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Abstract

We are concerned with the global existence and decay rates of large solutions for the Poisson—
Nernst—Planck equations. Based on careful observation of algebraic structure of the equations and
using the weighted Chemin-Lerner type norm, we obtain the global existence and optimal decay rates
of large solutions without requiring the summation of initial densities of a negatively and positively
charged species is small enough. Moreover, the large solution is obtained for initial data belonging to
the low regularity Besov spaces with different regularity and integral indices for the different charged
species, which indicates more specific coupling relations between the negatively and positively charged
species.
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1 Introduction

For the simplest model in semiconductor device simulation, the dynamics of the negatively and positively
charged species are governed by the drift-diffusion system of bipolar type, which is described by the
following elliptic-parabolic coupled system of Poisson—Nernst—Planck equations (cf. [10]):

On — An = =V - (nV¢) in R? x (0, 00),
Op — Ap =V - (pV) in R x (0,00), 1)
—cAp=p—n in R? x (0, 00), '

n(x,0) = no(x), p(z,0)=po(r) in R

where n = n(x,t) and p = p(x,t) denote the densities of a negatively and positively charged species,
respectively, ¢ stands for the electric potential, and the positive constant ¢ is the so-called Debye length
that stands for the screening of the charged species.

System (1.1) was formulated by W. Nernst and M. Planck at the end of the nineteenth century as a
basic model for the diffusion of ions in an electrolytes. It is also referred as the van Roosbroeck system
in semiconductor devices, as the drift-diffusion Poisson system in plasma physics and as a basic model
in chemotaxis (see for example [9,15,26]). Since finer structures of the semiconductor devices is now

demanded, further mathematical discussion for the dynamics of the charged species is now required and
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2 Global Existence and Temporal Decay for the Poisson—Nernst—Planck Equations

is getting more important. Mathematical analysis of this system was first focused on the initial boundary
value problems in 1980’s, and some analytical results related to the existence, uniqueness and regularity of
solutions and the asymptotic stability of stationary solutions were obtained by using the Green’s function,
the Poincaré inequality and the maximum principle of equations of parabolic type, see [2,4,5,12-14,23|
and references therein for more details.

For the Cauchy problem of the system (1.1), the solvability of solutions has been relatively well-
developed in various classes of functions and distributions. Kozono—Sugiyama [21] proved local existence
of solutions in the Lebesgue space LP(R?) with % < p < d and the Sobolev space W2P(R?) with 1 < p < 2.
Biler—Cannone-Guerra—Karch [3] established global existence of solutions for small initial data in critical
pseudomeasure space PMY2(RY). Ogawa-Shimizu [24, 25] established global existence of solutions
for two dimensional system (1.1) with small initial data in the critical Hardy space H!(R?) and the
homogeneous Besov space 31072(11%2), respectively. Considering the well-posedness and ill-posedness issues
of the system (1.1) in largest low regularity Besov spaces, Karch [19] proved global existence for small
initial data and local existence for large initial data in critical Besov space Bp_ z: ; (RY) with % <p<d.
Zhao-Liu-Cui [31] further extended these results in [19] to more extensive Besov spaces By, §+% (RY) with
1 <p<2dand 1 < g < oo. Recently, Deng-Li [11] established a dichotomy for well-posedness and
ill-posedness issues of the two dimensional system (1.1), more precisely, they proved that the system
(1.1) is well-posed in B; 2% (R?), and ill-posed in B; 5 (R?) for 2 < g < oo. Iwabuchi-Ogawa [18] further
proved that the system (1.1) is ill-posed in B;jJr%(Rd) with 2d < p < oo and 1 < ¢ < 00, or p = 2d and
2<qg< o0

Notice that the above well-posed results for the drift-diffusion system (1.1) is quite different from
unipolar type one (p = 0), or the Keller—Segel system of chemotaxis. Iwabuchi and Nakamura [17] showed
the global existence of solutions of the Keller-Segel system with small initial data in F 0_0)22 (RY) = BMO~?
through the Triebel-Lizorkin spaces, which combining the well-posed results in [16] tell us that the Keller—
Segel system is well-posed in B;i:% (RY) (max{1,%} < p < o0) and FO_O22 (R%) = BMO~2, but ill-posed
in By, i:%(]l%d) (2 < ¢ < ). These results are parallel to the well-posed and ill-posed results for the
Navier—Stokes equations, see [7,20,27] in details.

In this paper, we are concerned with the global existence and optimal decay rates of large solutions
for the system (1.1) in negative Besov spaces. For simplicity, we assume that ¢ = 1 and denote v :=n—p

and w := n + p, then the system (1.1) is reduced into the following equations:

O —Av =V - (wV(-A)"1v) in RY x (0, 00),
Ow — Aw =V - (vV(=A)"1v) in R4 x (0, 00), (1.2)
v(z,0) = vo(x), w(z,0)=wo(z) in RY,
where
vo(x) = no(z) — po(x), wo(x) = no(x) + po(x),

and the electric potential ¢, which is determined by the Poisson equation (the third equation of (1.1)),

has been represented as the volume potential of v:

v(y,t)
_d(d—12)Qd Jra \zf.fjufzdyv d=3,

Pz, t) = —(—A) o(z,t) =
[ v(y,t)log |z —yldy, d=2,

where 4 denotes the surface area of the unit sphere in R?.
It has fundamental importance to observe that the second equation of system (1.2) is a linear equation
for w, which has been observed by Deng-Li [11] and Iwabuchi-Ogawa [18] in analyzing the well-posedness

and ill-posedness issues of (1.1) in the largest critical Besov spaces. Moreover, considering the algebraic
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structures of the nonlinear coupling terms in (1.2), by [16], the nonlinear term vV(—A)~1v has a nice
structure as

0000, () Mo =500, (~A)((-A) " 1)@, (~2)0))

+02,V - {((=2)"10)(VOs, (=A)"'0)}
Lo -1
+ §6mi{((—A) v)v}. (1.3)
This enables us to treat the equation of w in a weaker Besov space B;(?Jr% withl <p<ooand1l < g < o0.
However, the nonlinear term wV(—A)~!v has lack of such a symmetric structure, which can not exhibit
such a good expression as (1.3) and prevents us to obtain good estimates for the equation v in a weaker
Besov spaces. These careful observations essentially indicate that the difference of charged species v plays
more important role than the summation of charged species w in mathematical analysis of the system
(1.1). Based on these careful observations, by using analytical methods in [22,32], we aim at proving the
global existence of large solutions without smallness condition imposed on initial data wy. Moreover, we
consider the functional space of solutions of the system (1.2) with initial datum vy and wy belonging to
the different low regularity Besov spaces with different regularity and integral indices, which can indicate
more specific coupling relations between the negatively and positively charged species.
Before we state the main results, let us first introduce the definition of the homogeneous Besov spaces.

We denote the Schwartz class of rapidly decreasing function by S(R?), the space of tempered distributions
by S'(R?).

Definition 1.1 Let p € S(R?) be a positive radial function such that ¢ is supported in the shell C =
{€€RY, § <[¢] <35}, and

> (2778 =1 for ¢ eRN\{0}.
JEL

Let h = F~Yp. Then for any f € S'(RY), we define the homogeneous dyadic block A; and the partial

summation operator S; as follows:
Aif(@)=2 [ K@) Sif@) = 3 M)
k<j—1

Let S}, (RY) be the space of tempered distribution f € S'(RY) such that

lim S;f(z) =0.

Jj——00

Then for any s € R, 1 < p,r < oo and f € S'(R?), we set

1
(Ejez QSTJHAjf“TLp) for 1 <r < oo,

sup;ez 2% | A f| e for r =00,

/1

s =
BPVT

and the homogeneous Besov space B;)T(Rd) is defined by

. Fors<% (07’5:% if r=1), we define

B, (RY) = {f € SR+ |f]

5 < oo}.
BZD,’"

o IfkeN andg—i—kg 5 < %—i—k—i—l (or s = g—i—k—i—l ifr=1), thenB;J(Rd) is defined as the
subset of distributions f € S'(R?) such that 0% f € B;;k(Rd) whenever |B| = k.
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The above homogeneous dyadic block A; and the partial summation operator S; satisfy the following

quasi-orthogonal properties: for any f,g € S'(R%), one has
AAf=0 if |i—j]>2 and A(S;j—1fAjg) =0 if |i—j|>5. (1.4)

Moreover, using Bony’s homogeneous paraproduct decomposition (cf. [1,6]), one can formally split the

product of two temperate distributions f and g as follows:

fag=Trg+Tyf + R(f,9), (1.5)

where the paraproduct between f and g is defined by

Trg:=> Siafljg=> Y ApflAg,

JEZL JEL k<j—2

and the remaining term is defined by

R(f, g) = ZAJ.]C&Q and &; = Aj,1 —+ Aj “+ AjJrl.
JEZ

Next, we recall the definition of the so-called Chemin—Lerner mixed time-space spaces.

Definition 1.2 For 0 < T < o0, s € Rand 1 < p,r,p < oco. We define the mized time-space
L”(O,T;B;T(Rd)) as the completion of C([0,T]; S(R?)) by the norm

I3

T
11l eg sy, = D2 </0 IAjf(-,t)Il’ipdt> < o0

JEZ
with the usual change if p = 00 or r = 0.

Now we are ready to state our main results. The first one is the global existence of large solutions for
the system (1.1).

Theorem 1.3 Let p,q be two positive numbers such that

1 11 1 1 1 1
1<pg<oc and max{-—-,-—=-}<=<=+-"-. (1.6)
p g9 p d p ¢
. . L S—2+2 =244 .
There exist two constants co, Co such that if the initial data (vo,wo) € B,; *(RY)x B, ; *(R?) satisfies
Oo||vo|\sz+% eXP{COHIUoHBng} < co, (L.7)

p,1 q,1
then the system (1.2) admits a unique global solution (v,w) satisfying

. o4 d d . o4 d d 1 . d d
vE O([Ovoo)va,l p(R ))m‘coo(ovoo;Bp,l p(R ))m‘c (O,OO;B:DPJ(R ))a

g Wy .24 d . 4
w e C([O7 00)7 Bq,l ! (]Rd)) nLe (07 005 Bq,l ! (]Rd)) n El(ou 005 qu,l(Rd))'

Remark 1.1 The initial condition (1.7) exhibits that the initial data wg can be taken large as long as
we take the initial data vy small enough compared with the size of wp, which we can still get the global
existence of solutions to the system (1.2). Hence, Theorem 1.3 implies global existence of solutions for
the system (1.1) with only requiring the difference of initial charge densities of a negatively and positively
charged species is small enough. Indeed, back to the original system (1.1), if ng = po, then the above

condition (1.7) implies that we can get global large solutions of system (1.1) without any smallness
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assumption imposed on ng + pg, which means that the difference of a negatively and positively charged
species plays more important role in mathematical analysis of system (1.1).
Remark 1.2 The specific coupling relation between v and w was indicated by the condition (1.6), which
tells us that the regularity of solution v or w can be taken beyond the regularity index —%, but one can
not take both of them less than —% at the same time. Indeed, the regularity of v can be taken much
weaker as long as the regularity of w is not that much weaker, i.e., p can be taken large enough as long
as we take ¢ closing to d such that the condition (1.6) holds. Hence, Theorem 1.3 can be regarded as an
extension of global existence results in [11,18,19,31], where the global existence of solutions with small
initial data was proved in critical Besov spaces with the same regularity and integral indices for v and w.
The second purpose of this paper is that we are attempt to establish the optimal decay rates of global
large solutions obtained in Theorem 1.3. In our previous paper [30], we have established the regularizing-
decay estimates of solutions to the system (1.2), which showed the analyticity of spatial variables as
well as temporal decay estimates on spatial derivatives of solutions for large time. More specifically, we
proved that for (vg, wo) € L2 (R?), let (v, w) be the corresponding solution of the system (1.2) satisfying
(v,w) € X, for some p € (£,d), where

4
2

X, = C([0,00), L% (RY)) N {u . we O((0,00), LP(RY)) and iggtl_%ﬂu(t)ﬂm < oo},

besides, assume further that there exist two finite constants M; and Ms such that

sup | (v(t).w(®))ll g <Mi and sup #2007 (w(e), w(t) e < Mo (18)
0<t<oo 0<t<oo

Then there exist two positive constants K7 and Ko (depending only on d, p, M7 and M) such that

(@2 0(t), D () o < K (Ka|8)/A1E 5 154 (1.9)
for all 4 < ¢ < oo and B € NI, where |3| = Z?Zl B; and 0F := 0P .-- 05 for multi-index B :=
(B1,- -, Ba), Ng denotes the set of non-negative integers. Notice that if the initial data (vg,wp) is small
enough in L% (R9), then the corresponding solution (v, w) naturally satisfies the condition (1.8). Moreover,
similar decay estimates still hold for the system (1.2) in critical Besov spaces Bp_i:% (RY) with % <p<d.

Motivated by the above decay estimates of solutions, we aim at improving the above decay rates
of solutions for initial data belonging to the negative Besov spaces and obtain the following two decay

results by using the general weighted energy approach and the interpolation techniques.

Theorem 1.4 Let the assumptions of Theorem 1.3 be in force, and if we assume further that (vo,wo) €
B;f(Rd) N Bi\fl (R?) for an integer N, a real number s > 0 and 1 < r < oo such that

d 1 1 d 1 1
—s+1+—->dmax{0,—+-—-1} and —s+1+—>dmax{0,- + - —1},
p p T q q T

then for any £ € [—s, N|, there exists a constant Cy such that for all t > 0,
| (w(t). w(®)l g, < Co. (1.10)
Moreover, we obtain the following decay estimate of the solution (v(t),w(t)):
@), wt)lge, < Col+)7F (1.11)

If we relax the high regularity condition imposed on the initial data in Theorem 1.4, then we can

obtain the following decay result for the lower-order derivative of solutions.
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Theorem 1.5 Let the assumptions of Theorem 1.3 be in force, and if we assume further that (v, wo) €
B;f(Rd) with 1 < r < min{p, ¢}, s > max{0,2 — g}, and

d 1 1 d 1 1
—s+1+—-—>dmax{0,—+-—-1} and —s+1+— >dmax{0,- + - —1},
p p T q q T

then for any £ € [—s — d(+ — %), -2+ g], there exists a constant Cy such that for allt > 0,
()]l g < Co(1+6)~F 3670, (1.12)
p,1
and for any € € [—s — d( — %), -2+ g], there exists a constant Cy such that for all t > 0,

£+s d(l 1)

ho(®)l 52, < Co1+1)~ 463 (1.13)

Remark 1.3 It is clear that (1.12) and (1.13) improve (1.9) since L4(R9) — B;&(Rd) with ¢ = dfsr.
Moreover, we do not assume that the B; 1 norm of initial data is small enough, and this norm enhances

the time decay rates of the solution with the factor 3.

Remark 1.4 The general L9 temporal decay rates of solutions can be obtained by the standard embedding
theory, for instance, by (1.12), we know that for any 1 < ¢ < oo,

lo(t)]lLa < Cllo(@)]]

a <
44-2 < Clo@)]

4 <O+ t)*%*%(%*%)j

4 _ a_
2 2

By,

which is faster than (1.9) when |8| = 0.

This paper is organized as follows. In section 2, we first establish two crucial bilinear estimates in
the Chemin—Lerner type spaces, then give the proof of Theorem 1.3 by using weighted Chemin—Lerner
type norm. In section 3, applying the elementary Fourier splitting argument, we intend to establish two
weighted energy inequalities in terms of the lower-order and higher-order derivative of solutions, then we
complete the proof of Theorems 1.4 and 1.5 in section 4. Throughout the paper, C stands for a generic
constant, and we use the notation A < B to denote the relation A < CB and the notation A ~ B to
denote the relations A < B and B < A.

2 Global existence of large solutions

Before going to the proof, we recall the following two interpolation inequalities in stationary/time depen-
dent Besov spaces (cf. [1]). For s1,s2 € R such that s; < s3 and 6 € [0, 1], there exists a constant C' such
that

ol gerorac-or < Cluly ull2 (2.1)

Moreover, for any 0 < T < 00, 1 < p, p1, p2 < 0o such that % = pil + %, one has

2104520200y S Clull? lull 7 (2:2)

el g s co ol s,
The essential parts in the proof of Theorem 1.3 are the following two bilinear estimates in the Chemin—
Lerner spaces. The first one corresponds to the nonlinear term V - (wV(—A)~1v) in the first equation of

system (1.2), and one can easily see that

IV VAT, g & 0 A) (2:3)

_14pd -
7(By 1 7(Bp1 7))

For the right-hand side of (2.3), we get the following bilinear estimates.
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Lemma 2.1 Let p,q be two positive numbers such that 1 < p,q < oo and % — % < é < % + %. Then we

have
— [ [ 6 —0
lwV (=)l e Sl ||w||1 L I e el T
ﬁT( p,1 ) LF Bq,l a T Bq,l LE Bp,l P 1( p,1)
0 —6 0 0
Fllwl® e w0 el el (2.4)
70? Bq,l ! T Bq,l £709 p,1 p) T(B;Jl)

where % <0, <1,0;, =1—01 are two given constants.

Proof. Notice that the particular case 1 < p = g < 2d has been established in [32]. Here we address the
case p # ¢q. Thanks to the Bony’s paraproduct decomposition (1.5), one has

wV(=A) "o =T, V(=A) v + Ty ay-1,w + R(w, V(=A)"o). (2.5)

To estimate three terms on the right-hand side of (2.5), let 2 < p; < oo be large enough such that

l—p%>Oand1+g—%—p%>0,andlet1§p2<2bethec0njugateofp1,i.e.,pll—kplz:l,thenone

can apply (1.4) and the Holder’s inequality to get

12 (TuV(=D) T 0) ey oy S D 1851wl s (o) 185 V(=) " 0]l g2 (1)
3" —jl<4

dk _
Z Z 24 ||Akw||L;1(Lq)2 J ||Aj/U||L;2(Lp)
i — <4 k<y' 2
S 3T 207 ST 9@ AR R Al pon 0y 22T | Al o 1y
I’ —jl <4 k<=2

< 90-1)i Z o2 A, 0| o2 (1 0] I (2.6)
7" —3j1<4 (P, R

Next we estimate the symmetric term Ty (_a)-1,w. The case 1 < ¢ < p is simple, it follows that

i_é
—a)-10W)|[ L1 ey S @A (T (- a)- 1 W)|| L1 (La)
52( ) Z ||Sj’—1v(_A)7 U||L'°TI(L<>°)||Aj’w||L;2(Lq)

|j’*j\<4

d_ Q —1 Vk
<2 S N ot Akl zer oy 1 A5 wll Loz
|4 —j|1<4k<j —2

d_dy; 2757— 17— ko(—2+442)k 2+44 2
<29 N oCmamET N gl a R R IR | A o 1y 22T Ao o
[/ —j1<4 k<j'—2
<200 S R Al s o]l s (2.7)
~ L P Pl)
77 —j1<4 T el
while for the case ¢ > p, one can derive from the fact % = % + % that

12 (To—a)y-10w) L1 (2ry S Z ||S'/71V(—A)7lv||Lp1(Lq 3 A w|[ ez La)

3" —jl<4

— 1_4a-p
S Y D TN AW L 1 185w e 1)

|7/ —j1<4k<j" =2

3o 2CmamE) S 2O RO | Al o 1) 27T T8 A e 1
5" —jl<4 k<j'—2
_dy; _oyd 2y
§2(1 p)] Z 2( +q+p2)-7 ||Aj/w||L;2(Lq)||v|| p1(372+%+%). (28)
p,1

3" —jl<4 T
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Finally, we deal with the remaining term R(w, V(—A)~1v), we also need to consider two cases: In the

case 1 < p < d, applying (1.4) yields that

1A R, V(=A)0)ynoy S S0 185wl por (g 1B V(= A) ]l o2 1y

Jj'zj—2
d_q)4 A
Z oG -1 1A wll por (payllAjevll Loz vy
Jj'2j—2
S 200D A ] o (10 27T R o2 1
J'z2j—2
_dy (i 24442
52(1 Z o(1=9) (5" =5) 9= )i’ A, ’U”L”? Lp)||w|| RECHP RN (2.9)
j'>j-2 T o )

while in the case p > d, it can be bounded that

4 N _
||AjR(w=V(—A)_lv)HLlT(LP)52" Z ||Aj’w||L£}1(Lq)”Aj’V(—A) 1U||L';2(Lp)

§1>—2
<29 37 207502 DT A ]| s 2T A 0] e )
j'>5—2
<2073 7 g0 A, 0|l o2 oy || Cardip2 (2.10)
§1>j—2 £ Baa T

Combining all above estimates (2.6)—(2.10) and using Definition 1.2 we get

||wV(—A)_1v|| L1t S lwll or, o2t d +l flvll R
T p,1 ) T q,1 T( p,1 )
el aya b+ ||v|| e (2.11)

T \Pg1 ( b

By using the interpolation result (2.2) with ¢; = 1 — p_1 and 0y =1 — p—2, we finally obtain (2.4). The
proof of Lemma 2.1 is achieved. O
The second one corresponds to the nonlinear term V - (vV(—A)~'v) in the second equation of system
(1.2), and one can see that
IV- V=20 a0V (2.12)
7(Bg (B ?)
For the right-hand side of (2.12), we use the symmetric structure of this nonlinear term to get the

following bilinear estimate.

Lemma 2.2 Let p,q be two positive numbers such that 1 < p,q < co and % - % < é. Then we have
[wV(=2)" o+ oV (=A)ull s SHll” (el el (el
LL(B ) e e CLL(BP
T7\Bg1 Pl Bp LF prl ) BJy)
[ 1-6 (4 1-6
Al el (el T . (2.13)
7@9 Bp,l P L’} Bpp,l £7@9 p,1 p) T(Bfl)

where % <0, <1,0,=1—01 are two corresponding constants in Lemma 2.1.

Proof. The particular case 1 < p = ¢ < oo has been established in [16,29]. Here we address the case
p # q. We divide the proof of Lemma 2.2 into the following two cases.
Case 1: 1 < p < gq. In this case, it is clear that the following identity holds:

uV(=A) "o+ oV(=A)ru = =V - (V(=A)'uV(=A) ). (2.14)
Then the imbedding relation BpE L(RY) — BqE 1 (RY) yields that

=V (V(=2)""uV(-A)" )II 5ot QIIV(—A)_luV(—A)_leI 53

T ql (

1)
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< ||V(—A)*1W(—A)*1v||£1 By (2.15)
T p,1

Based on this fact, we can strictly follow the argument in [16,29] to complete the proof of (2.13), here
we omit the details.

Case 2, 1 < g < p. The case ¢ < p is a little tricky, here we resort to the Bony’s decomposition (1.5)
to split the left-hand side of (3.12) into the following three terms:

uV(=A) " w+oV(=A)tu =1 + I + I, (2.16)

where

= Z Sj/_luV(—A)ilAj/’U + Sj/_l’UV(—A)ilAj/u,

J'EL

= Z Aj/uV(—A)fl;S’j/,lv + Aj/vV(—A)flSj/,lu,
J'EL

= Z Aj/uV(—A)_lﬁj/v + Aj/vV(—A)_lzj/u.
J'EL

Since u and v play the same roles in our derivation, it suffices to deal with the first two terms in [y

and I, and the left two terms can be analogously handled. Based on the conditions 1 < ¢ < p and
1

1_1_2 .
7 » <3< g onecan derive that

18, ) 85 auV(=A) Ayl S D HSj'—WHLm(”q)HV( A) T Al ez (10

JET l7—3"1<4
S YD 20 E A ST oGk A ] 0 22T Ao e 1)
|J 3'1<4 k<j'—2
< 2(1_%)] Z 2( 2+ + )J ||A /vHLP2(Lp ||U|| —opdy 2
~ [, B P Pl)
3" e

125 D AjuV(=A) " Sprollywn S Y 1Ay ullge @ IV(=2)" Syl ,

_Paq_
Lpfq)
J'EL [7—3"1<4
-2 -2 ko (—2+8+2
S Y lAullpegey Y 20FETETaRC A0 o
[7—3'1<4 k<j'—2
$20700 S AR Al ol | ez
PP
l-3'1<4 £ By T

The above two estimates tell us that for i = 1, 2,
_dy, _oqdy 2y
1A Tl ey S 20797 S 22T (1A ull oz gy + 1A 0] 122 (1))
li—3"1<4

X (||u _oydy2 v _ . 2.17
(H ||£';1(Bpj+f’+ﬂ21) || HE”l(B g+ 2 )) ( )

Finally we tackle with the most difficult term I5. Inspired by observation (1.3), one can further split I3
into the following three terms for £k =1,2, ---, d:

I3 := I3y + I3z + I3, (2.18)

where

L= >0 (=8 {((=2) 7" 25u) (0 (—2) 1 A0) },

j'ez
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= 3 o0 (27 ) (0, V-2 By

J'E€L

= Z Oy { ((—A)*lAj/u)Ej/v}.

j'ez

Based on this decomposition, one can treat I3; (i = 1,2, 3) as follows:

185 Il Ly oy 2% D0 N=A) " Dyl e 100 (=8) T Ayl g2 (1)

P11
i1>-2 L (L)
. _1_4 - _2+Q+l - _2+Q+l - ~
< 2% Z o(=1-9)i" (=245 +7)i ||Aj’u||LpT1(LP)2( a2 1Rl ez 10
)
(1-7 1-4)(' -~ 2+44
5 4)j Z o(=1-9)(F" =) o~ 23’ ||A /v||Lp2 Lv) ||u|| . 72+%+%)7
Jj'z5-2 L7 (B,

185 T2 (A Il oy S 27 D N=A) "Dyl e (1850 ] g2 1)

j'>5—2 LPI(LP "
2444 2 25+ oy
S 2 2T Al o 12 B0l 1
Jj'zj=2
—dy; —dy5 2 2
§2(1 a)J Z paciCiib o) ||A /UHL”?(LP [l P Az
J'2j—2 @y R

As a consequence of these estimates, we obtain from (2.18) that

1—4Y)4 —d(i_
18 I3 g oy S 2077 3~ 27500 |4, 0ll Loz (o llull cardi2 - (2.19)

ity Pl(B PPy

Hence, plugging (2.17) and (2.19) into (2.16), we obtain

uV(=A) v+ oV (=A) "y e Su _ 2 v _
” ( ) ( ) ” ci(B qi+q) H ||£T (BP,H +p21)|| ||£”2(B +p+p22)
+ ||u||£;2(3;i+%+%)”v” B, 2444 2 )' (2-20)
Again, we get (2.13) by using the interpolation result (2.2). The proof of Lemma 2.2 is achieved. O

Once we get the above two desired bilinear estimates, one can apply the Banach contraction mapping
theorem to obtain that there exists T > 0 such that the system (1.2) has a unique solution (v,w) on
[0,T) satisfying

veC([OT)B 2+

.24 4 . d
"(RN)NL®(0,T;B,) " (RY))N LY, T; By (R)),
d d
weC(0,T),B. "

. 2.21
T(RY)NL®0,T5 B,y " (RY) N L0, T Bl (RY). 220

Moreover, the solution is global if the initial data is small enough. The proof is more or less a standard
procedure, thus we safely omit it here, and for more details, we refer the readers to see [32].
Next, we intend to drop the smallness assumption imposed on wy to still ensure the global existence of

solutions, which need us to employ the following product estimates in Besov spaces, for details, see [1,29].

Lemma 2.3 Let 1 < p1,p2 < 00, 51 < z%’ 82 < min{iai}7 and s1 + 2 > dmax{oap% + p_12 -1}
: +s
Assume that f € B;i (R, g € B;jﬁl(Rd). Then we have fg € Bp; 1 =T (RY), and there erists a
positive constant C' such that
||f9||le+srﬁ < Clfllgz Ngllpz - (2.22)

p2,1
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Now we mainly use the ideas in [22,32] to complete the proof of Theorem 1.3. Let us denote by T the
maximal existence time of local solution (v, w) satisfying (2.21). Then to prove Theorem 1.3, it suffices
to prove T* = oo under the initial condition (1.7).

We first estimate w. Let 7 > 0 be a small positive constant which the exact value will be determined
later, and denote

T, :==sup {t € [0,T*) : |Jv|| _oa4d

t p,1 )

+alol

.4
Ly (Bﬁl)

Applying the dyadic operator A; to the second equation of (1.2) and taking L? inner product of the

<n}. (2.23)

resulting equation with |A;w|972A;w, then using the following lower bound for the integral involving the
Laplace operator —A (see for example [8,28]):

- /]Rd AAjw - |AjwP 2 Ajwdr > k2%7||Ajwl|f, for any p € [1,00), (2.24)
where k is a positive constant depending only on d and p, we derive from the Hélder’s inequality that
d , 4
EHAijLq + 12% | Ajwl La < 27| A;(vV(=A) )| L. (2.25)

Integrating the above inequality (2.25) in time interval [0,¢] for any 0 < ¢t < T),, then multiplying by
2(=2+9)7 and taking {! norm to the resultant inequality, we can deduce that

.4 . —144
LBy ) Li(B) By Li(Bgar )

leoll s mlwl s <ol s V-] (2.26)

Applying Lemma 2.2, the second term of the right hand side of (2.26) can be bounded by choosing u = v,
91:1and92:(),

)

w ond FK|Ww ¢ Zwo|l _opa +Chljv oid ||V d
Il et Iy S B0l g Ol e 1ol e
where C7 is a constant. Therefore, we can choose 1 small enough such that % < 1, it follows from
(2.23) that
01772
lwl  apa +allwl] a4 <woll s+ < llwoll  —aya +1- (2.27)
oo L£LY(B4 q K q

t q,1 t q,1 q,1 q,1

Next we turn to bound v. Since the second equation of (1.2) is a linear equation for w, we intend to use
some weighted function f(¢) to eliminate the difficulties caused by the nonlinear term V - (wV(—A)~1v)
on the right-hand side of the first equation of (1.2) . Based on this idea, let us introduce the following
weighted Chemin—Lerner type norm: for f(t) € L (0, +00), f(t) > 0, define

loc
. t r 1
ol s g = { 3279 / FEAu()0dr) 7 }
’ jez 0
for s € R, p € [1,00], p,7 € [1,00) with the standard modification if p = co or r = co. Let A > 0 be a

positive constant which the exact value will be specified later, we set

JO = G0l g and o (a0 :zv(x,t)exp(—)\/o F(r)dr).

It is easy to verify that vy 7 satisfies the following equation:
Btv,\f + )\f(t)’l}>\7f - AU)\)f =V (wV(—A)_lv,\f). (2.28)

Applying the dyadic operator A; to (2.28) and taking L? inner product of the resulting equation with
|Ajua £|P72A vy ¢, one has

1d _
];EIIAJ'UMII’LJP RG] FANTOWA /Rd ANGux f|Ajos f P72 A oy pd
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= AJV . (wV(—A)_lvw')|Ajm7f|p_2Ajv>\ﬁfd:1:.
Rd

Arguing like the derivation of (2.26) yields that

loasll  —ava 4+ Auasll ora FElloagl o a
©(B,, *) LB, ci(BE )
<llvoll ova +wV(=A) T oxfll s (2.29)
p,1 t( p,1 )

According to the Minkowski’s inequality, it is readily to see that

t
[V -8) gl g & [ VA g (O] g
l:%(Bp,l 7) 0 B, P
Then we can apply Lemma 2.3 by setting s; = g, So = —1+ %, p1 = q and py = p to obtain that there
exists a constant Cy such that

lwV (=) oxsll, s < Collwll 2 [V(=A)osgll, s < Collwll o foasll, ia,
B, P B B, P B B, P

p,1 q,1 p,1 q,1 p,1
which implies that
lwV(=2) " oxpll - ava S Colluagll o aia (2.30)
t(By1 P) t,f\Pp1

Taking (2.30) into (2.29) gives us to

loxsll  —opa +Aoasll opad tE[oasl o a
P8y ") LBy CHBE)
<ol —2ra + Cafloa sl aopd (2.31)
Bp,l P £%,f p,1 p)

Therefore, we can choose A large enough, e.g., A = 2C}, to eliminate the second term on the right-hand
side of (2.31):

lox el o ova +A=Co)lloasll - ova +rlloagll a0 <llvoll _oia,
[eS] B P

t p,1 t, f\Pp,1 Li( :1) Pl

which combining (2.27) gives us to

dT}

v _oyrd T K|V d
91 et + ol

t
< ool s, exp {2C, / lw(r)]
) B, p 0 B

d
q
q,1
20,
< looll avs exp {22 (uoll s + 1)} (2.32)
Bp,l K q,1

Finally we conclude that if we take Cy large enough and ¢y small enough in (1.7), then it follows from
(2.32) that

n
ol eea +wloll 4 <o
LE(B,, 7)) LI(B1)
for all ¢ < T},, which contradicts with the maximality of T3, thus 7% = co. We complete the proof of

Theorem 1.3.

3 Weighted energy inequalities

In this section, we intend to establish two weighted energy inequalities in terms of the lower-order and
higher-order derivative of solutions to the system (1.2). Denote

£ = (0O, avg + 0], vz YO = [ (0],

p,1 q,1
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and let us introduce the following two weighted functions:
U(x,t) == e KYOy(a,1), w(x,t) := e KY Ow(a, 1),

where K > 0 is a positive constant which the exact value will be designated later. Then we see that

(0, w) satisfies the following equations:

00 — Av =V - (wV(=A)"12) — KY'(t),
Oy — Aw =V - (vV(=A)"10) — KY'(t)w, (3.1)
0(x,0) = vo(z), w(z,0)=wo(x).

Applying Lemmas 2.1 and 2.2 by only neglecting the time variable and taking §; = 1 and 62 = 0, one

can easily derive the following two weighted bilinear estimates.

Lemma 3.1 Let p,q be two positive numbers such that 1 < p,q < co and % — % < % < % + %. Then we

have
lwV(=2)713] _pa SY' @O0, vt + 1D _ora). (3.2)
B,, " B,, " B, °
Lemma 3.2 Let 1 < p,q < oo and % — % < é. Then we have
[uV (=) +oV(=A) | g SY'@(fEll ora + 101 _ora)- (3.3)
B,, ¢ B,, " B,, "

Based on these two lemmas, one can get the following weighted energy estimates of the system (1.2).

Proposition 3.3 Let the assumptions of Theorem 1.3 be in force. Then there exists a constant K > 0
such that for all t > 0, the unique solution (v,w) of the system (1.2) satisfies the following weighted
energy inequality:

L KY O (1)) 4 re KO (o))

y + @l

4 4
P q
prl Bq,l

) <o, (3.4)
where K is a constant appeared in (2.24).

Proof. Firstly, for the first equation of (3.1), one can proceed as the derivation of (2.25) to obtain the
estimate for v as

~

d, - DA~ : e ~
1Al + 527|250 e S 2718 (WY (=A)10) s — KY' ()| A0 s

Multiplying the above inequality by 9(=2+5)7 and taking ' norm to the resultant inequality, one can

infer from Lemma 3.1 that

d, - ~
71 -evg + P,

s SOV ars 41BN ara) = KY O] ea (3.5)
p,1 Bp,l Bq,l Bp,l
Secondly, similar to the derivation of (3.5), one can resort Lemma 3.2 to obtain the estimate for w as
d, - ~ ~ ~
ol s +alla] 4 <CY' @] 2pa = KY' @)@ 514 (3.6)
dt B q Bq B P B q

q,1 q,1 p,1 q,1

Adding up (3.5) and (3.6) together implies that

d, ~ ~ ~ ~ ~ ~
— (Bl g + @], opa) +6(0ON, o +IB@] 2 ) < @C—K)Y QU] s + @], 20a).
dt Bp,l P B q BP Bq B r B q

q,1 p,1 q,1 p,1 q,1

Finally, we can choose the constant K sufficiently large such that K > 2C, which directly leads to

d - ~ ~ .
1T avg 4180 ae) + (TN g +130 g ) <o

p,1 q,1 q,1
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This is exactly (3.4). We complete the proof of Proposition 3.3. O

Now we derive the lower-order and higher-order spatial derivatives of solutions to the system (1.2).

Let £ be a real number and 1 < r < 0o, and let us denote

F(t) = [l wn)ll s .
We obtain the following weighted energy inequality.

Proposition 3.4 Let the assumptions of Theorem 1.8 be in force, and let us further assume that (vg, wo) €
Bf)l(Rd) with 1 <r < oo, and

1

r

1

d 1 d 1
04+ 14— >dmax{0,- + 1} and €+1+ - > dmax{0,- + - — 1}.
p p q qa T

Then there exists a positive constant K such that for all t > 0, the unique solution (v, w) of the system

(1.2) satisfies the following weighted energy inequality:

LT VOF@D) + 5O w(0) w(t)) | 42 < 0. (37)

Proof. Applying the operator A;A¢ to the first and second equation of (3.1), then taking L? inner
product with |A;A“D|"72A; A% to the first resultant, and [A; A~ w|""2A;A*~ 1w to the second resultant,
respectively, we obtain that

1%H(AjA% AGAD)| 7 — (AAAD, |AAD|"2AAD) — (AAA D, |AA D" 2A A D)

r
= (AGAV - (wV(=A)19), |AAD] T2AGAD) + (AjAY - (vV(=A)TID), |A;A DT 2A A D)
< A - (@ (=A) D) | A AT + [ AATY - (09 (=A)715) oo A, A G5!

— KY' ()| 8,A 5 — KY' (0|80 ]

which one can easily obtain the following inequality:

d, . - ~ 1~ iy -
@) ge , +£I@ D) gz S lwV(=4) Ol geas + IV (=2) 0] pra — KY' (O @, @)l e - (3-8)

To prove Proposition 3.4, the case £ > —1 is simple due to the fact that ijl (R%) N L*>(R%) is a Banach
algebra and Bﬁl(Rd) — Bgml(Rd) — L>®(RY) for all 1 < p < oo. Therefore, for the first term in the
right-hand side of (3.8), since the solution (v, w) is bounded in Bp_jJr% (R9) x B;?g (RY) with respect
to the time variable, we obtain
¥ (~2) 75 s = ¥ ()75 g
S Il IV (=2) 710 g + @ gesa [V (=2) ol o

Sl g 10l + 1@ g ol e

q,1 p,1
1 1 . L 1
Slwll 2 W9llge, + 10l _, o llvll” o w0l Nl e
q,1 Bp,1 Bp,1 > T,
K ~ ~ ~
< S llwllgesz + C(angfl + IIwIIqu1 1@, @)l e (3.9)

where we have used the following two interpolation inequalities according to (2.1):

1 1 1 1
< lv||? z Dl e < |@||2, ||@]|2,...
IIvIIB;+g < IIUIIB;?+% Hv||3§1’ ol g S Nllge Nl
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Similarly, one can derive that

1~ KR~
oV (=2)" 0l gesr < S0l e + Cllol

da
P
By

15 . (3.10)

On the other hand, in the case £ < —1, one can apply Lemma 2.3 to estimate the term wV(—A)~1v by
choosing f = w, g = V(=A)"17, 51 = g, so={+1,p; =qand py =1

[V (=2) 0] gear S lll 4 IV(=2)""0] gess = ol 119115 3 (3.11)
q,1 q,1
while the term vV (—A)7'% can be bounded by choosing f = v, g = V(=A)"'0, 51 = g, sg =4+ 1,
p1=pand py =1
A e < AV o1 & V| £
09 (-8) 50 S ol g 1908 s ~ ol 7, (3.12)

Therefore, plugging (3.9)—(3.12) into (3.8), we conclude that
d, . - K~ ~ . o
D)@ ), + 1@ D) s < 26~ KO,

This yields (3.7) immediately by choosing K sufficiently large such that K > 2C, and we complete the
proof of Proposition 3.4. O

4 Optimal decay rates of large solutions

We shall prove Theorems 1.4 and 1.5 by using the analytic approach illustrated in [29]. To prove Theorem
1.4, we first observe that Proposition 3.4 implies (1.10) directly, so it suffices to prove (1.11). To this
end, for any s > 0 such that

d 1 1 d 1 1
—s+1+—>dmax{0,—+—-—1} and —s+1+ - > dmax{0,- + - —1},
p p r q q r
one can choose £ = —s in Proposition 3.4 to obtain that for all ¢ > 0,
(), w)lp-; < Cll(vo, wo)llp-; < Co. (4.1)

This particularly yields (1.11) with £ = —s. On the other hand, for any ¢ € (—s, N], applying interpolation
inequality (2.1) yields that

160wz, < CINE, w10, w0 T

This together with (4.1) implies that

2 2
1+m 1+m

(e w)l g = Cll ) w®) 5

I@(®) w525 = ClO, WO

which leads further to

2
1+m 2

Io(®), wt)ll gz = CllWE, wEl g ™ = CF(t) . (4.2)

Plugging (4.2) into (3.7), there exists a constant C' such that

%(e‘KY(t)]:(t)) 4 Ce KY W Fp) s <,

which combining the fact that the function Y (¢) is positive along time evolution yields that

d 2
(e FYOFE@) + Cle YO @) <o, (4.3)
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Solving this ordinary differential inequality directly yields that

£+s

2 20t '\ *

t) < KY(t) 0) " vks '
Ft) < VO FO) 77 +

Since the function Y'(¢) is bounded, we know that for all ¢ > 0, there exists a constant Cy such that
_ i
I(w(®), w(t)llge, < Co(l+1)"> . (4.4)

The proof of Theorem 1.4 is achieved.
Finally, we give the proof of Theorem 1.5. Since 1 < r < min{p, ¢}, we can infer from the imbedding
results in Besov spaces that

) oy A g ) oy A g
Br,l (R ) — Bp,l (R ) and Br,l(]R ) — Bq,l (R )a
which together with (4.1) yields that for all ¢ > 0,
[0 sz + 0O oapy < Co (45)

p,1 q,1

On the other hand, for any s > max{0,2 — %}, applying the interpolation inequality (2.1) yields that

ey a
[0l —2va < Cllo@N 7 _ya gy IO &7
BPJ p,1 T BPPJ
1 -z
[w®Il , —2ra < Clw@)ll 71 1)@l o
q,1 q,1 o qu,l
This together with (4.5) implies that
- +§72 1+3+372 1+s+;72
@I g 2 Clo@ T @l 5 2 @l
p,1 p,1 p,1 p,1

i L L
s+&—2 s+£ -2 s+=—2
lw®ll L2 2 Cllo@®ll .7 sq_yllw®ll oo™ 2 Cllw@®ll 0%

B, B 1 i
It follows that
1“1’@
[v@I .2 +llw®)] .2 = CvO, ya + W] —sia) 7
Brﬁl qu,l Bp,l i Bq,l ¢
1+ —2
=CE(t) *+v2. (4.6)

Plugging (4.6) into (3.4), by using the function Y'(¢) is positive along time evolution, we obtain

d 1+—2
E(e*”@g@)) +C(eEYWg@r)) -2 <o. (4.7)
Solving this ordinary differential inequality, we obtain
_s+g-z
o 20t ’
E(t) <MW L g0) e ——
0 < ) i

Since the function Y'(¢) is bounded, there exists a constant Cj such that for all ¢ > 0,

5+%72
@I, —ara + W@, ova <Co(1+1)" = . (4.8)
B P B a

p,1 q,1
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Notice that (4.8) gives in particular (1.12) with £ = —2 + %, and (1.13) with £ = =2 4 g, respectively.

1 1

Finally, for any £ € [-s—d(+ — =), -2+ %), by using the interpolation inequality (2.1) again, one obtains

that

TP
%472 E+s+d(%—%)
porer: gur R
lo®lg:, < Cllo@®Il =y s, 0@ 5
p,1 p,1

which combining (4.5) and (4.8) implies that

@+s)7d(1 1)

||U(f)|\351 < Co(1+6)"2 11

Similarly, for any ¢ € [—s —d(L — %), -2+ g), one has

%472 E+s+d(}‘7%)

T4 5 T a4 o

lw@®llge, < Cllw@I 20 g s lw®l S
’ Bq,1 a Bq’1 a

which combining (4.5) and (4.8) again implies that

1

lw(®)ll e, < Co(1+8)~FI=3670),
q,

We complete the proof of Theorem 1.5.
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