STABILIZATION OF THE GENERALIZED RAO-NAKRA BEAM BY PARTIAL
VISCOUS DAMPING

MOHAMMAD AKIL! AND ZHUANGYI LIU?

ABSTRACT. In this paper, we consider the stabilization of the generalized Rao-Nakra beam equation, which
consists of four wave equations for the longitudinal displacements and the shear angle of the top and bottom
layers and one Euler-Bernoulli beam equation for the transversal displacement. Dissipative mechanism are
provided through viscous damping for two displacements. The location of the viscous damping are divided
into two groups, characterized by whether both of the top and bottom layers are directly damped or otherwise.
Each group consists of three cases. We obtain the necessary and sufficient conditions for the cases in group two
to be strongly stable. Furthermore, polynomial stability of certain orders are proved. The cases in group one
are left for future study.
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Several three layer laminated beam and plate models were proposed in the late 1960’s and early 1970’s ([14],
[17] and [19]). Later, the following generalized Nakra-Rao beam model was developed in [13], where the shear

effect of the bottom and top layer are taken into account.

prhiuy, — Erhqul, — 7 =0 in (0,L) x RT,
piliyl — Exhyl, — %7+ Giha(we +y*) =0 in (0,L) x R*,
(1.1) phwit + Elwepze — Gihi(we + YY) e — Gshs(we +y3)s — hom, =0 in  (0,L) x R*,
pshsul, — Eshsul, +7=0 in (0,L) x RT,
palsys, — Eslsys, — %7 + Gahs(w, +y°) =0 in (0,L) x RY,
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where u',y', u3,vy3 are the longitudinal displacement and shear angle of the top and bottom layers; w is the
transverse displacement of the beam, 7 is the shear stress in the core layer, where

h h
T=—ul— éyl + how, +u® — 73y3.

The physical parameters pi1, E;, G;, I; > 0 are the density, Young’s modulus, shear modulus, and moments of

inertia of the ith layer for i = 1,2,3, respectively. =~ The beam is composed of a top and a bottom face-

plate of respective thicknesses, h! and h3 and a core of thickness h%. In addition, ph = pihy + p2ho + p3hs,

EI = E I, + E313, and the shear modulus Gy = % with —1 < v < % being the Poisson ratio (see Figure

1).
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When the rotatory inertia and the transverse shear of the top and bottom layers are neglected, equations (1.1)2
and (1.1)5 reduce to the familiar Euler-Bernoulli hypothesis y* — w, = ¥ — w, = 0. If we consider the core
material to be linearly elastic, i.e. 7 = 2G5y, with the shear strain

1
2hs

and a = hy + 3 (h1 + +h3), we then obtained the Rao-Nakra model [17],

¥ = (—ul +ud + awx) ,

1h1utt — Elhlu % (ful +ud + ozwm) =0,

(12) pghgu;?t — Eghguiz + % (*Ul + US + awm) = 0,
phwit + Elwggrs — Gh—z;’ (—u! +u®+ awm)z =0.

Furthermore, if the extensional forces in the top and bottom layers are also neglected, we obtain the Mead-
Markos model (see [14]),

(1 3) phwtt + Elwzrrx - GQOZ"Y = Oa
’ 2h2’7zfc - GQd’y — QWggy = 0.

which can be simplified into a six-order PDE for w. In [13], exponential stability was proved for the Mead-
Markus model (1.3), when the shear stress 7 and shear strain v relation is assumed to be viscoelastic of
Boltzmann type. When this relationship is of Kelvin-Voigt type, analyticity of the associated semigroup was
proved by Hansen and Liu (see [7]), which was further extended to the corresponding multi-layers beam and
plate model by Allen and Hansen in [1] and [2].

When the extensional motion of the bottom and top layers is neglected, we obtain the model proposed by
Hansen and Spies (see [9]). For the model in [9], exponential stability was proved in [18] when structural
damping and boundary damping are added, or when viscous damping are added to all three equation (see [16]).

In 2013, (see [20]), exponential stability of Rao-Nakra model (1.2) was obtained when standard boundary
damping are imposed on one end of the beam for all three layers.

The boundary controllability problems of the Rao-Nakra beam equation (multi-layers, o > 0) have been studied
in a series of papers [6, 20, 15, 8]. In [6], exact controllability results for the multi-layers Rao-Nakra plate
system with locally distributed control in a neighborhood of a portion of the boundary were obtained by the
method of Carleman estimates.

In 2018, (see [10]) the authors considered the Rao-Nakra system (1.2) with viscous and/or Kelvin-Voigt damp-
ings. They first showed that the system is unstable when only the transverse displacement is damped and
511 = 153. Moreover, they considered seven cases of the combination of damping locations and types when
two displacements are damped. Polynomial stability of different orders and their optimality are obtained for a
particular type boundary conditions. In 2020, (see [12]), the authors considered the stability of the Rao- Nakra
sandwich beam equation with various boundary conditions. Polynomial stability of certain orders are obtained
when there is only one viscous damping acting either on the beam equation or one of the wave equations. For
a few special cases, optimal orders are confirmed. They also studied the synchronization of the model with
viscous damping on the transversal displacement. Their results reveal that the order of the polynomial decay
rate is sensitive to various boundary conditions and to the damping locations.

In this paper, we consider the generalized Rao-Nakra beam model with only two viscous damping described
by

prhiut, — Brhiul, — 7+ auf =0 in (0,L) x RT,
prhyy, — Erlyl, — —T+G1h1(wx—|—y )+ byt =0 in (0,L) x R,
(1.4) phwit + Elwgpze — Gihi(we + yY)e — Gahs(we +93)s — hote +cwy =0 in (0,L) x R,
pshau}, — Bshaul, + 7+ du? =0 in (0,L) x RY,
p3lsyi, — B3lzy3, — "7 + Gshs(ws +y3) +eyp =0 in (0,L) x R,




where a, b, c,d,e > 0 be dissipative coefficients. System (1.4) is subjected to the following initial conditions
ul(z,0) = uj(x), ui(z,0) = uj(z),

u?(2,0) = ud(2), ui(z,0) =ui (=),

(1.5) w(z,0) = wo(z), we(z,0) =wi(x),

y'(x,0) = y5(x), yi(2,0) = yi(x),

yB(I,O) = Ug(if)a y? I,O) = U?(I),
3

For the boundary conditions, we assume that variables u', u3,y* and y

(16) ul(oat) - ul(Lvt) - US(Oat) - UB(L,t) = yl(oat) = yl(L,t) = yB(Oat) = yS(L,t) =0,

satisfy the Dirichlet boundary conditions

and w satisfies the clamped boundary condition
(1.7) w(0,t) = w(L,t) = we(0,t) = w,(L,t) =0.

We shall investigate the stability of system (1.4)-(1.7) with only two viscous damping. The location of the
damping are divided into two groups, characterized by whether both of the top and bottom layers are directly
damped or otherwise. Group one consists of three cases, i.e., a,d #0,b=c=e=0,0orb,e #0,a=c=d =0,
or a,e # 0,b = ¢ = d = 0. Group two also consists of three cases, i.e., a,b # 0,c = d = e = 0, or
a,c#0,b=d=e=0,0ra,c#0,b=d=e=0.

This paper is organized as follows. In section 2, we present the semigroup setting of the system for well-
posedness, including the necessary and sufficient conditions for strong stability of the cases in group two, and
sufficient conditions for strong stability or instability for some cases in group one. Section 3 is devoted to the
polynomial stability of the three cases in group two. A concluding remark is given in the end of that section.

2. WELL-POSEDNESS AND STRONG STABILITY

Let (u',u®,w,y!,4®) be a regular solution of (1.4)-(1.6), its associated energy is given by
1 L L L L
Eit) = = p1h1/ |ut|2dx—|—E1h1/ |ui|2dx+p3h3/ |u§’|2dx+E3h3/ Jul |2dx
—|—ph/ o dx+EI/ ] dx—i—plll/ | dx+E1[1/ P da
L
+pals / v} Pde + By / i+ Gy [ oy Pt [ o
0 0
+G3h3/ Iwz+y3|2dx>
0

A direct computation gives that

(2.2) —E z—a/ |ut|dx—b/ lyt |2d:c—c/ |we| dw—d/ |ut|2—e/ ly?|2dz < 0

Now, we define the following energy space
H = (Hg(0,L) x LQ(O,L))Z x H(0,L) x L*(0, L) x (H(0,L) x LQ(O,L))Q.
equipped with the inner product which induces the energy norm:
U2, = I (ol gt 2hw, o, %, 29) 1,
23) = Eihallug|? + prhal[ot||? + Eshs|[ud]|® + pshs||v?|*dz + ET|waes |1 + phl[]?
+E Ly |? + prlall2H P + EsLsllyzlI” + pals|| 23] + Gilaflws + o2

+I7I1? + Gahallws + v 12




It is clear that the above equality is an equivalent norm on . Now, we define an unbounded linear operator
A:D(A) CH— H, by

’Ul

<
—

vl (p1h1)™! [Erhiul, + 7 — av?]
y' 2
21 (,01[1)_1 [Elllyalm + %7’ — Glhl(wm + yl) — bZl]
w (0
2.4 =
( ) A r¢ (Ph)_l [_Elwwwwz + Glhl (ww + yl)z + GShS(Wz + yg)w + hQTz - Cfﬁ]
u? v3
v3 (pshs) ™' [Eshgud, — 1 — dv?|
% 3
2 (psI3) 7t [Bslsy2, + 21 — Gahs(w, + y°) — €23

with domain

D(A) = [(H?(0,L) N HE(0, L)) x HA(0, L)]*x (H*(0, L)NHZ(0, L)) x H(0, L) x [(H2(0, L) N H(0, L)) x HZ(0,L)]*.
If U = (ului, gt yt, w,wp, v, ud, g3, y7) is a regular solution of system (1.4)-(1.6), then the system can be
rewritten as an evolution equation on the Hilbert space H given by

(2.5) U, = AU, U(0) = U,

where Uy = (ud, ui, s, yt, wo, wr,ud, u$, y3,y3). It is easy to see that for all U = (ul,vl,yl,zl,w,w,u3,v3,y3,z3) S
D(A), we have

L L L L L
R (AU, U)) = —a/ |vl|2dx—b/ 12| —c/ |d)|2dac—d/ |1)3|2dx—e/ 1232z < 0,
0 0 0 0 0

which implied that A is dissipative. Now, let F' = (f1,---, fi0) € H, by using the Lax-Milgram theorem it is
easy to show that the existence of U € D(A), solution of the equation
—AU = F.
Then, the unbounded linear operator A is m-dissipative in the energy space H and consequently 0 € p(A).
Thus, A generates a Cy—semigroup of contractions (etA) >0 following the Lummer-Phillips theorem. The
solution of the Cauchy problem (2.5) admits the following representation
U(t) = AUy, t>0,

which leads to the well-posedness of (2.5). Hence, we have the following result.

Theorem 2.1. Let Uy € H, then system (2.5) admits a unique weak solution U satisfies
UecC’ (R H).
Moreover, if Uy € D(A), then problem (2.5) admits a unique strong solution U satisfies
UecC' (R, H)NC? (RT,D(A)).

Now, we shall analyze the strong stability of system (2.5). The main result of this section is the following
theorem.

Theorem 2.2. Assume that (a,b >0 andc=e=d =0) or (a,c >0 andb=e=d =0 and G, # G3) or
(bc>0anda=e=d=0 and%;«é%) or (bye >0 and a =c=d =0 and (G1 # G3 and% 75%)) or
(a,e >0 and b= c=d =0). Then, the Co—semigroup of contractions (e**)
sense that tli?oc e U ||3 = 0.

>0 15 strongly stable on H in the

Proof. Since the resolvent of A is compact in #, then according to Arendt-Batty theorem see (Page 837 in
[4]), system (1.4)-(1.7) is strongly stable if and only if A doesn’t have pure imaginary eigenvalues, that is,
o(A) NiR = (. We have already shown that 0 € p(.A), and still need to show o(A) NiR* = () . For this aim,
suppose by contradiction that there exists A € R* and U € D(A)\{0} such that

(2.6) AU = iAU.




Equivalently, we have

(2.7) vt =idut, 03 =id, Y =idw, 2P =iyt and 23 =i\g?

and

(2.8) Nul 4+ (prhy)” [Elhlu + 7 —dal\u
h

(2.9) Nyt + ()7t {Elfly;m + ?17' — Gh1hy(we +y') —iby

1

)
]

(2.10) Nw+ (ph) ™' [~ Elweess + Gihi (we + y')s + Gahs(we + y*)o + hoty — icAw]

(2.11) N3 + (pghsz) ™ [Eghgus . — zd)\u3]

h
(2.12) Ny + (pals) ™ |:E3I3y:?z)z + 737 — Ghg(ws + ¢°) — iey®

Case 1. Suppose that (a,b > 0 and ¢ = 0). A straightforward calculation gives
0=REN,U), = R(AU,U),, = —al[v!||® = b2 |2

Consequently, we deduce that

(2.13) vi=z2=ut=y'=0 in (0,L).

Using (2.13) and (2.8) and the definition of 7, we get

h3
(2.14) 7=’ + how, — —y* = 0.

2
Inserting (2.14) and (2.13) in (2.9) and by using the fact that w(0) = 0, we obtain
(2.15) w=0 in (0,L).
Using (2.13)-(2.15) in (2.10), and using the fact that 3>(0) = 0, we get
(2.16) y® =0.

Equations (2.14)-(2.16), implies that
3
u” = 0.

Thus, U = 0 and consequently A has no pure imaginary eigenvalues.

Case 2. Suppose that (a,¢ > 0 and b =0 and G # G3). A straightforward calculation gives

0=R3ENU,U),, = R(AU,U),, = —al|lv*||* — cl|v[*
Consequently, we deduce that
(2.17) vl=u'=¢Y=w=0 in (0,L).
Using (2.17), (2.8) and the definition of 7, we get

2.18 =3 = 2l = 22983 = 0.
(2.18) TEU =Sy = oy
Using (2.10), (2.17), (2.18) and the fact that y'(0) = y(0) = 0, we get
Gshs hs
2.1 L—_ 3 d = 3
(2.19) y Gy ad w= oo (G1—Gs)y

Using (2.11), (2.12) and (2.18),(2.19), the fact that G; # G5 we get

G3h3> y3 + % 3

xTrxr = 0
p3l3

E
Ny + =293 =0 and ()\2 —
P3
Subtract the above two equations, we obtain

(2.20) y® =0.




Finally, using (2.20) and (2.19), we get y* = u® = 0. Thus, U = 0 and consequently .4 has no pure imaginary
eigenvalues.
Case 3. Suppose that (b,c > 0 and a =0 and % #* %) A straightforward calculation gives

(2.21) d=yt=w=19v=0 in (0,L).
Using (2.21) and (2.9) and the definition of 7, we get
h
(2.22) = —u' +u® - §y3 =0.
Using (2.21), (2.22) in (2.10) and the fact that y3(0) = 0, we get
(2.23) P = 0.
Inserting (2.23) in (2.22), we obtain
(2.24) ut = .
Now, using (2.24) and (2.22) in (2.8) and (2.11), we get
E E
(2.25) e+ =23, =0 and NP+ —1uim = 0.
P1 P1
Subtract the above two equations, we get
<é — %> ul, =0.
P1 P3

Using the fact that % # % and the facts that v?(0) = u®(L) = 0, we get
u = 0.

Thus, U = 0 and consequently A has no pure imaginary eigenvalues.

Case 4. Suppose that (b,e > 0and a = ¢ =d = 0 and (G; # G3 and % + %)) A straightforward calculation
gives

(2.26) d=yt=2=9y>=0 in (0,L).

From (2.9),(2.12) and (2.26), we get

(2.27) %T — Giwy; =0 and %T — Gsw, = 0.
Subtracting the two equations in (2.27) and using the fact that G3 # G1, we get
(2.28) wy = 0.

Using (2.27) and the fact that w(0) = 0, we get

(2.29) w=0 and 7=0.

Using the definition of 7 and (2.26) and (2.29), we get

(2.30) ut = ud.

Now, using (2.8), (2.11) and (2.29), we get

E E
Nt + —1uglmC =0 and M+ p—juiz =0.

P1
Subtracting the above two equations and using (2.30), we get
E E
(2.31) (—1 - —3> ul, =0.
p1 pP3

Using the facts that % + % and u!(0) = u(L) = 0 in (2.31), we obtain
ut =u® =0.

Thus, U = 0 and consequently A has no pure imaginary eigenvalues.




Case 5. Suppose that (a,e >0 and b =c =d =0). A straightforward calculation gives
0=R((IAU,U)y,) = R(AU,U)y,) = —a|lo'||* - ¢]|2°||* = 0.

Consequently, we deduce that

(2.32) V=22 =ut=9y*=0 in (0,L).

Using (2.32) and (2.8) and the definition of 7, we get

(2.33) 7 =u® + howy — %lyl =0.
Inserting (2.33) and (2.32) in (2.12) and by using the fact that w(0) = 0, we obtain
(2.34) w=0 in (0,L).
Using (2.32)-(2.34) in (2.10), and using the fact that y'(0) = 0, we get
(2.35) yt =0.
Equations (2.33)-(2.35), implies that
u = 0.
Thus, U = 0 and consequently A has no pure imaginary eigenvalues. O

Theorem 2.3. If (a,c >0 and b =d = e = 0) and G1 = G3, then system (2.5) is unstable.

Proof. Set
(236)  ulm0) =) = t) = 0,°( 1) = M (@) and g (et) = 1P 0)
1
Substituting (2.36) in (2.5), we obtain that
2 _ Gsh n Es in
(2.37) { (A —p;f’ff) "+ 2o,
$(0) = ¢(L) = 0.

Then, choosing A\, = +,/ %5~ ”2“2 E3 + (51?3, we obtain
nm
- (32).
o(x) sin { 7
This implies that there are infinitely many eigenvalues i)\, on the imaginary axis. [

Theorem 2.4. If((b,c>0 anda=d=e=0) a dE1 :&> 07’(be>0 anda=c=d =0 and (G, # G5 and El :E3))

P3 P3
T (b,e >0anda=c=d=0 and (G1 = G3 and % = %)) , then system (2.5) is unstable.
Proof. Set
(2.38) ul(z,t) = ud(x,t) = eMl¢™(x) and  y'(z,t) = v (x,t) = w(z,t) = 0.
Substituting (2.38) in (2.5), we obtain that

2 n =S

(2.39) N+ ¢

¢"(0) = ¢”( ) =0.
Then, choosing A\, = + %%, we obtain

nmx
Bain (777)
¢"(xz) = Bsin T

This implies that there are infinitely eigenvalues +i\,, on the imaginary axis. O

Theorem 2.5. If (a,d >0 and b=c=e=0) and E1 = E3, p1 = p3, G1 = G3 I, = I3 and h; = hg, then
system (2.5) is unstable




Proof. Set

(2.40) ul(z,t) = ud(x,t) = w(z,t) =0, y'(z,t) =eP¢"(x) and 33(z,t) = —y'(z,1).
Substituting (2.38) in (2.5), we obtain that
2 _Gihi\ gn oy Ein _
(2.41) { (/\ - pllf) " + Sty =0,
$(0) = ¢(L) = 0.
Then, choosing A\, = + ”27;2 % + C;;Zl , we obtain

nm
e
o(x) sin { 72
This implies that there are infinitely many eigenvalues i)\, on the imaginary axis.

O

Remark 2.6. The first three cases of Theorem 2.2, Theorem 2.3 and the first case in Theorem 2.4 give the
necessary and sufficient conditions for the strong stability of group two. However, we only obtained sufficient
conditions for strong stability and instability of some cases of group one. Thus, we will only consider the
polynomial stability for the cases in group two in next section.

3. POLYNOMIAL STABILITY

In this section, we show the influence of the physical coefficients on the stability of system (1.4)-(1.7) with
respect to the locations of the damping. For this aim, we distinguish the following three cases:

e Case 1:
(Ay) (a,b>0and c=d=e=0).
e Case 2:
(A2) (a,c>0and b=e=d =0 and G; # G3).
e Case 3:
(A3) (b,c>0anda:e:d:0and&7é%).
p1 P3

For this purpose, we will use a frequency domain approach, namely the Theorem A.3 in the Appendix. Our
main result in this section is the following theorems.

Theorem 3.1. Assume that (A1) holds. The Co—semigroup (e')
constant C' > 0 such that for every Uy € D(A), we have

¢>1 18 polynomially stable; i.e. there exists

(3.1) E@) < -z t >0, YUy € D(A),
e
where
NEEE

5 if Er4Es

P1 p3”

Theorem 3.2. Assume that (Az2) holds. The Co—semigroup (etA)t
constant C' > 0 such that for every Uy € D(A), we have

>1 is polynomially stable; i.e. there exists

(3.2) E@) < t%’ t>0, YUy € D(A),
where
' 2 if (%:% and %#%),
6 if (%;&% or (%:% and %:%)).




Theorem 3.3. Assume that (Az) holds. The Co—semigroup (e')
constant C' > 0 such that for every Uy € D(A), we have

>1 18 polynomially stable; i.e. there exists

|Q

(3.3) E(t)< 2, t>0, YUy e D(A),

o~
W=

According to Theorem A.3, the polynomial energy decay (3.1)-(3.3) hold if the following conditions

and
(Hz) sup [|(GAL — A) " 230 <O (JAI)
AER

are satisfied. Since condition (H;) is already proved in Theorem 2.2. We will prove condition (Hsz) by an
argument of contradiction. For this purpose, suppose that it is false, then there exists

{An,Up = (ul,vl,yl,zl,w,w,u?’,vg,y?’,zg)T)} CR x D(A)
with
(3.4) An| = 400 and ||U|ln = ||(u', v, 6,03, w00, 9", 24 03, 23 |ln = 1,
such that
(3.5) X (i = A) Uy = Fpy := (fins founs f3ins fams Foms fons fns fsms foms from) T — 0 in .

For simplicity, we drop the index n. Equivalently, from (3.7), we have

(3.6) it =o' = AT,
(3.7) i = (p1h1) 7t [Brhiul, + T —avt] = AT f,
(3.8) iyt =zt = A7,
(3.9) ixet — (p )t |ErlLyl, + %7’ — Gihi(we +yY) — b2t = A Uf,
(3.10) M-t = A'fs,
(3.11)  iMp — (ph) ' [~ Elwgees + Gihi(we + y')s + Gsha(we + y%)s + hote — )] = A7,
(3.12) iz —vd = AT,
(3.13) iM® — (pshs) ! [Bshaud, — 7 — dv®] = A7'fs,
(3.14) ixg® =22 = AT,
(3.15) iXg® — (psI3) ™' | Eslsy?, + %r — Gshs(we +9%) —ez®*| = X ‘fio,
where

(3.16) T =—u' +u® + how, — %yl - %y?’.

3.1. Proof of Theorem 3.1. In this subsection, assuming that (A;) holds, we shall find a contradiction with
(3.4). For clarity, we divide the proof into several Lemmas.

Lemma 3.1. The solution U € D(A) of system (3.6)-(3.15) satisfies the following asymptotic estimations

L L L L
o(1 o(1 o(1 o(1 o(1
(3.17) /0 [v!|?dx = —§4)7 /0 |2t 2dx = —)(\Z)’ /0 |ul|Pdx = )\5327 /O ly'|2de = >\£+)2 and ||7]| = —)\(%).

10



Proof. Taking the inner product of F' with U in H, then using (3.4) and the fact that U is uniformly bounded
in H, we get

L L
(3.18) a/o |v! |2dx + C/o |2![2de = =R ((AU,U),,) = R ((GN — A)U,U),,) =0 (A7)

Then, we obtain the first two estimations in (3.17). Now, using (3.18), (3.6), (3.8) and the facts that f1, f3 = 0
in H}(0,L), we get

L L L L L L
2 2 o(1) 2 2 o(1)
142 12 2, _ 12 12 2
/0 lu*|“dx < —/\2/0 [v*] dx—'_—)\QHZ/o |f1l°dz = = and/0 ly*|*dz < _>\2/0 |2*] d$+—)‘2+2£/0 |f3]?dx = N

This gives the third and the fourth estimations of (3.17). By the Gagliardo-Nirenberg interpolation inequality
and the facts that A\w and w,, are uniformly bounded in L?(0, L), we get

1 1 1
(3.19) leall 20,0y < Nsall o,y llEno 5, + Illz2(00) < OOH).
Using the facts that Aul, Au®, Ay', \y3 are uniformly bounded in L?(0, L) and (3.19) in (3.16), we get the last
equation in (3.17). The proof has been completed. O

Lemma 3.2. For all £ > 3, the solution U € D(A) of system (3.6)-(3.15) satisfies the following asymptotic
behavior estimations

(3.20) /OL|uglﬁ|2d:c = 0(1)7 and / lyl|2de = o1 )3.

Azt3

g
2

2

Proof. Multiplying (3.7) and (3.9) respectively by u; and y;, using integration by parts on (0, L) and the fact
that fa, f4 — 0in L?(0, L) and Au', \y! are uniformly bounded in L?(0, L), we get

L L L L
) — E, 1 — a — o(1)
3.21 z)\/ vlulde + —/ us|Pdr — / Tuldr + / viulde = .
( ) | x' hipr Jo pih1 Jo AL
an
L L L
Gih — b — o(1)
(3.22) z/\/ rylde+— / / yldz + / we+ 1yt 1dx+—/ 2ylde = ——=.
y Ys 2p 11 v (we+y7)y o |, Y N
Using Lemma 3.1 and (3.19) in (3.21) and (3.22), we get
L L
, 1, | _ o) — | _ o(1)
z)\/o viuldz| = SR /0 Tuldz| = % % = S
L L
, — o(1) — o(1)
(3.23) i\ ; 2lylde| = S /0 Tytdz| = % % (wz + 1) =T
L
11, o)
/0 z'yldr| = N
Inserting (3.23) in (3.21) and (3.22), we get the desired result. The proof has been completed. O

Lemma 3.3. For ¢ > 3, the solution U € D(A) of system (3.6)-(3.15) satisfies the following asymptotic
behavior estimations

(324)  Jwreellzon) < ON), [wlmior) <O, [wawe ()] < ONI), [ua(Q)] < — o)

A8+§7

¢e{0,L}.

Proof. From (3.11), using the fact that ¢, (w; + ')z, (wz + ¥*). and 7, are uniformly bounded in L?(0, L)
and fg — 0 in HZ(0, L), we obtain

(325) ||wwwzz||L2(0,L) =0 ()‘) .

Using Gagliardo-Nirenberg inequality, (3.25) and the fact that w,, is uniformly bounded in L%(0, L), we get

1 1 1
(3-26) ||wwza:HL2(O,L) < szwwzllg ||W:wc||2 + Hw:vwll < O(/\2)-
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Using (3.25) and (3.26), we get the second estimation in (3.24). Since w € H*(0, L), then w,,, € H'(0,L) C
C ([0, L]). Thus, by using Gagliardo-Nirenberg inequality, we obtain

1 1 3
(3.27) |wzmz(o| < ”wmzx”z?(o,m||WIM||[2,2(0,L) + ”WMIHLZ’(O,L) < O(A7).
Since, u € H?(0, L), then u, € H*(0,L) C C ([0, L]). Thus, by using Gagliardo-Nirenberg inequality, we get

1 1
(3.28) RO < ke s 0.0 lub e o 1y + ekl 20,0

Using (3.7) and (3.17) and the fact that ¢ > 3, we get

1 1
(3.29) fub < OO and ) = S
itz
Inserting (3.29) in (3.28), we get the desired results. The proof has been completed. O

Lemma 3.4. For ¢ > 3, the solution U € D(A) of system (3.6)-(3.15) satisfies the following asymptotic
behavior estimations

L L
(3.30) /0 |wez|?dz = o(1) and /0 [v|2dx = o(1).

Proof. The proof of this lemma is divided into two steps.
Step 1. Multiplying (3.7) by @z, integrating over (0, L) and using the fact that fo — 0 in L?(0, L) and
(3.25), we get

L L L L
E 1 1
(3.31) i/\/ V WGppedr — p—ll UL Dypedr — o TWrez + i/ VT pgedr = ;e(i)% .
0 0 0 0
Using (3.17) and (3.25), we get
L L
1 1
(3.32) i)\/ V0 ppadr| = 0572 and l/ V@ pendr| = 0572.
0 =z 0 AT

Now, using integration by parts to the second term in (3.31), (3.20) and (3.24), we obtain

o(1)
£

AE*%

—~

B, [ E E
. / UL D popadt — Ul (L)@pee (L) + =l (0)@pes (L)
0

E L
(3.33) - / Ul @prad
0 P1 P1 P1

P1

On the other hand, using the definition of 7 in (3.16) and the fact that Au!, Au3, Ay!, Ay?® are uniformly bounded
in L?(0,L) and (3.24), we get

L L L
— ho / 2 0(1) ha / 2
TWaprdl = Wee|“dx + = Wee|“dx + o(1).
/ S [N+ S = S [ Pzt o)

Inserting (3.32)-(3.34) in (3.31) and using the fact that £ > 3, we get the first estimation in (3.30).
Step 2. Multiplying (3.11) by —w, integrating over (0, L), using the facts that (w, + y'), (wz + %), A\w are
uniformly bounded in L2(0, L) and |jw,|| < O(A~2), (3.17), the fact that f» — 0 in L2(0, L), we get

(3.34)

a p1hi

(3.35) - i)\/ Ywdr — —/ Wrzzewdr = o(1).
0 rh Jo
Using integration by parts to the second term in (3.35), and (3.10), we get
L L
EI
(3.36) / |p?|da — —/ |was|*dz = o(1).
0 ph Jo

Finally, using the first estimation in (3.30) in (3.36), we obtain the desired result. The proof has been completed.
O
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Lemma 3.5. Forall ¢ > 3, the solution U € D(A) of system (3.6)-(3.15) satisfies the following asymptotic

behavior estimation
pihips (Es E1> <4G3 + h3> /L 3—
us |*dx A2 e — R usuldr
/ fuzl” Es <P3 p1 4G3 o o F

(3.37) e B )
_ePupsls (Es By / 175 1
2G3hsEs \ p3  p1 R 0 Uyrde | +oll)
and
h Es E I i
[ = opetatuen (B 1) (1G3hQ)§R</ u;ygdx>
3/t3 3 1 3/t3 0
(3.38)

pihips [ Es E1> /L 3—
N2 (— - — R wyuldr | +o(1).
hsE3Gs \ ps p1 0 M
Proof. The proof of this Lemma is divided into several steps.
Step 1. In this step, we will prove the following estimation

h E; E Lp— E h b
(3.39) A2 p1E;p3 <p—§ - p_11> R (/0 uiuid:ﬁ) —|—/0 |u |2dx — ?3% (/0 yiuidm) =o(1).

For this aim, multiplying (3.7) and (3.13) by u3 and &ul respectively, integrating over (0, L), using the

TT T

fact that [[u?,]| = O(\), |Jul,]| = O(A~2) and f2,f8 — 0in L2(0, L), we get

Ey (* .—  EE L __ E, (b 1
(3.40)  iA=> / vl do — =2 / b, ude — / T de + / oade = 20
0 0 0

p3 p1p3 remwe p1hips p1hips A
and
) ST — F\E pp— 1
(3.41) ix= v3ul dr — Q/ ud ul dr + / Tul dr = o )1 .
p1 Jo p1P3 plh3ps Atz

Using (3.6) and (3.12) in the ﬁrst term in (3.40) and (3.41), using integration by parts and the facts that
f1, fr = 0in H}(0,L) and ul, u2 are uniformly bounded in L?(0, L), we get

(3.42) i/\—s/ Y3 dr = \2—= / Luddz + L and tIA— / viul de = \2—~ / uduldr + 0(7) .
P3 p3 A1 p1 Jo P1 AL

Now, using (3.16) and integrating by parts over (0, L) and using the fact that u2 is uniformly bounded in
L?(0,L), Lemma 3.4 and Lemma 3.2, we get

(3.43) _ 5 /L W dy = / il [2dg — L3N8 /Ly?’u?’d:z:~|—o(1)
' p1hips Jo e P1h1h3 e " 2pihips e '
and
E LR E C—
(3.44) ! / rul dr = ——— / rpuldr = o(1).
p1h3ps p1hsps

Using integration by parts to the last term in the left hand side of (3.40), and using the fact that u2 is uniformly
bounded in L?(0, L) and Lemma 3.2, we get

By [F By [* 1
(3.45) a=s / viud dr = — azs / viuddr = %.
p1hips p1hips Ai~id

Inserting (3.42), (3.43) and (3.45) in (3.40), (3.42) and (3.44) in (3.41), and using the facts that £ > 3, we get

Ey (¥ — = EB; (Y| — E r

)\2—3/ utuddr — L/ ur ud dr + & / |u2 |*dx
(3.46) Ps Jo p1ps Jo pihihs Jg
Eshg

L
3.3 0 —
— usdr = o(1
2P1h1p3/0 Yolla @)
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and

N E\E; [T
(3.47) ah / Wuldy — D13 / W W dz = o(1).
P1 P1P3 Jo

Subtracting (3.46) and (3.47) and taking the real part, we get the desired equation (3.39).
Step 2.The aim of this step is to prove the following estimation

h Es FE R Lo hs [F
(3.48) A2PLLPS (—3 - —1> R / ulydds | + R / wdyids | — —3/ ly32dz = o(1).
E3 P3 p1 0 0 2 Jo

For this aim, multiplying (3.7) and (3.15) by 2h3 Bs 3 ym and %hg %@ respectively, integrating over (0, L), and

using the fact that [y2,| = O()\) and ||ul, | = O()\ ) and f, fio — 0 in L2(0, L), we get
By (Y . EiEsh Eshy [* — Eshs [* 1
(3.49) i)\hg—g/ v'y3 do — =2 3/ ul o3 de — —22 / Ty3 dx + P33 / vly3 dr = 05 )1
2p3 Jo 2p1p3 Jo 2p1hips Jo 2p1hips A
and

) E\Eshs (Y ., — h2E —
i)\h32—1/ 2dul dr — &/ y2 ul dr — 371/ Tul dx
0 0 0

2 4 I

(3.50) P1 ) P1Lp3 p1p313
+7G3h3E1/ (we +y*)ul do = o(1)
201p3l3 Jo " e N3

Using (3.6) and (3.14) in the first term in (3.49) and (3.50), using integration by parts and the facts that
f1,fo = 0in H}(0, L) and 32 and ul are uniformly bounded in L?(0, L), we get

.\ E3hs /L 1=~ 2 Eshs / —3 o(1)
3.51 i y2pde = N2 —— 3 ,
(3.51) 2p3 Jo 203 Jo tY Af-1
and

. E1h3 / 377 2E1h3 / 3 (1)
3.52 IN— ul dr =X\ ulde + ——=
(3:52) 2p1 Jo 2p1 Jo At

Now, using integration by parts over (0, L), (3.16) and the facts that y> and 7, are uniformly bounded in
L?(0, L), Lemma 3.4 and 3.2, we get

Eshs /L — Esh3 /L 310 Eshs /L
3.53 — Ty3 . dr = — cldx + u, ﬂ5d:17+o
(3.53) 2p1hips Jo Y 4p1hips Jo v 2p1h1p3 Y ).
and
hiE L h2E L 1
(3.54) 1 3 11 / Tul dx = 1 3 11 / Tpuldr = Og.
P1P313 pP1P313 Jo A1

Using integration by parts to the last term in left hand side of (3.49) and using the fact that y> is uniformly
bounded in L?(0, L) and Lemma 3.2, we get

Eshsy [* Eshy [* 1
(3.55) o / Y de = — 0 / vyydde = OE 2
2p1h1p3 Jo 2p1hi1ps AT

Using integration by parts to the last term in the left hand side of (3.50), and using the fact that ul,y> are
uniformly bounded in L?(0, L) and Lemma 3.4, we get

G3h3E, /
e +y2)ul de = o(1
ot [ e = o).
Inserting (3.51), (3.53) and (3.55) in (3.49), (3.52), (3.54) and (3 56) in (3.50) and the fact that £ > 3, we get

Esh — E1Eshs [F Esh L
(3.57) a2l / ulids - S0 [l s - / 2Pz + 2 / WSz = o(1)
2p3 Jo 2p1p3  Jo 4P1h103 291h1P3

and

Eihs (¥ 3 E\Eshsy [ 4
3.58 A2 Suld —7/ 3 ul _drx =o(1).
(359) o [t - SEB [y e = o)

(3.56)
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Subtracting (3.57) and (3.58) and taking the real part, we reach (3.48).
Step 3. The aim of this step is to prove the following estimation

1 h: Gsh pp—
(3.59) /|y3 2dy A / |u? 2dx+<——+4—13+ ;’33)%</0 ygu;dx>:o(1).

For this aim, multiplying (3.13) and (3.15) by v, and u3, respectively, integrating over (0, L), using (3.12)
and (3.14), the facts that f7, fo — 0 in Hg(0,L) and |[u3, ||, ||lv2.]| = O(\), and taking the real part of their
subtract, we get

1 L h3 C— G3h3 L — 0(1)
3.60 —R / Ty3,.d R / Tud de | — R / we +y?)udde | = 5.
(3.60) pshs ( 0 Y ) 2p313 < 0 ) p3ls 0 ( v) A2

Using integration by parts, Lemmas 3.2, 3.4, and the fact that @ and E are uniformly bounded in L?(0, L),

we get
1 p— 1 L
—R / Ty dx | = ——R / u,y3 / dx + o
pshs ( 0 Y > P3h3 < 2vzd > lval” ),
(3.61) hy R /Lru3 dr | = / Jul |2de + —2— / 3uddr | +o(1)
’ 2p313 0 o 2/’3]3 4p IS 0 Yolla 7

Gshs /L 5 Gshs /
- R we +y3) udda | = R yuddr | +o(1).
p3l3 ( 0 ( V) p3l3 0 W

Inserting (3.61) in (3.60), we get the desired result (3.59).
Step 4. The aim of this step is to prove the following estimations.

L L
— h E E —
R / yudds | = A28 (-3 - —1> R / ujulde
0 2E3Gs p1 0
hipslz (B3 Ep L
/\2’)11— = _)w / y3d o(1).
For this aim, multiplying (3.39) by 2 71, we get
h p3h3 E3 E1 L — h3 L h2 L —
A2Ppsts (———)?R / udulde +—/ ud|?de — 2R / Suddx | = o(1).
2I3E3 \p3s p1 o = ° 215 Jo | 413 0 Yatte M
Adding (3.59) and the above equation, we get
I 1 Gshs b pihipshs (Es  E; b
3.63 —/ 312dx + <—— + )?R / Suddr | + N2 (22 - )R / wduldr | = o(1).
(3.63) 2 Jo v hs I3 0 Y 2I3E3 \p3s p1 0 o
Now, multiplying (3.48) by h3', we get
h1p3 E3 F4 L 1 L
\2PLTLPs (———)?R / ulydde | + —R / udy3da ——/ dx = o(1
hsEs \ ps  p1 o Y h3 o Y el @
Then, adding the above equation and (3.63), we get (3.62).

Step 5. The aim of this step is to proof (3.37) and (3.38). Inserting (3.62) in (3.39), we get (3.37). Similarly,
inserting (3.62) in (3.48), we get (3.38). The proof has been completed. O

(3.62)

Lemma 3.6. Assume that (A;) holds. For ¢ > 3, the solution U € D(A) of system (3.6)-(3.15) satisfies the
following asymptotic behavior estimations

(3.64) /|32 Ez/ |ul|?dx = (%) and /0L|23|2dx /|y |*dx = (3)
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Proof. Multiplying (3.13) and (3.15) by —u3 and —33 respectively , integrating by parts over (0, L) and the
facts that Au?®, \y? are uniformly bounded in L2(0, L), Lemma 3.17 and fgs, fio — 0 in L?(0, L), we get

L L L L
(3.65) — i)\/ v3udde — —3/ |u |2dx = &J) and — i)\/ 2yBde — =2 ly2|2dx = —0(3)
0 P3 Jo A2 0 p3 Jo A2
From (3.12), we have
—Mﬁ:zﬁ—i—% and —i)\?:z_fi—k%.
Inserting the above equation in (3.65) and using the facts that v3, 23 are uniformly bounded in L?(0, L),
fz,fo = 01in H}(0,L), £ > 3, we get (3.64). The proof has been completed 0

We are now ready to finish the proof of Theorme 3.1. We distinguish two cases.

E, E;
Case 1. If — = taklng ¢ = 3, then from Lemmas 3.1-3.6, we get

12 112 2 o(1) Lo
|v | dx*— |z | dx*— |ur| de = 227 |u dmzv, ; [)*dz = o(1),
L
/ |lwaz|?dz = o(1), / |u |*dx = of / ly2|2dx = o(1), / |v3|2dz = o(1), / |232dz = o(1).
0 0 0 0

It follows that ||U|l% = o(1), which contradicts (Hz). This implies that
sup [ (iA7 — A)7THu<o().

Case 2. If — 75 — and ¢ =5, then from Lemmas 3.1-3.4, we get
p1

(3.66) / i zdx_— / 2] de—— / |um|2dm—_)
/ |3 [? dx—_ / 0|2dz = o / (o Pz = o(1),

E
Using the fact that = # ] , Lemma 3.5 and (3.66), we get

p1 P3
L
(3.67) / |u2|?dr = o(1), and / ly2|2dx = o(1).
0
Finally, using (3.67) and Lemma 3.6, we get
L L
(3.68) / |v3|2dz = o(1) and / |232dz = o(1).
0 0

Then from (3.66)-(3.68), we obtain ||U||y = o(1), which contradicts (Hz). This implies that
sup [|(iA] — A) |2 <O(X%).
AER

The proof has been completed.

3.2. Proof of Theorem 3.2. In this subsection, we assume that (As) holds and we set the following hypothe-

ses:
(Hs) (& = %, Gshs Glhl) and £ =2,
p1 p3 p3l3 p1lh
(Hy) (E _ B and Gshs = Glhl) and (=6,
p1 P3 psls  p1h

E E

(Hs) —175p—3 and ¢=6.
3
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We will check the condition (Hz) by finding a contradiction with (3.4). From (3.6)-(3.15), we obtain the
following systems

(3.69) Nul + (prhi) 7 [Bihqub, +7 —idau!'] = X Tfo—A7F (—p —+ i) f1,
h . —
(3.70) Nyt + (o)™ [El]lyglcx + 317 - Gihi(ws + yl)} = A fa—inTt

(B.78w + (ph) ! [~ Elwsze + Grwae + G1haylt + Gahsyls + hory — idew] = =X "'fe — A (c+iN)fs,

(3.72) NP+ (pshs) ! [Bshaud, —7] = —A"Cfs—ix ",

_ h _ o
(3.73) Ny + (psls) ™! |:E3I3yix + 737' — Gzhs(ws + y?’)} = XA fio— it f,
where G}, = G1hy + Gshg. For clarity, we divide the proof into several Lemmas.

Lemma 3.7. Assume that (As) holds and ((Hs), or (Hy) or (Hs) holds). The solution U € D(A) of system
(3.69)-(3.73) satisfies the following asymptotic behavior estimations

L L L L
2 12, _ o1) 2 12, _ o)
(3.74) /0 || "dx, /0 |vt|*dx = B and /0 |w] d:c,/o |u*|dx = N2

Proof. Taking the inner product of F' with U in H, then using (3.4) and the fact that U is uniformly bounded
in ‘H, we get

L L
(3.75) a/o ! Pdz + c/o W2de = —R (AU, U),,) = R (A — AU, U)yy) = 0 (7).

Then, we obtain the first two estimations in (3.74). Now, using (3.6) ,(3.10) and the fact that fi, fs — 0 in
HL(0,L) and H3(0, L), respectively, we get the third and the fourth estimations of (3.74). The proof has been
completed. O

Lemma 3.8. For all £ > 2, the solution U € D(A) of system (3.69)-(3.73) satisfies the following asymptotic
behavior estimations

o)

) / unPP, / P = % _ oﬁ) (Hs) holds
0 i 2 N ((H4) or (Hs)) holds.
and
12 o(1) % if (Hz) holds
(3.77) / lul|?de = W _ o
& i ((Ha) or (Hs)) holds.

Proof. First, we will prove the estimations (3.76). For this aim, multiplying (3.71) by —w, integrating by parts
on (0, L) and using (3.74) and the fact that y!,y3 and 7, are uniformly bounded in L?(0, L), and fs, f¢ — 0 in
HZ(0, L) and L?(0, L) respectively and ¢ > 2, we get

Bl o(1)
oh /|wm|dx+—/|z|d = emG s

The above equation yields the equation (3.76) in the both cases (H3) and (Hy4). Next, we will give the estimation

(3.77). For this aim, multiplying (3.69) by —u!, integrating by parts on (0, L) and using (3.74) and the fact
that f1, fa — 0 respectively in Hg (0, L) and L?*(0, L), we get

(3.78) / | d:c—/ Tu%ixz%.
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Using the fact that Au?, \y', A\y® are uniformly bounded in L?(0, L), and the definition of (3.16), we get
/ ’ ruldx o(1)
0

A5 +2
Inserting the above equation in (3.78) and using (Hs), (Hy), (Hs), we get the desired estimation in (3.77). The

proof has been completed. O
Lemma 3.9. The solution U € D(A) of system (3.69)-(3.73) satisfies the following asymptotic behavior
estimations
h E, E b= v
M plEz% (,0—11 - p—j) R (/0 uiuidz) —/O |ul |2dx
(3.79) by I h . o1
- 13d 4 3S3de | = —272
9 R </O Yy uz SL') + 9 R </(; YUy :E) )\mln(z 5 %_1)
)\2P1h103 by Ej ” /Luly_gdx +@/Ly3|2dx
(3.80) E3 pr o p3 o 2 Jo 7°
| —R /L y3de | + E?R /L y3de | = o
0 Yala 2 0 Yala \min(¢—2,5-1)’
L
hsh
——/ ly2|?dx NETA / 32de — =2 18‘3(/ yzu3d:1c)
0
(3.81) .

m|&

1 h3 Gsh Ep— o(1
_ 3d - 3 T3k / 3Bde | = — 2\
2}1133:E <[) yxy :E> <h3 4[3 13 > R ( 0 Yo Uz @T )\Inm(é 2, 1)
hy [* L L 1
(3.82) —1/ Iyglc|2da:+@§}% / yoylde | — R / udylde | = OE ) .
2 Jo 2 0 0 Azt

fE — Es
p3’

i /L|u3|2dx—L/L|y1|2dx /yy
2p1[1 0 T 2,03h3 0 x rIdx

hih R 1 h? h Ep— 1
- / youlde +< . —Gl 1>?R / yhdar | = — 2D
dp1h \ Jo pshs  4pilh  p1hh 0 Amin (6=2,3+3)

hihs /L - hghl / g M /L 3— hs /L -
dx — uyysde | + R uyyldx

h: | Gih h2 Gsh L 1

(oo (3 o o)
4p1[1 pljl 4p3]3 p3[3 0 amin (£=2,543)

Proof. The proof of this Lemma is divided into four steps. o
Step 1. First, multiplying (3.69) and (3 72) by 11,3 and &ul respectively, (3.69) and (3.73) by %ygz and
fll ul, respectively, (3.72) and (3.73) 3, and ufm respectlvely7 and then using the same arguments in Step 1,
Step 2 and Step 3 in Lemma 3.5, we obtain (3.79)-(3.81).
Step 2. In this step, we prove estimation (3.82). For this aim, multiplying (3.69) and (3.70) respectively by
yl, and ul_, integrating over (0, L) and using Lemmas 3.7, 3.8, and the fact thats Aul, and \y!, are uniformly
bounded in L?(0,L) and f1, f3 — 0 in H}(0,L) and fa, fs — 0 in L?(0, L), we get

L
o(1)
/ Txy£d1‘ =i

Moreover, i we have

(3.83)

(3.84)

L B [t
(3.85) — )\2/ wyzdx + — / mymdx —
0 0

P1 p1hi
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L L L L
E hl — G1h1 0(1)
3.86 —)\2/ tulde + — / Loul dr — / Tputdr + / uldr =
(3.86) 0 Yt o Jo ¥ 2p11h Jo pili Jo (et y')u A2

Using the fact that 7, is uniformly bounded in L?(0, L), Ay' is uniformly bounded in L?(0, L) and Lemma 3.7,

3.8, we get
L _
/ TruLdx
0

Inserting (3.87) in (3.86) and subtract (3.85) and (3.86) and taking the real part, we get

L
(3.89) R ( /0 Txymdx> _ ;g{)l.

Using the definition of 7 in the above estimation, we get the desired result (3.82).

Step 3. In this step, we prove estimation (3.83). For this aim multiplying (3.72) and (3.70) by yl, and u3,
respectively, integrating over (0, L) and using the fact that fu3_, +yL, are uniformly bounded in L?(0, L), we
get

o(1)

)\min(é,ngl) :

= Og) and

A2

(3.87)

L
/ (we + yh)ulde
0

(3.89) -\ /OL ujylde + % /OL s Y3 de + p3—1h3 LTxywdw = ;151)2

(3.90) _ a2 /OL yluddz + % /OL Yl uE 2511]1 /OL roudde + ill;? /OL yliBde = %
Using the definition of 7, we get

(3.91) p3_1h3 " Toylde = m%g ’ ugylde — 2p3h / |ya|*da — 2—;3/; yoyide + /\Oé(—i)%

(3.92) 2ph11[1 /L rpuddr = 2p1]1/ |u |2dx + 4/:12[1 /L yluddr + f;lhjll/ yuddr + )\Og(}_)%.

Inserting (3.91) in (3.89) and (3.92) in (3.90), and taking the real part their difference, then using the fact
E. _ E

that ok =%, we get (3.83). o o

Step 4. In this step, we prove estimation (3.84). For this aim, multiplying (3.70) and (3.73) by y3, and yl,

respectively, integrating over (0, L), and using the fact that %y;x, %yim are uniformly bounded in L?(0, L), we

get

hl L — Glhl L — O(].)
. -2 y3 dr+ — 3d 103 gy —
(3 93) /0 yxymz x + / y:l::l)y{E:E 2p1[1 /0 ToYz AT + p1]1 /0 Yz Yz 0T \min (Z*Q,%Jr%) ;

Es hy [* G3hs o(1)
3.94 —>\2/ ylde + = / Yl dx — / meylde + 2 / ylde = ———~
(3.94) ; yoybda o e YsaYlodr Sl yado+ =T yaykda T (2.05 D)

Using the definition of 7 and Lemma 3.7, 3.8 and the fact that 2 and y. are uniformly bounded in L?(0, L),
we get

h /L — h /L 33 h3 /L — hihs /L 5 o(1)

3.95 - Tpy2de = — uydde + LySdr + —— MES —dx,
(3.95) 2p11h Jo Y 2p11h Jo Y 4p117 Jo Yal 4p117 Jg e Nit3

hs /L — hs /L T 4 el / 2 e o)

3.96 - Teytde = — usyk Ya cyldx + —dx.
(3.96) 2p313 Y 2p313 Jo bz 4P3I 2 0 Yt Nit3
Inserting (3.95) in (3.93) and (3.96) in (3.94) and taking the real part of their difference, then using the fact
that Ell = E3 , we get (3.84). The proof has been completed. O
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Lemma 3.10. Assume that (Hs) holds. Then the solution U € D(A) of system (3.69)-(3.73) satisfies the
following asymptotic behavior estimations

L L
(3.97) / [ul|?dx = of / ly2|2dz = o(1) and / lyL|2dx = o(1)
0 0
and
L L
(3.98) / |\u?2d2 = o(1), / IMy'|%dr = o(1) and / I\y2|%dx = o(1).
0

Proof. Multiplying (3.79) by 37 hs and summing with (3.81), we get

(3.99) / 2 e ( / yLyxdx> (- %) ( / yudw> —o(1).

Multiplying (3.80) by #; and summing with (3.99), we obtain

(3.100) R (/L ugygdx> =o(1).
0

Multiplying (3.82) by Psth and summing with (3.83), then using (3.100), we get

hy /L . ( h3 G1h1> /L —
3.101 uy | dr — + R sudde | = o(1).
(3.101) s [ hdpdn = (- S ([ 1)

Multiplying (3.79) by 2’“ and summing with (3.101), we get

(3.102) R (/L y;u_gd:c> =o(1).
0

Using (3.100) and (3.102) in (3.79), we get

(3.103) / 2 2dz = o(1).

Multiplying (3.82) by 74 3 — and summing with (3.84), then using (3.100), (3.102) and (3.103), we get
hihs /L 302 ( ht  Gih G3h3> /L

3.104 — 2lfdx + + - R Lyddx | = o(1).

( ) 4l p1 /o s 4hypr  plh psls 0 Yad o

Multiplying (3.84) by *41}121 and summing with (3.104), then using (3.100) and (3.103) we get

G1hy Gghg) /L
- x y3dz | = o(1).
(Plfl p3l3 ( 0 Yolle W)

#* G3h3 in the above estimation, we obtain

Gihy
p1l1

(3.105) R (/L yzy3dx> = o(1).

Finally, inserting (3.105), (3.100) and (3.102) in (3.80) and (3.82), we get the second and the third estimation
n (3.97). In order to complete the proof of this Lemma, we need to prove (3.98). For this aim, multiplying
(3.72), (3.70) and (3.73) respectively by u3, y' and y3 and using Lemmas 3.7 and (3.8), we get

L By [T
/ |\ [2da — p—/ |ud|2dz = o(1),
0 3 JO

L El L
(3.106) | wtids = 22 [Tt pde = o)
0 P1 Jo

r 312 E3 r 312
/ | dx——/ W2z = o(1).
0 P3 Jo
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Now, using the fact that




Using (3.97) in (3.106), we get (3.98). The proof has been completed. O

Lemma 3.11. Assume that G; # G3 and ((H4) or (Hs) holds). Then the solution U € D(A) of system
(3.69)-(3.73) satisfies the following asymptotic behavior estimations

L hy L hy L
(3.107) hz/ |u |*dx + hy <G1 - 7) R / yluddr | + hs <G3 - 7) R / yuddr | = o(1).
0 0 0
L hahs L L
) / lyL|2dx + <G3h3 - > R / yoylde | + holR / udyldr | = o(1).
0 0 0
L L L
(3.109) <G3h3 - h22h3> / |ly2|2da + <G1h1 - h12h2> R ( / @Em«) + hoR ( / ugﬁd,@) = o(1).
0 0 0

Proof. The proof of this Lemma is divided into two steps.
Step 1. In order to prove (3.107)-(3.109), we need to prove the following estimations
o(1) o(1)

(3.110) lwszall < = W3 ()], 192 (O)] < ON?),  [waan(§)] < Ny forie {1,3} and ¢€{0,L}.

Using Galgliardo-Nirenberg interpolation inequality, Lemma 3.8 and the fact that w,,, is uniformly bounded
in L2(0, L) and taking ¢ = 6, we get

hih
(3.108) (Glhl— 122

1 1 o1
wssall < Nomaall? lwsel? + waell < 22,

A
Since w € H*(0, L), then w,,, € H'(0, L). Using Gagliardo inequality, we get

; | o)
|waza (§)] < ||W||}114(0,L)||‘U||;12(0,L) < Bt
Since u? € H%(0, L), then
1 1 1
lu(§)] < ||U3||;11(0,L)||u3||12L[2(0,L) < O(A?).

Using the same argument, we obtain that |y*(z)(€)] < O(A2) for i € 1,3 and € € {0, L}.
Step 2. In this step, we need to prove estimations (3.107)-(3.109). For this aim, multiplying (3.71) by u3,
integrating over (0, L), taking the real part and using the fact that «3 is uniformly bounded in L?(0, L), we get

EI L — __ qé=L
= 3 _ 3
oh <§R </0 wxzxumxdx> R ({wxxx(g)ux(é)} 5_()))
G1hy /L — Gshs /L s hy /L — o(1)
+ R sudde | + s cudde | + —R Tpuddr | = ==,
ph ( 0 Y ph 0 Y ph 0 A?

Using Step 1 and the fact that %u—i’z is uniformly bounded in L?(0, L), we obtain

5 (e[ o) o (i)

Inserting the above estimation in (3.111), we get

L L L
(3.112) Gih R (/ y;u_idw> + Gshs®R </ yi@dm) + hoRR (/ TzEd!E) =o(1).
0 0 0

Now, using the definition of the function 7, we get

L L L L
— hih — hah — 1
ho¥ / Tpuddr | = hz/ [u3 2de — L 2R / yrudder | — 22R / yiuddr | + @.
0 0 2 0 2 0 A?

Inserting the above equation in (3.112), we get (3.107). Now, multiplying (3.71) by y! and 3> respectively and
using the same argument in Step 1, we get (3.108) and (3.109). O

(3.111)

= o(1).
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Lemma 3.12. Assume that G; # G and ((H4) or (Hs) holds). Then the solution U € D(A) of system
(3.69)-(3.73) satisfies the following asymptotic behavior estimations

L L L
(3.113) [ 1dPde= o), [iPde=ov). [ luPdz = o),
0 0 0
and
L L L
(3.114) /|/\u3|2dx:0(1), /|)\y1\2dz:0(1), /|/\y3|2dx:0(1).
0 0 0

Proof. The proof of this Lemma is divided into several steps.
Step 1. The aim of this step is to prove that

L o)) .
(3.115) R (/ uiyidm) _ { BVl if (Hy) holds,
0 o(1) if (Hs) holds.
Using the same technique in Lemma 3.10, Lemma 3.8 and using the fact that u3 is uniformly bounded, we

obtain the aim of this step.
Step 2. The aim of this step is to prove that

L
(3.116) R </ zyzdx> =o(1) and / |u3 |2dx = o(1).
0

Multiplying (3.79) by he and summing with (3.107), then using step 1, we get the the first estimation in (3.116).
Now, Inserting the first estimation in (3.116) and (3.115) in (3.79), we get the second estimation in (3.116).
Step 3. In this step we prove that

L L
(3.117) / lyl|?dz = o(1) and / ly2|2dx = o(1).
0 0

For this aim, multiplying equation (3.80) by he and summing with (3.109) then using Step 1 and Step 2, we
get

L L
(3.118) G3h3/ ly2|2da + G1h R (/ yzyzdsc> =o(1).
0 0
Now, Multiplying (3.82) by hy and (3.80) by —hg, summing the result, we get
L L
1
(3.119) G T R
0 0 A
Now, multiplying (3.82) by hs and summing with (3.108), we get
L L
(3.120) Glhl/ lyL|2dx + G3hsR / yvyldr | = o(1).
0 0
Similarly, multiplying (3.118) by Gshs and (3.120) by —G1hq, then summing the result we get
L L
(3.121) G2n2 / 2 2 — G202 / 2 Pz = o(1).
0 0
Furthermore, multiplying (3.119) by G2 and summing with (3.121), we get
L
(3.122) (G5 -G?) h%/ lys|2dz = o(1).
0
Using the fact that G3 # G, then we obtain

(3.123) h2/ lyL|2dz = o(1).
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Inserting (3.123) in (3.119), we get the second estimation in (3.116). Next, in order to prove (3.114), multiplying
(3.72), (3.70) and (3.73) respectively by w3, y' and y3, we get

L E3 L
/ v 2dar — —/ i [2dz = o(1),
0 pP3 Jo
L El L
(3.124) / Myt |2de — —/ lys|2dz = o(1),
0 P1 Jo
L E3 L
| e = 22 [ lapde = o)
0 pP3 Jo
Using (3.113) in (3.124), we get (3.114). The proof has been completed. O

We are now ready to finish the proof of Theorem 3.2. We distinguish two cases.
Case 1. If G; # G35 and (Hj3) holds, then using Lemmas 3.7, 3.8, 3.10, we get

o(1) r r o) [* g o(1)

[P A2, e =o(t), [ hdPds =2 [TdPde=otr). [ lupde = %3
L L L

/ |was |2 dz = 2 , / lyk|2da = o(1), / ly2|2dx = o(1), / |v3|2dx = o(1), / |23|2dz = o(1).
0 )\ 0 0 0

It follows that ||U|l% = o(1), which contradicts (Hz). This implies that
sup [|(iA] — A) 7|2 <O(X?).
AER

Case 2. If G; # G5 and ((Hy4) or (Hs) holds), then using Lemmas 3.7, 3.8, 3.12, we get
o : o(1)
/ v |2 da = A6 : |2 [*da = o(1) / |ul|2da A6 , | wd|dz = o(1), 0 [f2de = 23,

L
IR / ifar = o), [ g2 = o), / 0 Pdr = o), [ |dr = o(1).
0 0 0 0

It follows that ||U|l% = o(1), which contradicts (Hz). This implies that
sup [|(iA] — A) 7|2 <O(X%).
AE€R

The proof has been completed.

3.3. Proof of Theorem 3.3. . In this subsection, we assume that (b,c¢ > 0 and a = 0 and % # %) We
will check the condition (Hz) by finding a contradiction with (3.4). From (3.6)-(3.15), we obtain the following
system

(3.125) Nul + (p1hy) Tt [Erhaug, + 7] = A0 fa —iATO fy,

(3.126) Ny + (pi 1) [Ellly}m + %T — Gihi(wg +y') —idby } = A 5f— A—G(plih + i) fs,
(3.12w + (ph)~* [~ Elwzpes + Ghwzs + Gihiyl + Gshsy? + hot, — idw] = A fs = AO(c+iN) fs,
(3.128) MU + (pshs) ™' [Eshgul, — 7] = —A"Cfsg—iA T fy,

(3.129) Ny + (pss) ™" [Esfsyzx + %T — G3hz(ws + yg)} = A9 —ixfy,

where G, = G1hy + Gshg. For clarity, we divide the proof into several Lemmas.

Lemma 3.13. The solution U € D(A) of system (3.125)-(3.129) satisfies the following asymptotic behavior
estimations

L L L
o(1 0 o(1
(3.130) [ar =D [par =D, [y par= 2D ana [opar =24,
0 0 0

Proof. Same arguments of Lemma 3.7. O

23



Lemma 3.14. The solution U € D(A) of system (3.125)-(3.129) satisfies the following asymptotic behavior
estimations

L
(3.131) [ oeal? = 22 /|w\2 A ana /| o = %),
0

Proof. For the first two estimations, using the same arguments of Lemma 3.8. Now, we will prove the third
estimation. For this aim, multiplying (3.126) by y!, integrating over (0, L) using Lemma 3.13 and the facts that
A7 is uniformly bounded in L?(0, L), f3 — 0 in H}(0,L) and f; — 0 in L?(0, L), we get the third estimation
n (3.131). O

Lemma 3.15. Assume that % # %. Then, the solution U € D(A) of system (3.125)-(3.129) satisfies the
following asymptotic behavior estimations

L L L
(3132 = [Cdparew ([ odar) - B ([ yrar ) = 42,
0 0 2 0 A2
L L
(3.133) h3/ ly31?da — (/ uzyide ) +R </ UiE(M) = O)EP,
0 2
L L L
(3.134) /\uf’g|2dw—§)? / uluddx fﬁgfe / Vudde :0(})’
0 0 2 0 A2

3)2 3124 b hs b
dz — - Sdy | — 2 54

v [Tuipae—y [(wipae— ln( [Cutige) - 2w ( [ i

1 h3 G3h3 / 0(1)

— - - R ydde | = <52
+ <h3 iL I o Upyide A2
Proof. The proof of this Lemma is divided into several steps. o L
Step 1. In this step, we prove estimation (3.132). For this aim, multiply (3.125) and (3.126) by yl, and ul,

respectively, integrating by parts over (0, L), subtracting the two equations, taking the real part, and using the
facts that 7, is uniformly bounded in L?(0, L) and using Lemmas 3.13 , 3.14, we get

(3.136) R (/L ’rmu_glcdx> = %
0

Using the definition of the function 7 and Lemma 3.14 in (3.136), we get (3.132).
Step 2. In this step, we prove estimation (3.133). For this aim, multiplying (3.126) and (3.129) by Z —ym and

(3.135)

%E respectively, integrating by parts over (0, L), subtracting their results, taking the real part, and using
the facts that % =+ % and using Lemmas 3.13 and 3.14, we get

(3.137) —R (/L T];yzdx) = g.
0 2

Using the definition of the function 7 in (3.137), we get the (3.133).

Step 3. In this step, we prove estimation (3.134). For this aim, multiplying (3.128) and (3.126) by %E and
p—;uim respectively, integrating by parts on (0, L), subtracting their results, taking the real part, and using the
fact that % #* % and using Lemmas 3.13, 3.14, we get

(3.138) R (/L Tzu_idx> _ OA(?.
0 2

Using the definition of the function 7 in (3.138), we get estimation (3.134).
Step 4. In order to complete the proof of this Lemma, we prove estimation (3.135). For this aim, multiply
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(3.128) and (3.129) by y3, and u3,, respectively, integrating by parts on (0, L), subtracting their results, taking
the real part, and using Lemmas 3.13 and 3.14, we get

1 L hs R Gshs Lo 0(1)
1 — Ty + — TLu3 — R4 3u3 = —.
(3 39) s R (/0 Iyxdx> o7, R (/0 Iuwdx> A /0 ypusdr \2

Using the definition of 7 in (3.139), we get estimation (3.135). The proof has been completed. O

Corollary 3.16. Assume that % # %. Then, the solution U € D(.A) of system (3.125)-(3.129) satisfies the
following asymptotic behavior estimations

L
— 1
(3.140) R (/ ugygdm> _ o),
0 A
Proof. Multiplying (3.133) by h3 ' and summing with (3.135), we get
hs [*

h Sp— h}  Gsh E— o(1)
3 3127, 18 1.3 _ (s 3183 3,73 _
2% J, ug|“dx 213?)? (/0 umuxdm> <413 + T ) R (/0 uzyxdm> S

Now, multiplying (3.134) by —2’1733 and summing with (3.141), we get (3.140). The proof has been completed. [

(SIS

(3.141)

Lemma 3.17. Assume that % + %. Then, the solution U € D(A) of system (3.125)-(3.129) satisfies the

following asymptotic behavior estimations

L L L
(3.142) - hg/ lul |2dx + ho®R (/ ﬁ;@m) + h3 (Gg - %) R (/ yi@dx) =o(1).
0 0 0

Proof. First, using the same arguments in Step 1 of Lemma 3.107, we obtain

o(1 1
(143) el < A OISO () a1 e O)], e ()] <

Next, multiplying (3.127) by ul,
L2(0, L), we get

EI L _ _ qe=L

- (?R ( / wmzualmdw> - <[wmz(§)u}v(§)h_0)>
Gghg L 3 3 h? £ -3 _ 0(1)

+ oh R (/0 yxuidx> + p—hﬂ? </0 Tzugdx> =

Using (3.143) and the fact that %@ is uniformly bounded in L?(0, L), we obtain

—_

o(1)
Az

integrating over (0, L) and using the fact that vl is uniformly bounded in

(3.144)

El (gce ( / ’ wx:ﬁzqux) ~R <[w (g)ﬁ(g)rd» — o(1).
oh ) T roT 28],
Inserting the above estimation in (3.144), we get
L L
(3.145) Gshs®R (/O ygu_}cd:z:> + ho® (/0 Tzu_;dx> = o(1).
Using the definition of 7 in (3.145), we get estimation (3.142). The proof has been completed. O

Corollary 3.18. Assume that % # %. Then, the solution U € D(A) of system (3.125)-(3.129) satisfies the
following asymptotic behavior estimations

L L
(3.146) R (/ yiu_};dac) =o(1) and / ly2|2dx = o(1).
0 0

Proof. Multiplying (3.132) by —hs and summing with (3.142), we get the first estimation in (3.146). Now,
using the first estimation in (3.146) and (3.140) in (3.133), we get the second estimation in (3.146). The proof
has been completed. O
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Lemma 3.19. Assume that % # %. Then, the solution U € D(A) of system (3.125)-(3.129) satisfies the
following asymptotic behavior estimation

(3.147) R </L u;@dm> = %
0

Proof. The proof of this Lemma is divided into two steps.
Step 1. In this step, we prove the following estimation.

E, E Ep— Ey [F E, [F
p1p3/\2< L —3> R / uruddr | — —3/ ul |Pdz + —1/ Jul |*dx
P1 P3 0 h1 Jo hs Jo

FEs E1> /L 1—=
— —— R uyuddz | = o(1).
(R-1 ( i) - o)

For this aim, multiplying equations (3. 125) and (3.128) by u3 and &ul respectively, integrating by parts
over (0, L) and using the facts that A='u3, and A™1ul are umformly bounded in L2(0, L), we get

(3.148)

Im zwt

E; 2/L |~ E1E3/ ) E; /L — o(1)
3.149 ——A ugudde + —— ul ud dr — Tpuddr = —*
( ) P3 o o F P1P3 e p1pszh1 Jo ‘ A
and

_E EsE — E B 1
(3.150) B [Cutitao + B2 " s B [ igae = 00,

P1 0 p3p1 Jo p1p3hs3 A

Subtracting (3.149) and (3.150) and taking the real part, we get

L L L
(3.151) p1psA? <& - %> R / upulde | — %3? / rpuddr | — &5}? / reuldr | = @.
P1 P3 0 hi 0 hs o A

Using the definition of 7, Lemma 3.14 , (3.140), (3.146) and the fact that vl and u2 are uniformly bounded in
L?(0, L), we get

L Es L By [T
(3.152) — —§R / Teuddr | = —R / urudde | — —/ |u[*dz + o(1)
hl 0 hl 0 hl 0

and

E L L
(3.153) _ Ly /Tmu}ﬂdx _ /| 124y — /ui Tz | +o(1).
h3 0 h3 0

Inserting (3.152) and (3.153) in (3.151), we get the desired result (3.148).
Step 2. In this part we prove (3.147). For this aim, multiplying (3.132) by
using (3.146), we get

E, E L= By [* E L=
(3.154) p1p3N2 <p11 - P§> R (/0 uiuidx) - h—f/o |ul |2dx + h—f?}? (/0 uiu%dm) = o(1).

Now, multiplying (3.134) by f—f summing with (3.154) and using (3.140), we get

E, FE L —
p1Pp3N2 (pll - p;) R (/0 uiuidaz) = o(1).

Using the fact that % #* %, we get the desired result (3.147). The proof has been completed. O

El, summing with (3.148) and

Corollary 3.20. Assume that % # %. Then, the solution U € D(A) of system (3.125)-(3.129) satisfies the
following asymptotic behavior estimations

L
1
(3.155) / |ul|*dz = o(1) and / |u |2dx = of )
0
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and the following estimations

L L o(1) L
(3.156) / |\t |?dz = o(1), / |\ |2de = 1 and / I\ [2dz = o(1).
0 0 2 0

Proof. Using (3.147), (3.146) we obtain the first estimation in (3.155). Similarly, using (3.147) and (3.140), we
get the second estimation in (3.155). Now, multiplying (3.125), (3.128) and (3.129) by u!, u3 and y3 respectively,
integrating by parts and using (3.146) and (3.155), we get (3.156). The proof has been completed. O

We now finish the proof of Theorem 3.3. Using Lemmas 3.13, 3.14 and equations (3.146), (3.155) and (3.156),
we obtain that |[U||3 = o(1) , which contradicts (Hs). This implies that

sup || (GAT — A) 7| <O(X5).
AER

The proof has been completed.

To conclude this paper, we give the following observations:

For a system of partially damped wave equations coupled by velocity or displacement (such as the Timoshenko
beam equation, the Bresse beam equation), it is well-known that the damping is more effective in the case
of equal wave speeds. However, for the Rao-Nakra sandwich beam equation or its generalized version, the
opposite is true. The key to stabilization is to break up the symmetry.

e When both the longitudinal and shear displacements of the top/bottom layer are damped, no condition
on the system coefficients is needed for stabilizability.

e When only the longitudinal displacement of the top/bottom layer is damped, we need the shear modulus
G # G3 for stabilizability.

e When only the shear displacement of the top/bottom layer is damped, we need % #* % for stabiliz-
ability.

APPENDIX A. SOME NOTIONS AND STABILITY THEOREMS

In order to make this paper more self-contained, we recall in this short appendix some notions and stability
results used in this work.

Definition A.1. Assume that A is the generator of Cy—semigroup of contractions (etA) on a Hilbert space

>0
H. The Cy—semigroup (e4),_ is said to be

(1) Strongly stable if

- tA _
t_l}glooHe zollg =0, Vo€ H.

(2) Exponentially (or uniformly) stable if there exists two positive constants M and e such that
le“zollm < Me™*||zollm, V>0, Vao € H.
(3) Polynomially stable if there exists two positive constants C' and « such that
||€tA$0||H < Ct_aHAl‘oHH, Vt>0, Vg € D(A)
O

To show the strong stability of the Cy-semigroup (etA) we rely on the following result due to Arendt-Batty

[3]-

t>0

on a Hilbert space

Theorem A.2. Assume that A is the generator of a Cy—semigroup of contractions (etA)

>0
H. If A has no pure imaginary eigenvalues and o (4) N iR is countable, where o (A) denotes the spectrum of
A, then the Cy-semigroup (etA) />0 18 strongly stable. O
Concerning the characterization of polynomial stability stability of a Cy—semigroup of contraction (e“‘) >0 We
rely on the following result due to Borichev and Tomilov [5] (see also [4] and [11]) -
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Theorem A.3. Assume that A is the generator of a strongly continuous semigroup of contractions (etA)
on H. If iR C p(A), then for a fixed ¢ > 0 the following conditions are equivalent

. 1 ) 1
Al limsup — H i — A H < 0,
(&.1) AER,|A| =00 |A[¢ ( ) L(H)
C
(A.2) |etATL |2, < t—2||U0||%3(A), vt >0, Uy € D(A), for some C > 0.
z
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