has the following form:
(2.2) T = Ce,
where the matrix elastic stiffness tensor C, stress tensor 7, and strain tensor € are defined as

ci1 c3 0
(2.3) C=| c3 c33 0 . 1= (1 13 113)", €= (€11 €33 2e13 )7,
0 0 Cs5

with €;; = % (Oju; + Oju;). Here and hereafter, the subscripts 1 and 3 represent the « and z axes, respec-
tively. The constitutive relations are expressed as

(2.4) T = Ce—pPp=C"e—- MpC,

(2.5) p = M-8,

where C" is the undrained matrix elasticity tensor and is determined by
C': = C+MBa", B:=(, B 07,
B = 1- c11 +3c;§s+ c137 By e 1 261;;—56337
M: = Ksz

Ks [1 + QS(KQ/Kf — 1)] — (2011 + C33 + 2612 + 4613) /9,
with K, and Ky being the bulk modulus of the skeleton and pore fluid, respectively.

2.2. Equations of motion. The equations of motion are given by the conservation of momentum as

ov 0q
bl —=V.7
Par TP Gt T
where p, is the density of constituent solid, p = (1 — ¢)ps + ¢p; the bulk density of the medium and
- [ Ti1 T13
T =
Ti3 733

(2.6)

] with V- 7 = (0,711 + 0,713, OxT13 + a,37'33)T

The generalized Darcy’s law is

O o (P 5,09 _
(2.7) Pr o + diag <¢) Qx5 = Vp,

where * denotes the temporal convolution and & = (c&1,d3)T is the inverse Laplace transform of the
dynamic tortuosity a(s) with s = iw,i = +/—1 and w is the frequency.

2.3. The Biot-JKD equation. In the LF regime, the viscous effect is proportional to the relative velocity
between pore fluid and the solid matrix, which leads to
ne
kiPf
where 4(t) is the Dirac function and H(t) the Heaviside function. In the HF regime, the viscous effect

depends on the square root of the frequency, resulting in a memory kernel in time-domain. The JKD
model (18) in the frequency domain is

1
2.2 2
ne dasg;Kipy .
;(8) = Qoo + 1+s , 7=13,
J( ) J sKips ( nA?qu

(2.8) a;(t) = aeo;0(t) + H(t), j=1,3,
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where Aj =/ 40‘;1‘;] "1 is the viscous characteristic length and P; is the Pride number. Set

ng?A7
(29) Aj = 7j7 J= 1,3,
T 4aZ Kipy
then we have
(2.10) 0 (5) = amy + —10 (s+))7, j=1,3.

Combining (2.7) and (2.10), we obtain the Darcy’s law in the time-domain

ov asxojps ) 0d
2.11 d J Vp = —di
(2.11) Pf8t+1a< 5 )8t+p iag H]ﬁ
Taking derivative on both sides (2.4) and (2.5) with respect to time ¢, and combining the motion
equation (2.6), we rewrite the Biot-JKD equation as

CESY )1/2> @ j=13

or 0
(2.12) % - o (Ce— MBQ),
Op 0
(2.13) 5% = 5 M(C-8"€),
ov 0q —
(2.14) pEerfa = V.7,
(2.15) I Y o dia (a (;pf> a—(tl +Vp = —diag (19]' (0 + )\j)l/2> q, j=1,3,

where (9; + A;)!/2 is the Caputo fractional derivative with the shifted factor \; and ¥; = Based

n
iV

on the diffusive representation of the fractional derivative, we have

Y . 2 [ .
(2.16) (O +Xy) gy = e V10, (M) = = / i(y, )y, j=1,3,
0

where the auxiliary variables are defined as

t
V;i(y,t) =/ e WA (N5 (7) + 0-q5(7)] dr.

0
It is easy to check that the auxiliary variables satisfy the following equations

6 j .
(2.17) Wi - - (" + ) 5 + Nias + Degs], 5= 1,3,

ot

with zero initial conditions.

Theorem 2.1. (energy decay) Consider the Biot-JKD model (2.12)-(2.15) without force. Define

1
& = 5/ ((v1, g)Ma(v1, @1)" + (vs, g5)Ms(vs, g3)") dadz,
]RZ
1 1
&2 = */ <(T +pB)"C (T +pﬁ)+Mp2> dxdz,
& = / / T diag (2 ) (¢ — q)dad
3 = - 1ag 7+ 2N, q)dxdz,
th M, =| P PI| = Qits _ T
vt M= { Pr My }’“J o and Y = ($1,93)", then
E=&+&E + &,

is the total energy, which satisfies

(2.18) —:—f/w/ {1/} dmg( <>¢v—|—q diag (ijrQJ)\] q| dydxdz <0, j=1,3.

Proof. We refer the readers to A for the proof. (Il
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2.4. The approximate Biot-JKD equation. The Biot-JKD model (2.12)-(2.15) is hard to be im-
plemented due to the existence of the temporal convolution. To overcome this difficulty, we derive an
approximated Biot-JKD model by utilizing the best relative Chebyshev approximation of the square-root
function (9; 30)

ow
(2.19) Vs o — ; - + W15 4 Winyo = B(s),
where pi, > 0 and wy, > 0 are the poles and weights respectively. Consequently, we have
1 m wj .
(2.20) (54+X)7% = —27k+wm+l(s+/\)+wfn+2::q>(s+/\j),j:1,3.

e 18+)\ +pk

With the above approximation, the Darcy’s law (2.15) in the Laplace domain can be expressed as

m J

(2.21)  py(sV) + diag (1) (sq) + Vp + diag (ﬂj ( Z ] S wm+1(s + )+ wfn+2>> q=0.

e 1S+>\ +pk

Define the auxiliary variables

A 1
(2.22) H,—diag | — g, j=1,3.

By applying the inverse Laplace transform, we obtain

pfg% + diag (Mj + ﬁjwiwl) % + Vp
(2.23) m , , .
=3 diag (ﬁjwi) H,, — diag (ﬁj (wanAj + wfn+2>) a,

where zero initial conditions for q are used. According to (2.22), we have
o _

ot
From (2.14) and (2.23), we derive

(2.24) - (pi n Aj) H +q, Hljimo=0, k=1,-m, j=1,3.

oq o1, O3 p Op p191 L )
2.2 et ST B e g Hl
(2:25) ot + ( Ox + 0z ) e v 0z ,;wk p— (@na M e ) ol

it

g3 | py (Om1z | 0733 p dp _ pis . s ,
2.2 943 | ps (913, O7s3 I \
(220) ot - 73 \ Oz * 0z +73 9z s ];wk k (me 3+°"m+2) 43| >

V1 M1+ 191(&),{",_’_1 o0m11 8’7‘13 Py ap pf'l91 .
( t " Ox 0z Mmor  m kzlw b (Wi o o) @

(2.2

m
;
Zw m+1/\3—|—w§n+2) qgl ,

v3 p3 + Vawi, 4 <3T13 n 37’33) _psOp _ psUs [
k=1

ot Y3 Ox 0z v3 0z Y3

where v; = ppj — pfc + pﬁngwl,j = 1, 3. Simultaneously, by (2.12), we have

(2:29) drmin = cf10;v1 + 3003 + B1M (01 + 0243),
(2.30) 33 = 30,01 + 330203 + B3 M (0o i + 0243),
(2.31) Oz = cp5(0,01 + Oyv3),

(2.32) Op = —L1MOyvy — BsMO,vs — M(0xq1 + 0.¢3).
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T
In terms of the unknown vector Q = (711, 733, T13, P, v1, vs, q1, g3, Hi,--- ,H}, HY,--- | H3) and

the external source S = (s11, 33, 13, 0, 0, s, 0, 0, O1,---,0p, O, - ~70m)T, the first-order governing
system (2.25)-(2.32) reads as

0Q 0Q 0Q
(2.33) 5 AT BT =HQ TS,

where
B A1 0 . Bl 0 o Hl H2
(2.34) A—[O 0}7B_[0 0}’H_[H4 Hs |’
and
T 0 0 0 ey 0 /M 0]
0 0 0 0 13 0 M 0
0 0 0 0 0 s 0 0
0 0 0 0 /M 0 -M 0
Ay =— | mthen, 0 er 0 o0 0P
71 3 e
0 0 [ERE LY 0 0 0 0 0
V3
_br -
Y1 0 0 Y1 O 0 0 0
0 0 _pr 0 0 0 0 0
L Y3 -
T 0 0 0 0 0 iy 0 BM ]
0 0 O 0 0 Cg3 0 /BSM
0 0 0 0 Css 0 0 0
1
Bi=-|) 0 PSR 00 R
0 Hetlsving, 0 g0 0 0 0
V3 Bks
0 0 _%{ 0 0 0 0 0
0 s 0 —_L 9 0 0 0
L s R )
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000 0O00O0 0 0
000 0O0O0 0 0
000000 0 0
000000 0 0
H, — [0 00000 pfﬁl(w’?flw’”“) 0 :
3 3
000000 0 P ¥a(Aawh 1 +h40)
P191()\1w1 +1+w1+2) R
0000O0TO0 — = 30 3
000000 0 _ pOs(AawiaHwhyn)
- Y3 |
H, = _pphwr _pphawy o prtiwy 0 0 0
? m 71 Y1 R 5 . )
0 0 0 _ppUset  _ppdswl o pp¥swy,
73 Y3 ~3
po1wy pY1w; p1wy,
Tl T2 —_ 03 03 03
0 0 0 pUswy poswy psw,,
i 3 Y3 Y3 i
[0 00 0 0 0 1 07
000 O0O0TO0DT10
_ 000 O0O0TO0T10 [ —diag(p + M) 0
He = 10000000 1| ™= 0 —diag(p? + As) |
0000O0UO0TO 01
0000 O0O0O0 1]

It is this system (2.33) with 2m + 8 unknowns that forms the basis for our numerical work, in which the
temporal convolution in (2.15) is divided into a series of local ordinary differential equations with finite
memories. The dimension of this system increases linearly with the number of auxiliary variables. Note
that the flux of the auxiliary variables Hj is exactly zero, making the system very simple to implement .

Theorem 2.2. (eigenvalues of H) Suppose {pi}?zl s an increasing sequence w.r.t. k for each fized j =
J }m+1

1,3, then zero is an eigenvalue of H with multiplicity 6, and the 2m + 2 nonzero eigenvalues {;\,C =
1,3 satisfy

0<M<pl+M < <M, <pl,+X <N, j=13.
Proof. We refer the readers to B for the proof. O

3. DISPERSION ANALYSIS

In this section, we present the dispersion analysis of (2.33), where the phase velocities and the attenu-
ation will be deduced. Assume that the particle velocity and stress have the plane wave form

V= (Uacv Vzy qax, QZ)T = Vy GXP(i(Wt —kpz — k/’ZZ)),
T = (Txm; Tzzy Tazs _p)T = TO eXP(i(Wt - kwx - kzz))7
where Vi, T\ are constant vectors, w is the angular frequency, and k= (kzy k2) =k (I, 1) is the wave
vector with & being the wave number and (I, [,) being the unit wave direction. Injecting the plane wave
to the stress-strain equations (2.29)-(2.32) gives

(31) wTO = 7kFV0,
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where F is given by

lxcllll ZZCIIL:} BlMlx ﬂlMlz
lucis  lic§y  BsMly  BsMl,
locgs lpcts 0 0

Substituting the plane wave to the equations of motion (2.25)-(2.28) gives
(32) - ]{JLTO = wI‘Vo,

where I and L are given by

l. 0 1. 0 p 0 py 0
S R B P
00 0 I 0 o 0 B
with
Yj(w) = iwp; + zm: 4 +wl i (w+ ) +wl L, G=1,3.

k:11w+)\ +pk

For the LF Biot equation, we have

Yj(w) =g + -, j=1, 3,
Kj

while for the Biot-JKD equation, we have

Y (w) = iwp; + (iw+X)%, j=1,3.

n
KN/

Together (3.1) and (3.2) lead to

WA 2
(3.3) I 'LFV, = (E) V,.
Equation (3.3) is an eigenproblem for V and w?/k? and can be solved numerically. Eight wave modes are
obtained: £k,r, £k,s, £ks and 0 with multiplicity two, which correspond to the fast p wave, slow p wave
and shear wave respectively. It is worthwhile to note that the wave modes depend on the frequency w and
the wave direction (I, [).

With the wave modes, we deduce the phase velocities: ¢,y = w/R(kpy), cps = w/R(kps) and ¢, =
w/R(ks), satisfying 0 < ¢ps < ¢py and 0 < ¢,. Simultaneously, the attenuations are also derived: oy =
—Sm(kys), aps = —Sm(kps) and as = —Sm(ks). As shown in (&), both the phase velocities and the
attenuations of the Biot-LF and Biot-JKD are strictly increasing functions with respect to frequency.
Theoretically, in the case that f > f. with f. being the critical frequency, the slow p wave is highly damped,
while the fast p wave and the shear wave are lightly damped; on the contrary, the phase velocities and
the attenuations of the Biot-LF model and the Biot-JKD model are consistent when f < f.. See Fig. 1.

4. NUMERICAL METHODS FOR THE POLES AND WEIGHTS

In this section, we introduce the best relative Chebyshev approximation of the square-root function to
determine the poles and weights in (2.33). To compare with the Stieltjes function (31) and the diffusive
approximation (6; 8; 7; 22) for the convolution kernel, we also give a brief introduction of these two
methods. For simplicity, the subscripts for indicating the principle directions are suppressed in the following
statements.
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FIGURE 1. Dispersion results for for material J3 with 15 poles and the wave direction
(1,0). Top: the phase velocities, bottom: the attenuations. Left to right: the fast p wave,
the slow p wave, the shear wave.

4.1. The best relative Chebyshev approximation for \/z. The function ®, ,_1 € Ry 4—1,¢ > 1, with
R4, q—1 denoting the rational functions of degrees (¢,q — 1), is the best relative Chebyshev approzimation

for \/z in [a?, b?] if
9=V
N

®,y -1 =arg min
9€Ry g1

Lo [a2,b2]
Define
FE 2 p2] 1= H(I)q,ql _ ﬁ
4,9—1,[a?,b?] NG
Given two numbers ag and by such that 0 < ag < by, the sequences {a;} and {b;} are constructed
recursively as follows

(4.1) aj41 = \/ajbj, bj+1 =

Clearly, 0 < a; < bj, 7 > 0.

Loo[a? b2

(aj—l—bj), 7 >0.

N =

Lemma 4.1 ((9), Lemma 3.1). For ¢ > 1 and (a;,b;) constructed according to (4.1), we have
E

q,q—l,[a?+1,b?+l] = E2q,2q71,[a?,bf] .

The above Lemma provides a strategy to calculate the poles and weights recursively. Denote r(z) :=
(z + a;b;)/2 and € := x/r?(x), then £ maps [a3,a;b;] and [a;b;,b3] onto [1/6%,,,1/a?, ] monotonously,
and it holds that \/z = r(z)\/z/r?(x) = r(x)v/£. Suppose we have the following approximation

m
w G
(4.2) Vo — Z ﬁ + Win 1@ + Wi =1 Py (), m =201 — 1, ¢>2,
k=1

where pi,wy > 0 are poles and weights of the rational function. As a result, one can derive

(I)Zq,2q71,[a?,b§](x) = T(x)q)q,qfl,[l/birl,1/a?+1}(5) € RQq,2q—1, qc Z+,
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which provides an approximation for the interval [a 3, b?

on the interval [1/b3,,,1/a3,,]. Obviously, g;)k, r(z)¢ and r(x) are of degree (3,2), (1,1) and (1,0),
respectively, and thus one can determine the poles and weights easily and obtain all the poles and weights
recursively as follows. The starting point of the recursive procedure is the best constant approzrimating

function

] with the same maximal relative error as ®4 41

2ab b—a
Py = .
0,0 a—l—b’

In particular, one has
«/1_E00 - 2
+y1-Eoz— |- Ef3=(Eo‘,5+ Eo‘,%—l) :
1+\/1—E30 \/1 EOO 0
2
Bty 1 = (E 1t E 2 1) .

Theorem 4.1. ((9), Theorem 8.8) Let [a,b] C Ry, set £ = +/a/b and n ({) = exp (;rg((fo with

and

1
&, K ::/ d0
V(L +62)(1— 02+ 6?2) ) o V(1+6%)(?+62)
Then
Eqq—tjap <4n(0)71, Vq=>1.

4.2. Stieltjes function formulation. Based on the fact that the tortuosity can be represented in terms
of the Stieltjes function, the rational approximation was used to approximate the convolution kernel (31).
Define the new function

. c 2 .2
o iy do(t) _ 4ag K _no
(4.3) D(s) :=T(w) = /0 oot C= TORAT X = Tf/f’

where do is a probability measure, then D is a Stieltjes function and can be approximated as

(4.4) D(s) = /0 W0 ~ ot Z - seC) (—oo, —é} ,

with the poles 6, < 0 and weights r, > 0. The above approximation can be achieved by the two-sided
residue interpolation method with interpolation points wy:

(4.5) S = —iwy, ug:szl, ve=D(s¢) — o, £=1...N,
s*u* — 5,0 —54D (sq) + s5D* (sp)

4.6 S = 2 A4 4% P P g =1...N
(4.6) (51)q pra—y pramry oo, Ps 4 :
Uy =Yg =D (sq) + D" (sp)

4.7 S = 2 9_ d Pl p,g=1...N.
(4.7) (52) g P Py , Dy 4

where the superscript * denotes the complex conjugation. In terms of the generalized eigenvalues/eigenvectors
of S1, S5, 1.e., 51V = SoV® with V being the matrix of generalized eigen vectors and ® the diagonal matrix
of generalized eigen values, the poles and weights are then given by

Op = —0(L,0), r0=CLV(:,)V(:,0)"CY,
where
C+ = (vlv“'avN)v

To handle the high condition number of the matrices involved, arbitrary precision code such as Advanprix
should be used for implementing this algorithm.
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4.3. Diffusive approximation. The shifted fractional derivative can be expressed as

(4.8) (D + N)2q =MDV (e / U(z, z,ty)dy ~ Zalz/)l x, 2,5 Y1),

where

2 [t 2 dq
) = 2 —(t=T)y" —A(t—7)
st =2 [ a(r) + 5| ar

is the auxiliary variable satisfying

(4.9) % _ aq}

ot ot

Replacing the convolution term with (4.8) and (4.9), one can obtain the Biot-DA model (8). Many methods
have been used to determine the coefficients ay and y,. The modified Gauss-Laguerre quadrature with
slowly convergence was used in (22). The optimization method was developed in (8), which was much
more accurate than those obtained with Gaussian quadratures. Note that the viscous operator is

WM+ = {AJF

~ 40 K%p 12 1
FIKD(, :<1+iw°°f> = — (A +iw)2.
@) nA2¢? \fA( )

Applying the Fourier transform to (4.8), one has the following approximation

FDA )\—l—lw
Z 2 A_|_
- 1«7!4"' iw’

Clearly, one can establish the following objective function

K

=)

k=1

FDA 2
FJIKD 1

Now for any partition of the given frequency range [wimin, Wmaz), the optimization problem reads as

mlnX _I’Illl’l E

ae,Ye 0«47’!/2 T=1

B /\ =+ iwk)l/z

-1
+)\+1wk

) Ye < Wmaz a[ = Qy.

{=1

The values of K and N are crucial, which influence the accuracy of this method, see (8) for more details.
In the above, the frequency range is set as wiin = we/10, Winae = 10w, with w, being the peak frequency
of the selected Ricker wavelet. In the implementation, the above problem is solved by using the SolvOpt
(19; 28) and the initial data for a; and y, are obtained by using modified Gauss-Jacobi quadratures and
the sample points are chosen as

k—1

Wmaz \ ©7°
WE = Wmin 5 k:177K

Wmin

5. NUMERICAL METHOD

5.1. Space discretization. Let {2 be the computational domain and €2; be a partition of 2. For any
element K € Qp, we define the approximation space consisting of piecewise polynomials

ViF ={v:v|g € P(K),K € Q},

where P*(K) indicates the collection of polynomials of degree at most k on element K. The semi-discrete
DG method for (2.33) is to find Q) € (V;F)¥2™ such that for all K € Qj and ¢ € (V;F)3F2™ it holds
that

d .
P / Q- pdxdz —|—/ H(QM™, Q™) - pds — / F(Qp) - Vedrdz = / h(Qp) - pdzdz,
oK K K
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where F(Qp) = (AQx,BQp), h(Qr) = HQy,, Q™ and Q°®t are the traces of Q on K calculated from
the interior of K and the exterior adjacent K’, and H is the numerical flux. In this work, the Lax-Friedrichs
flux (local) is employed

in ex 1 in ex ex in
H(QY, Qi) = 3 [F(Q") -nox + F(Q5™) - nox — cox (Q5™ — Q)]

where agk is an estimate of the biggest eigenvalue of Jacobian matrix in a neighborhood of 0K, and ngx
is the unit outward normal of 9K from K to K’.

5.2. Operator splitting. In the numerical implementation of (2.33), one of the difficulties is to handle
the viscous dissipation term, which has its own decay timescale and may cause the poroelasticity system
to be stiff. As shown in (8), the stability condition of the direct method requires
At' < min | At 2
- RO
where R(H) is the spectral radius of H, and At depends on the left hand side of (2.33) and is determined

by (13)
CFL

maxgeq, [[(c1(K), cs(K))|| x perimeter(K)/|K|
with | K| being the area of the triangle element and ¢;(K),j = 1,3 the speeds of the waves. According to
Theorem 2.2, we know

At =

R(H) > max {p;+X,pi+As}.

With highly dissipative fluids or large value of poles, the computational time step can be so small that
makes the simulation highly inefficient.
Instead of solving the original system (2.33) directly, we apply the splitting method by splitting the
original system into a homogeneous conservation law
0Q 0Q 0Q _

and an ordinary differential equation

0Q
2 —HQ+S, (Q2),

where Q7 and Qs are the relevant operators. Then the subproblems can be solved by different solvers and
thus to optimize the time step. In this work, the second-order Strang splitting method (21) is employed
to solve (Q1) and (Q2) alternatively, and the algorithm is as follows:

e step 1: solve Qo with At/2 and initial data Q™

Q = Q? (tna A2t> Qna

e step 2: solve @ with A¢ and initial data Q

Q/ = Ql (tnv At) Q7
e step 3: solve Qs with At/2 and initial data Q'

A
Q" =9, (tn+17 ;) Q.

5.3. Time discretization. In the implementation, we apply a strong stability preserving high order (17)
scheme for the time discretization. Such discretizations can be expressed as a convex combination of the
forward Euler method, and thus they maintain strong stability properties in any semi-norm of the forward
Euler step. Consider the following ODE system

d
%Q = E(Q)-
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Let {t"})_, be a partition of [0, T'], with uniform time step At, the third order total variation diminishing
(TVD) Runge-Kutta method is given as follows:

QY = Q"+AL(Q",t"),
3 1 1
2 — ZorrL_o® = (1)
Q 1 Q'+ QY+ AL@QY),
Q" = %Q" + %Q@) + gAtﬁ(Q@)).

5.4. Interface condition. When we consider the heterogeneous media with a stationary interface, the
following imperfect hydraulic contact condition (14) is needed

[v]=0, [q-n]=0, [p]=0, [Fn]=0,

where [-] means the jump at the interface. The first condition indicates that the materials are connected at
the interface; the second one states that all fluids entering the interface should exit the other side; the third
one shows that the difference of the pressure across the interface is zero and the last one is a statement of
the continuity of the stress.

6. NUMERICAL RESULTS

In this section, numerical examples are presented to demonstrate the validation of the proposed nu-
merical method. The properties of the materials used for the forthcoming examples are given in Table 1.
The viscous characteristic lengths A; and Aj are calculated by setting the Pride numbers P, = P; = 0.5.
The poles and weights with frequency interval [300,1500] and m = 7 are used for all materials. In the
implementation of numerics, without loss of generality, the principal directions of the material are assumed
to coincide with the global coordinate axes.

Ji Jo Js Jy
Basic properties
K (Gpa) 40 36.66 40 40
Ps (kg/m?) 1815 2644 1815 1815
c11 (Gpa) 39.4 19.652 39.4 39.4
C12 (Gpa) 1.0 5.572 1.0 1.0
c13 (Gpa) 5.8 5.572 5.8 5.8
€33 (Gpa) 13.1 19.652 13.1 13.1
Cs5 (Gpa) 3.0 7.04 3.0 3.0
0] 0.2 0.2 0.2 0.2
K1 (10~ 5m?) 600 360 600 100
K3 (10~ 15m?) 100 360 600 100
ool 2 24 2 3.6
(oo3 3.6 2.4 2 3.6
Ky (Gpa) 2.5 2.2495 2.5 2.5
Pf (kg/m3) 1040 1000 1040 1040
7 (10~3kg/m.s) 1 1 1 1
Ay (10=5m) 6.93 5.88 6.93 3.79
As (10=5m) 3.79 5.88 6.93 3.79

TABLE 1. Material properties

6.1. Validation of the rational approximation. As the first example, we aim to assess the performance
of the best relative Chebyshev approximation of the square root function. For this purpose, we illustrate
the relative error between v/s + A and ®(s + A) in the right half complex plane with different poles and
weights, where A is given by (2.9). The considered materials are the transversely isotropic Jywith the
critical frequencies f., = 85 kHz. The interest interval is [300,1500] which should contain the critical
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frequencies and the frequency fy of the source function. To compare with the Stieltjes IRF and DA
approximation, we show the results with different number of poles and weights in Fig. 2, from which we
can see that the proposed approach approximates the kernel very well. In addition, we can see that the
results by Chebyshev approximation are comparable to those by the Stieltjes IRF and are better than
those by the DA method.

—A
| —— Chebyshev
—— Stielties

log10(rel-err)
log10(rel-err)
log10(rel-err)

5 52 54 56 58 6 62 5 52 54 56 58 6 62 5 52 54 56 58 6 62
l0g10(w) l0g10(w) log10(w)

(A) N=3 (B) N=7 (c) N=15

FIGURE 2. Results comparison for different methods and different N.

6.2. Homogeneous medium. In this example, we demonstrate the phenomena of waves in poroelastic
media by solving the approximated Biot-JKD equation (2.33) with the proposed DG method. The problem
setup is that the homogeneous medium J; is excited by a source point acting only on 713. The source is
located at the center of the medium and is expressed as

(6.1) S = —g(t)h(z,2)/(m % 15),

where

g(t) =

(1 =272 f2(t — tg)?)exp(—m2f2(t — tq)?) if 0 <t < 2ty
0 otherwise,

with the peak frequency fy = 200 kHz and the time delay t; = 1/ fo is a Ricker wavelet, and

1 w2+z2> . 2, .2 2
—sexp | — if 0<a+22<r
h(z,z) =4 ™ p( =2 - =0
0 otherwise,

with radius rg = 6.56x 1072 m and ¥ = 3.28 x 1073 m is a truncated Gaussian function. The computational
domain is Q = [-0.15, 0.15]2 m?, which includes about 10 fast p waves and is partitioned with 247772
triangle elements. The total simulation time is 2.72 x 10~° s, including about 6 periods of the fast p wave.
The initial condition is set to be zero and the CFL number is set to be 0.3. No special care is paid to the
boundary condition since the waves will not reach the boundary during the simulation. For comparison,
we solve the Biot-DA model (8), where the relevant weights and abscissae are determined by solving a
nonlinear optimization problem.

The snapshot of the pressure at the final time is presented in Fig. 3 (a). Three waves of the fast p
wave, the slow p wave and the shear wave are observed, which are analogous to the results shown in
(31; 8). Meanwhile, we can see from Fig. 3 (b) and (c) that the pressure at z = —0.02 m of the rational
approximated Biot-JKD model and the Biot-DA model show excellent agreement.

6.3. Heterogeneous media with horizontal interfaces . In this example, heterogeneous media with
horizontal interfaces are considered to illustrate the ability of the proposed method for complex geometry.
We start with the the case that J; and J; separated by z = 0 m and then replace the interface by z = £0.02
m, see Fig. 4 for the illustration. The computational domain is [—0.15, 0.15]2 m?, which is discretized into
156330 and 223948 nonuniform triangle elements by refining the meshes around the interfaces respectively.
The source point (6.1) located at the center of the domain is used to emit cylindrical waves and is only
applied to m13. The initial condition is set to be zero and the boundary condition is chosen to be outflow
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pressure at z=-0.02 (m) residuals at =-0.02 (m)

——Biot-DA
|—e—Biot-JKD-Chebyshev

z(m)
residuals (Pa)
o

p (Pa)
N - S

FIGURE 3. Results of the pressure for example 6.2. (a) Snapshot at the finial time, the
dash line denotes z=-0.02 m, (b) pressure along the line z=-0.02 m, (c) residuals at z=-0.02
m between the Biot-DA model and Biot-JKD model with the rational approximation.

pressure pressure for receiver 1 pressure for receiver 2

o |[——Boron
| —6— Biot-JkD-Chebyshev

—— Biot-DA
| —6—Biot-JKD-Chebyshev

z(m)
L PP

0 05 1 15 2 25 0 05 1 15 2 25
Time (s) %10 Time (s) x10°

(B) ()

pressure pressure for receiver 1 pressure for receiver 2

—— BiotDA —— BiotDA
|—o— Biot-JKD-Chebyshev

4
| —6— Biot-JKD-Chebyshev. 3
2
1

2(m)
b (Pa)
b (Pa)

1
Time (s) %10°° Time (s) x10°

(E) (¥)

FIGURE 4. Results of the pressure for Example 6.3, the horizontal real lines in (a) and (d)
denote the interfaces, and the o represents the locations of the receivers. Top: results for
the one line interface case, (a) snapshot of the pressure at the finial time, (b) time histories
of the receiver (0.01,0.02) m, (c) time histories of the receiver (0.01,-0.02) m. Bottom:
results for the two line interfaces case, (d) snapshot of the pressure at the finial time, (e)
time histories of the receiver (0.01,0.01) m, (f) time histories of the receiver (0.01,-0.03)
m.

boundary condition. The total simulation time is 2.53 x 107%s, the CFL number is set to be 0.3 and the
componentwise limiter (13) with M = 50 and v = 1.5 is used in this test.

The snapshots of the pressure at the final time are presented in Fig. 4 (a) and (d) for the two cases
respectively. The reflected and transmitted waves are observed, enriching and complicating the structures
of the solution. In addition to the time-snapshot, we also record the time evolution of the pressure at two
receivers situated at (0.01,40.02) m for the one interface case, and (0.01,0.01) m and (0.01,-0.03) m for
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the two interfaces case respectively. Again we use the RKDG method to solve the Biot-DA model as the
reference solution. The relevant results show that the solutions from the two methods are indistinguishable.

6.4. Heterogeneous media with circular interfaces . As the last example, we consider a more complex
geometry example that the heterogeneous media Js and Jy are separated by circular interfaces. Two cases
of one circular interface 22 + 22 < 0.05 and two circular interfaces z? + 22 < 0.05,ac2 + 22 < 0.03
are considered, see Fig. 5 for the illustration. The computational domain is [—0.15, 0.15]%m?, which is
divided into 132896 nonuniform triangle elements by refining the meshes around the interfaces. The system
is excited by the source point (6.1), which is located at the center of the domain and is only employed to
713. The initial condition is set to be zero and the boundary condition is chosen to be outflow boundary
condition. The the total simulation time is 2.53 x 107°s and the CFL number is set to be 0.3. In the
implement of simulation, the componentwise limiter with M = 50 and v = 1.5 is used in this test.

The receivers of (0.01,+0.025) m for the one interface case and (0.01,0.025) m and (0.01,0.04) m for the
two interfaces case are chosen to record the time evolution of the pressure. We present the snapshot of the
pressure at the final time and the time histories in Fig. 5, from which we can observe that the solutions
given by the rational approximated Biot-JKD model and Biot-DA model in the complex geometry are
consistent.

pressure pressure for receiver 1 pressure for receiver 2

8
10 ot
| —©— Biot-JKD-Chebyshev. 6 [{—©— Biot-JKD-Chebyshev
.
2

z(m)
p (Pa)
p (Pa)

1
Time (s) x10°° Time (s) x10°

(B) (c)

pressure pressure for receiver 1 pressure for receiver 2

——Biot-DA ——BiotDA
8 || —©— Biot-JKD-Chebyshev. —©—Biot-JKD-Chebyshev.

Ly w s o

2(m)

p (Pa)

PP
2

S

Time (s) %10 Time (s) %10

() (F)

FIGURE 5. Results of the pressure for example 6.4, the interfaces are mapped with the
circular real lines in (a) and (d), and the locations of the receivers are marked with o.
Top: results for the one line interface case, (a) snapshot of the pressure at the finial time,
(b) time histories of the receiver (0.01,0.025) m, (c) time histories of the receiver (0.01,-
0.025) m. Bottom: results for the two line interfaces case, (d) snapshot of the pressure at
the finial time, (e) time histories of the receiver (0.01,0.025) m, (f) time histories of the
receiver (0.01,0.04) m.

7. CONCLUSION AND FUTURE WORKS

In this work, we have derived an approximate Biot-JKD model and developed a DG method with
operator splitting to investigate wave propagation in orthotropic poroelastic media. The Biot-JKD model,
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containing the temporal convolution and stiff property, is challenging to be implemented numerically. To
avoid storage and integration of the entire variable histories, we propose a fast algorithm based on the
rational approximation in which the required poles and weights are calculated with high accuracy by using
the technique of the best relative Chebyshev approzimation of the square-root function. For completeness,
we also present in the paper two competitive existing methods for computing the poles and weights. One
is based on the Stieltjes function (SF) formulation and the other on the diffusion approximation (DA).
In comparison with SF, the new method does not require any arbitrary precision arithmetic system for
computing the poles and weights; this is a big advantage. However, the SF approach is able to handle more
general cases where the memory kernels are not of square-root function type. Indeed, the SF approach only
require a finite set of interpolation points without demanding the kernel to be in any specific functional
form. For the JKD kernel, we do see the advantage of the new method over SF.

By splitting the temporal convolution into a sequence of continuum local ODEs with the auxiliary
variables, we derive a more tractable model with finite memory variables and zero components of the flux
for the auxiliary variables. The RKDG method with the Strang splitting method is used to solve the
approximated Biot-JKD equation. Both the homogeneous and heterogeneous cases are considered.

In the future, we will extend the idea of this paper to some other dissipative problems whose governing
equations contain fractional derivative with order 1/2. We will also consider the inverse problem of the
multiparameter full waveform inversion in poroelastic medium.
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APPENDIX A. THE PROOF OF THEOREM 2.1

Proof. To begin with, we prove that the energy function £ is positive definite. Clearly, both & and &3 are
positive definite. Since det(M;) > 0,p > 0, ; > 0, we know that & is positive definite.
In the following, we prove that (2.18) holds. Multiplying (2.6) with v?" and integrating on R, we obtain

0= /11%2 ('OVT%:: + pfng—(tl —viv ~T) dxdz.

By the Fourier transform, we have
(A.1) 0= / (pvTsvT + py9Tsq — VTV - T) dzdz.
R2
Integrating by part and using v = dsu, €;; = (O;u; + 0ju;) /2, it is easy to check that

— / vIV - Tdzdz = / #Tsedxdz,
R2 R2

which together with (2.4) leads to

—/ vTv-%d;cdz:/ #TCc st + +7C 1 Bspdudz.
R2 R2

With the above equation, (A.1) is reformulated as
(A.2) 0— / (097597 + poTsq + #TC 157 + #7C~Bsp) dudz.
R2
Multiplying (2.15) with q7 and integrating on R gives

ov . 0 . .
0= /Rz {pquat + qulag(uj)afctl +q"'Vp + q"diag (1% (0r + /\j)1/2) q] drdz, j=1,3.

Again by the Fourier transform, we have

(A.3) 0= / [p s sv + qFdiag(p;)sd + 4T Vp + 7 diag (ﬁj (s + )" 2) q] dwd:,
R2
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Integrating by part and using q = dyw, ( = —V - w as well as (2.4)-(2.5), we see

. 1

/ IVpdrdz = —/ pV - qdzdz :/ psC dadz :/ ps (MﬁJrﬂTé) dxdz
R2 R2 R2 R2
_ iﬁspd:cdH/ (ﬁsﬁTC*% +;ﬁs,f3'TC’1,6'ﬁ) dzdz,
]R2 M ]R2
which together with (A.3) implies
—/ 4 diag (19 (5 + A )1/2) ddzdz
(A.4) e

M
Summing up (A.2) and (A.4), and combining & and &, we derive

M] = —/ Gl diag (19 (s+A; )1/2> qdxdz = —f/ / q" diag (v;) 9 dydzdz,
dt RrR2 R2

where (2.16) is used and ¥ = (31, ¥3)T.
Multiplying (2.17) with (¢ — q)T and using the Fourier transform, we obtain
A A T A o A
a"diag (52 +20) % = ($—a) s (- a) + T diag (s + A;) ¥ + 4" diag (V) 4,
which indicates

4" ding (9,) ) = ($—q) " ding (yﬁg) s (i - a)

2
n +A N,
Tdiag | L2y, Tdiag (22— ) 4, j=1,3.
+ 4" diag P2 ¥+ ¢” diag o, q, =13

Combining the above equations and &3, we arrive at

| = _Z T y +/\ ) h ~T 1: % " <
|: :| B /Rz/ |:¢ dlag( _|_2>\ )d"""q diag <y2+2>\j q| dydxdz < 0.

Translating to time domain completes the proof.

1
- / {pqusv + " diag(pj)sq + —psp + BT C Fsp+ ,BTcl,Bﬁsﬁ} dxdz.
R2

(A5) L [

O
APPENDIX B. THE PROOF OF THEOREM 2.2
Proof. Let Q' = (Vg Gu, HY, - ,HE, Vs qzy, HEy o) HEL Tawy Tezy Taz p)T7 then the matrix of the
diffusive part is
_ H, o0 0
H= 0 H3 0 )
0 0 O4x4
where , ' _ v
i 0 pfﬁj(Awan+l+wgn+2) _prYiwl _ prdiwy »Ufﬂjwm 1
Vi Vi Vi Vi
0 — pY; (>‘ “’m+1+“’m+2) pYjwi pYjwy Pl
Vi Rz Y3 Y3
H,=|0 1 P+ 0 0 . j=1,3.
0 1 0 PN 0
L 0 1 0 0 0 pl+X ]

Clearly, the matrix H is similar to H. According to
det (A1 H) =0,

we derive
X - det (5\1 - ﬁl) - det (5\1 - 1?13) =0.
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By straightforward computing, we have
«@(5\) := det (S\I — ﬁl)

m

il (5 (Miwigr + W71n+2)> pﬂl \—pp—
| TG 5 T (o)

n k=1 f=1--m,l£k

Consequently, we know zero with multiplicity 1 is an eigenvalue of @(5\) In addition, we obtain

)
P+ M) =—(h+0)-Z2wk T ok -wh),
T ek

which together with p} < p}--- < pl and m = 27 — 1 gives
sign?(pj, + M) = —signP(pj,, + A1), k=1,---m—1.
Particularly, we can check that

2(0)=0, lim 2(\) >0, P(pi + ) <0, P(p., + 1) <0, lim 2\ >0
A—0+ A—+oo
Thus we infer that there exist eigenvalues A; in (0,pt + A1) and A\,41 in (pl, + A1, +00). Together the
above discussions, we know that the non-zero eigenvalues of H; satisfy

0< A <pl+M < <A <pl + X\ <A
By repeated application, we can obtain the non-zero eigenvalues of ﬁg satisfy
0< A <pdrdg<- <X <pd + 0 <A

Recalling that H is similar to H, we finish the proof. ([
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