CRITICAL EXPONENT OF FUJITA-TYPE FOR SEMILINEAR
WAVE EQUATIONS IN FRIEDMANN-LEMAITRE-
ROBERTSON-WALKER SPACETIME

MARCELO REMPEL EBERT AND JORGE MARQUES

ABSTRACT. We consider the nonlinear massless wave equation belonging to
some family of the Friedmann—Lemaitre-Robertson-Walker (FLRW) space-
time. We prove the global in time small data solutions for supercritical powers
in the case of decelerating expansion universe.

1. INTRODUCTION

In this paper, we prove the global existence (in time) of small data solutions to
the Cauchy problem for the semilinear wave equation with scale-invariant damping
and decreasing in time propagation speed

ug(t, ) — (1 + )2 Au(t, z) + %ut(t, x) = f(u(t,z)), t>0, x € R",
(1) u((),x) :OZUO(:C)a z € R",
ut(07$)=u1($), xGR",

with £ € (0,1) and 8 > 0. We assume that f(u) = |u|P for some p > 1 or, more in
general, f verifies the following local Lipschitz-type condition
(2) [f(w) = f(0)] < Clu—of (Jul"~" + [olP).
The case § =2 in is well known as FLRW spacetime model for the decelerating
expansion universe, whereas in the particular case ¢ = %, (1) is the nonsingular
covariant massless field in the Einstein- de Sitter spacetime (see [19]).

Let us start with the state of the art in the case ¢ = 0. If g > % for n = 1,
g >3 forn =2 or B >n+2forn > 3, by assuming data in the energy
spaces with additional regularity L'(R"), the global (in time) existence result for
(1) was proved in [3] for p > pp(n) = 1+ 2, the well known Fujita index [14].
The exponent pr(n) is critical for this model, that is, for p < pp(n) and suitable,
arbitrarily small data, there exists no global weak solution [§]. As conjectured in
[7] and [9], if 8 becomes smaller with respect to the space dimension n, the critical
exponent increase to max{pg(n + ), pr(n)}, where pg is the Strauss exponent for
the semilinear undamped wave equation [I8], [24]. In [20] the authors proved a
blow-up result and gave the upper bound for the lifespan of solutions to for

1<p<ps(n+p)and g €0,8:), with B, = 712%_?;2 It is worth noticing that if

B €[0,B,), then pp(n) < ps(n+ B) and, pp(n) = ps(n + B.).
Recently, in [4] it is proved, in the case £ = 0, that the critical exponent to is
equal to max{pg(n+03),pr(n)} for n = 1 and, in [5] it is proved the global existence
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of small data solutions for p > pr(n) and 8 > n in space dimension 2 < n < 5. As
far as we know, it is still a open problem to prove global existence of small data
solutions for p > ppr(n) in the cases B, < f < n for n > 3 and for p > pg(n + B)
for 0 < B < B, for n > 2.

For ¢ € [0,1), 8 > 0 and n > 2, let ps(n,?,3) be the positive root of the
quadratic equation

<n1+5_£>p2<n+1+5+3£)p2—0.

1-4 1-7

Recently, in [21] and, independently in [25] and [26], the authors have proved blow-
up in a finite time and upper estimates of the lifespan for solutions to for

1 < p<max{pr(n(l—12)),ps(n,tp)}.

A blow-up result for =2 and ¢ € (0,1) in (1) was also proved in [I5].
It is worth noticing that if pr(n(1 —¥¢)) = ps(n, ¢, Be(n, £)), where

Bc(n,f)iﬁ—l—(l—f)(n—kl— 2 )_n2(1—€)2+n(1—€)(1+2€)+2.

pr(n(1—20))) 24+n(l1-12)

In particular, if 8 > B.(n,£), then ps(n, £, 8) < prp(n(l —4£)).
In [2], the authors proposed a classification of non-effective and effective dissi-
pation, respectively, for the damped wave equation

up (t, 2) — a®(t)Ault, z) + b(t)us(t,z) = 0

with increasing speed of propagation. The authors derived sharp estimates for
solutions to the Cauchy problem and, in the case of effective dissipation, i.e.,

b(t)j;l((tt)) — 00, as t — 0o, Aty =1+ /Ot a(t)dr,

derived global existence (in time) results for the semilinear problem with power
nonlinearities. A similar classification was introduced in [I2] in the case a € L!.
A natural generalization for the model is to consider a positive and decreasing
speed of propagation a(t), with a ¢ L'. But in this paper we restrict ourselves
to the case in which a is a irrational function, since it includes interesting models
by itself, for instance, if £ = % in , the considered model coincides with the
non-singular wave equation in the Einstein de Sitter space-time ([16], [I7]).

The main goal in this paper is to prove, under the assumption of small initial
data in LY(R™) N H*"Y(R™), k > 1, the global existence (in time) of solutions
to for supercritical powers p > pr(n(1 — £)), by supposing that 8 > 5.(n,?).
Combine the obtained results in this paper with the blow-up results derived in [206]

we conclude that pp(n,¢) = 1+ ﬁ is the critical exponent for the global in

time existence of solutions for 8 > B.(n,¥).

As far as we know, it is still a open problem to prove global existence of small data
solutions to (1)) for p > ps(n, ¢, 8) and 0 < S < B.(n, £). Tt is expected that a similar
approach to those used for the semilinear free wave equation may be appropriate
to decrease values of 8 and to overcame some gaps that appear in this paper.
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2. MAIN RESULTS

To simplify the writing, from now we consider
2
3 o(n, f) = 1-0H)) =14 ———.
(3) pe(n, £) = pr(n(l - 1)) +n(176)
In the next theorems, due to the fact that p.(n,f) — oo as £ — 1, the choice of the

spaces of solutions is related to fixed ranges for £ € [0,1) and the space dimensions
n > 2. To state our first result, let us define the following parameters

_ . 2(npe(n,f) — 1 . 2(n+1
0 g= 2020, L)
Theorem 2.1. Let £ be such that
0<t(<1-12L if2<n<5
{ 1= 20t <r<1-ml if6<n<8
and 5
52€+(n+1)(1—€)—5(1—£),
with @ € [pe(n, £), q4], where pe(n,?), g5 and q are given by and . If
4dp.(n, L
pe(n,€) <p < #3) +1,
then there exists § > 0 such that for any initial data
u; € D=L'(R") N L*R"), lluillp < 4,

there exists a unique weak solution u € C([0,00), LP<(R")N L% (R™)) to (1)). More-
over, the solution satisfies the following estimates for p. < q < gy:

B>+ n+1)(1—0—2(1-1) thenﬂ

Cn(1-1)(1—
(5) ut, e S (14707
whereas if £ + (n+1)(1 —¢) — %(1 -0 <B<L+(n+1)(1-4) - %(1 —{), then
for any e >0
(6) [t Mze S (1+ 9GO0 |y ||,
Remark 2.1. One of the crucial property in the proof of Theorem is that
r(q)pe(n, £) < gy, for all p.(n, ) < g < g4, with
1 1 1 1
7 =
@ r(q) 2n + 2 + ng
This condition is satisfied under some condition on ¢, namely,
4 n—1
c(n, £ L<1— =1--_-
r(@g)pe(n, £) < g & £ < gi(n+1)—2(n—-1) 2n
Since r(q) < r(g) for all p.(n,£) < g < g4, we also have
-1
2n
In particular, it implies the existence of ¢ satisfying q < ¢;.
For instance, for £ € [0, %) if n =2, and for £ € [O, %) if n=3.

r(q)pe(n, £) < @ eSl<l— n

et f,9: 92 CR"™ — R be two functions. From now one we use the notation f < g if there
exists a constant C' > 0 such that f(y) < Cg(y) for all y € Q.
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Remark 2.2. By using that

4
_T(Qﬁ)>+1: pc(n,€)+1< Q4 :n—|—37
g n+3 r(g) n-—1

with r(q) given by , we conclude that the upper bound for p in Theorem

satisfies
. 7(gs) a4 4pe(n, £)
pgmln{pc n, (1— )—i—l, = + 1.
(n.6) a r(gz) n+3

Remark 2.3. Taking into account that L' — L7 linear estimates in Corollary 2 of
[5] hold only for 2(:;11) < g < g4, in the proof of Theorem we have to assume

NW%W@<%¢$%W@(1

2(n—1)

>
pc(n,f) < Tl

Hence a restriction from below in ¢ is also needed, namely, ¢ > 1 — i((zt?), n > 4.

This condition is true for £ = 0 under the assumption 2 < n < 5 in Theorem

Remark 2.4. Let r&) = % + 5+ %. Condition means that ¢ is defined by

pe(n, €)r(7) = g. In particular, thanks to (n — 1)ps(n,£) > 1 for n > 2 it holds
1 n n—1 n n—1 n n—1

i e Or(g) | @ 2 0@ 7m0 | @

= (o ) " (G 3)

- () (g

In the case § = p.(n,¢), Theorem yields the threshold value

2
B>0+(1—4 (n+1—> = Be(n,l).
(1-10) oD (n, £)
If £ = 0 then p.(n,0) =1+ 2 and ¢ = 2, so we have to assumeﬁzn—i—l—%:n.
In particular for £ = 0 and n = 2, this condition coincides with the threshold value

B > /BC(270) =2

In our results, the novelty is to use higher regularity H*(R"), k > 5, in order to
consider larger values on the parameter ¢ and to relax the condition in the upper
bound for p in Theorem In particular, it is possible to include for n = 3 the
speed of propagation a(t) = (1 + t)_%, that appears in the well known Einstein de
Sitter model for decelerating expanding universe [16].

In the next two theorems we restrict our analysis to the case of small values for 3,
whereas the simple case of large values for 3 is treated in Theorem [2.4

Theorem 2.2. Let { € (1 — %7 %) form=2o0rn=3, and k =1+ % such that
either 3 <k <2 ork =2, ie, (= %,forn: 3. Ift+n(1-0(1+¢) <8<
2—L+n(l1—0)(1+4) and p > pe(n,l), with p.(n,l) given by [3)), then there exists
6 > 0 such that for any initial data

weD=HR)NIMRY, b <6,



GLOBAL EXISTENCE FOR SEMILINEAR DAMPED WAVE EQUATION 5

there exists a unique energy solution u € C([0,00), HX(R™)) to , which satisfies
the following estimates

llut, M2 S 1+ julp,

[t e S R(®)[urlp,
with
wy = {0+ HEDERL (1 )1+ < <24 n(l - 0)(1+0),
(142" (In(e+1)2, B=L+n(l—01+0),

and "

ult, ) ge S A +8) 2 [Jurllp.
Remark 2.5. We point out that

2 0

€>1——<:>k:1+i>ﬁ<:>pc(n,f)>2

n 2 2
for n > 2. Moreover, k < p.(n,f) iff £(1 — £)n? < 4, in particular, this is true if
e (1—-2,1) forn=23.
Example 2.1. If ¢ = %, the conclusion of Theorem holds for n = 2,3 with
B=5(2+%).

In the following result we may consider the case ¢ € (%, 1) for n = 3, by looking
for solutions with additional regularity H*(")=172(R3), with x(r;) = 3 (% — %)
and rq, 7o satisfying
2(3¢— 1) 6

8 > 2 < < — .
(8) & 1—¢ "2 2k(r1) — 1

Theorem 2.3. Letn =3, (€ (%, 1), r1,T9 satisfying with k(r1) =3 (% - %)
IO+ 6(1—0) (1—%) <B<2-0+31—0)(1+0) and

9 _
(9) pc(3,€)<p<l+w7
with p.(3,€) given by , then there exists § > 0 such that for any initial data
w € D=H VTR N L'RY),  Jlullp <3,

there exists a unique energy solution u € C([0,00), H*")(R3) N H=()~1Lr2(R3))
to , which satisfies the following estimates

(s Wgonen S (14 HEDEHED) |1y |15, j = 0,1;

and

(4—1)(71(1—%)%(”)—1)

lu(t, M gren-1r2 S (1 +1) [lu -

Remark 2.6. We remark that @D is not empty due to

2(3¢ -1 2

%g) 2=k > T

Since we are interested into consider small values of 3, we take the smallest possible
value for ry.

1
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Remark 2.7. From rq > % it follows that x(r) > % and for £ € (2,1) we
have

60—-3 _ 3¢

> =37 -5+2<0.

30—1° 2 T2s

Therefore, for £ € (%, 1) it holds that x(r1) > k — 1, with k given by Theorem

in particular,
1
L+6(1—12) (1— r) =0+3(1-0)+2(1—0Ok(r1) >L+3(1 =01 +2).
1
In the last result we also consider higher space dimension, but due to the tech-

nique some additional lower bound for p and 8 come into play:

Theorem 2.4. Let { € (1—7 1) forn >2 Lmdk:—l—&—’;Z
IfB>2—0+n(l—0)(1+¢) and p > max{p.(n,0),k}, with p.(n,t) given by (3),
then there exists § > 0 such that for any initial data

Up ED:Hk_l(Rn) N Ll(Rn), ||U1||D <6,
there eists a unique energy solution u € C([0,00), H¥(R™)) to , which satisfies
the following estimates

(10) llut, Mz S 1+ jullp;

and

(11)
s g S Ml (L+ )0, B> L+n(l—0)+2k(1-1)
TPl (1n(e+t))%, B=l+n(l—10)+2k(1—20)

3. REPRESENTATION OF SOLUTIONS TO THE LINEAR CAUCHY PROBLEM

Let s > 0 be a parameter. We need to solve a family of parameter dependent
linear (f(u) = 0) Cauchy problems corresponding to :

uge(t,x) — (1 4+ 1) "2 Au(t, z) + %ut(t,x) =0,t>s
(12) u(s, ) = g1(s,x)

ut(s, x) = ga(s, ).
We begin by applying Fourier transform to the solution of the problem . We
denote the partial Fourier transform of a tempered distribution or of a function
u: R x R® — C with respect to =, by @ = Fu or a(t, ) = Fu(t,-). The notation
Z~1 denotes the inverse Fourier transform, in the appropriate sense.

Following as in [12], we make the change of variables T = %\f | and v(T,s) =
a(t,s,€). If u(t, s,z) is the solution of then v(7, s) satisfies

(1) + (1ﬁ7Z§r V(1) +o(r) =0

S ¢ ~
(13) o (1) = i(s, )
v ((1+s)l ‘lsl) _ G2(5:8)
17 e

Moreover, if we are looking for a solution in the product form v(r,s) = 7Pw(r, s),
then w(7, s) is a solution of the Bessel’s differential equation of order +p:

(14) 720" (1) 4+ 1w/ (1) + (7% — pHw(r) =0
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where p = 2(11;_@) We will use the set of Hankel functions, {H} (1), H, (1)} to
write the general solution of the ODE (|14). First, according to [27] we introduce
an auxiliary function

— [ (+s)'*l¢] - (a4 g
H : H’y+5 1—¢

j 1-¢
(15) Vinalts, &) = €| s i

+ + (46" *l¢|
H’Y 1— Hw+5

1—¢

where j,7,d, s are real parameters. Since Hﬂjf = J, £1Y,, we can rewrite it in the
form

” (1+s)1;£‘§‘ Jois (1+t)1;z|€|
et - -
(16) Ufm 6(t757€) = 2Z|£‘j 1+g)l—t 1-¢
7 + € 1+t ¢
Y, : i)fe < Yoyis ( 1)74 <
ify,vy+d€Z,or
(1+s)'“¢ 1+ *gl
Y\~ 1-¢ J—’Y—5 12

(17) wj77,5(t757§) =2 CSC(’YW)K'J- 145)1-% 1 1—¢
(—1)3.7, (( to) |5|> Jyss (( 9% IEI)

if v,v 4+ 0 € Z, where J,,Y, denote the Bessel functions of the first and second

kind, respectively. We then determine the Fourier multipliers and the first order
partial derivatives with respect to ¢ to represent @ and wu; in the explicit form.

Lemma 3.1. (see [10]) Let u(t,s,z) be the solution of (19). Then the partial
Fourier transform of u with respect to x, 4, is represented by
(18) ’[L(t, S, g) = m0<t7 S, §>g1(87 g) +my (ta S, E)gAQ(S’ g)
with Fourier multipliers and the first order partial derivatives with respect to t given
by

4 —1)Fmi ,
(19)  &fmy. = i(l)_g)(l ) O 4 )R Yy ke pk 11k

where p = 2(11;7%), k,7=0,1.

4. LP — L7 ESTIMATES

In order to obtain an estimate of we have to distinguish between large and
small 7 values. We divide the extended phase space Rg X Rg x RT into three
zones. We define the zone of high frequencies

Zy={(t,s,|&]) : €] > (1+ )71},

and the zones of low frequencies
Zy ={(t;s,€)) : 1+ )T <[ < (L +9)71,

Zs = {(t,s,€) : €] < (L +6) 1},
separated by the boundary {(t,s,|£]) : (1 +t)'~|¢| = (1 —£0)}.

Given a cut-off function x € C*°(R") satisfying (1) g: N f we define

xi(s,€) =1 = x((1 + )"~ *[¢]),
Xa(t,5,€) = x((1+ )" €]) (1= x (X + ) ~“fe)))
Xa(t,5,6) = x((1+ )"~ Dx((1 + )" ~*le)),
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such that x1 + x2 + x3 = 1.
Lemma 4.1. Let £ € (0,1), v # 0, and k > 0. It holds

(20) €1 [o.r0(t, 5, <
E[F (1 4 5) D2 (1 4 )1/ if (t,s,6) € Z1
|§|k—lvl—1/2(1 + s)(f—l)h\(l + t)(f—l)/2 if (t,5,€) € Zo
€[ (1 + )11 4 ) =01 if (t,5,€) € Zs,

foralls >0 andt>s.

Proof. For any N € (0,1), the following properties hold:

(21) |HE(r)| < 7%, 7 €[N, o00);
(22) \HE(r)| < L1 e (0,N), v # 05
(23) (7 S 7, 7e(0,N);
(24) YV,(r)| < 777, 7€ (0,N), v #0.

To conclude the estimates in zones Z; and Z; we may use the representation (L5]),

estimates and , whereas in the zone Z3 we use — and —.
O

Proposition 4.1. Letn > 2, ¢>2 and ¢ € (0,1).
LYR™) N L™(R") fo<k<1
L'BRMNHYR") ifk>1
ng
n+q(l—k)’
The solution u of the problem (@ satisfies the following a priori estimates.

] Fork€[0,1) and2§q<m

(@: If1<B<+2n(1—0) (1= 1) +2k(1— ) then

Assume that go € { , with m € [1,2] such that

m=m(k,n,q) > kel0,1).

25)  |ID[Fult, s, )lze < (1 +1) T2 1+ s) 7 HEDEO=3)4R) b (g,),;

~ )

q

(i) 18> ¢+ 2n(1—0) (1= 1) +2k(1— ) then
(26) IDFu(t, s, )|za S (1+5)(1+ ) ED 0=+ g (g,);

~

where ¢(ga) = dqg(t, 8)lgallrs + (1 + 8)"COC=5%) || go|| L with

dytss) = 4 (In (Z‘iﬁ))l—% if B=t+2n(1—0) (1= 1) +2k(1 - 0)

1 otherwise

b

o fork>1:
(1): If1<B<Ll+n(l—2)+2k(1—¥) then

(27) (s, ) [ e S (L46) 7 (14 8) T HEDERR) (g,
(ii): If 6> L+ n(1 =)+ 2k(1 — ¢) then

(28) [t 5, e S (14 8)(1+O)EDER)(gy);
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where n(g2) = daft, 9)lgall s + (1 + )00 gyl with
i\
bty = ) (m(£2))" B =e+n—0+2w01-10)
1 otherwise

Proof. Tt is showed the estimates for the three zones.
Considerations in Z3: In the zone Z3, by Lemma [4.1] we may estimate

[€[*ma (2, 5,6)] S [€1°(1 + s).
By using Haussdorff-Young inequality and Holder inequality, setting
1 1

S=1-Z,
r q

for ¢ > 2, one may estimate
17~ (xa (s, )€1 ma (t,5,€)) * galla S lIxa(s, )€1 ma(t, 5,€) g2 o
S lIxs(s, )1 mat, 5, )l llg2 ] 1>
S (1481400 g, 1
thanks to

x5, EIEF e ) = /Z €7 de < (14 ¢) (e,
3

However, if 8 < £+ 2n(1 —¢) (1 - %) + 2k(1 — ¢), by using that

(29) (14 s)(1+ t)(Zfl)(n(17%)+k) <1+ t)%a + 8)1+¥+(271)(n(17%)+k)
we obtain
17 (a5 el ma (8, 5,€)xgallin S (140 (1) 77 HED00Z ) gy 0.
Considerations in Z;: In the zone Z; by Lemma [4.1] we may estimate
€1 [mat, s, ) S 11711+ 5)PFO2(1 4 )= D/2,

By using Haussdorff-Young inequality and Holder inequality, setting

1 1 1 1 1

m q
for2<g< m and k € [0,1), one may estimate
17 (xa (s, )€ *ma (¢, 5,€)) * gallLa < Ixa (s, )€ ma(t, s,€)gll Lo
S Ixa(s, 1€ ma(t, 5,6l 1ol o
S A+ T (1 +8)F (140G DD gy
thanks to
1, 1€ T (20) = /Z "D ag < (14 ) FrE=IDED (k1) 40 < 0.

For k > 1 it is clear that

L—B

177 0t (5, 1€l ma (8,5, ) 5 gall 2 S (1+5) 5 (1) [l o
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However, if 8 > £+ 2n(1 —¢) (1 - %) +2k(1 — £), by using that

(30) (148 (1467 S (140 DOO=0) (1 4 g)t+0-0(n(1-5)+k)

we may gluing the estimates in zones Z; and Z3, namely, for 2 < g < W
and k € [0,1), we get

|77 0aals )l ma(t5,9) * gallze S (148D (1 45y en=0(-3)
whereas for k > 1 and ¢ = 2 we get

177 Caa (s, OlelFma (1 5,€)) * galla S (1 + ) DEH) L4 )OO gy .
Considerations in Zs: In the zone Zs, by Lemma [4.1| we may estimate

€15 Ima (t, 5, )] S E[F7 (1 + s) (1 + ) =P/2,

lg2llLm

where a = %. Setting

1 1

S=1--,

r q

for ¢ > 2 then thanks to
Ixa2(s )IE " 20y = €| ag
Z>

(14 s)mDFrt=e) if o <k 4n (11
+t e 1
< ln(;rs) fa=k+n(l-y

(1 4+ t)E-Dotrk=a)) if o > k(11
q
one may estimate
177 (xa (s, )€1 ma (t, 5,€)) * gall 1o S lIxa(s, )€ ma(t, 5,€) g2l o
< lxa(s, )€f*ma(t, s, ) orllgall = S (L + 5)llg2l s
(1+ ) ED/2(1 4 ) D= HR)HE=0/2 81 < 3 < 04 (1—0)[2n (1 - l) + 2K]

q

x (14 1))/ (m (gg))l*% if=0+(1-02n(1-1)+2k
(1+ ) D((1=5)+#) i8>0+ (1-02n(1- 1)+ 2k
O

5. GLOBAL EXISTENCE RESULTS
By Duhamel’s principle, a function u € X, where X is a suitable space, is a
solution to if, and only if, it satisfies the equality
t
(31) u(t, ) = u'(t, ) Jr/ K(t,s,x) %) f(u(s,z))ds, in X,
0

where u°(t, x) is the solution to the linear Cauchy problem

un(t, ) — (1+ )72 Ault, z) + Lu(t,x) =0, t >0
(32) u(0,z) =0
ut(0, ) = up (x)
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and K(t,s,x) *) f(u(s,r)) is the solution to the linear Cauchy problem with
g1 =0 and g2 = f(u), being K(t,s,x) = .F *(m1)(t,s,z), i.e.

i
41 -0
The proof of our global existence results is based on the following scheme: We
define an appropriate data function space D and an evolution space for solutions

X(T) equipped with a norm relate to the estimates of solutions to the linear Cauchy
problem such that

K(t,s,x) = 1+ s)1+(ﬂ_1)/2(1 + 75)(1_5)/%?_1 (%0,p,0) (t,5,2).

[u’llx < Cflullp.
For any u € X, we define the operator P by
P:u€ X(T) — Pu(t,z) := u’(t,z) + Fu(t,z),
with .
Fultya) = [ Kltos0) s Slu(s,0)) ds.
0
then we prove the estimates
[1Pullx < Cllusllp + Cr(B)lull%
-1 -1
[Pu— Pulx < Ca(t)llu —vllx (lullx ™ + lvll% ) -
The estimates for the image Pu allow us to apply Banach’s fixed point theorem.
In this way we get simultaneously a unique solution to Pu = u locally in time for
large data and globally in time for small data [II]. To prove the local (in time)

existence we use that C1(t), Ca(t) tend to zero as t goes to zero, whereas to prove
the global (in time) existence we use Cy(t) < C and Ca(t) < C for all ¢ > 0.

5.1. Proof of Theorem [2.4]

Proof. (Theorem We define the space
nt

X(T) iC([OvOO)7£[I€(]E{H))7 k= ?"‘17

equipped with the norm

Jullxiry = sup (1+02% (Jults oo + 9O+ 00 fult, ) ).
€10,

with

!

>k
k,

(=1
=Y+ )% &
where k = % — 5. We have to prove the global existence in time of the solution
u assuming that there exists § > 0 such that

u; € D= HY(R") n LYR"), [ur|]p < 6.
Thanks to Proposition u® € X(T) and it satisfies
lullx < Clluallp-
It remains to show the estimates
(33) [Fullx < Cllulk,
(34) 1Fu — Follx < Cllu —ollx (Jlull% " + lol5) -
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Let us begin by prove (33). Taking into account the definition of the norm in the

function space X (T'), we split the proof accordingly to size of 3:
Let k > k, ie., 8> ¢+n(l—¥)+2k(1 —{). Applying Propositionwe have

IFute)lle S [ )0 (fluts, )P+ (049005 u(s, ) ) ds.

where s <m <2 and

| Putt, e S / (1) (1) D E (us, Lo + (14 ) O EF D fuls, ) g ) ds.

First, we use Gagliardo-Nirenberg inequality

ot las < o Ml M 000 = (5= 1)

q

for ¢ = jp with j = 1, m. We point out that 6(jp) < 1 for all p > 1 provided that
£>1—2 and §(jp) > 0 for p > pe(n, ) > 2. Since u € X(T) we may estimate

0 1-60
luCs, )Pl o = luls )R S luls, )17, luls, )15

\(n o \n(1-0)p n(f—1)(p— B
< (1450 1)(5+k)0p+(e—1) 2522 ||UH§((T) < (14 s)"ED0 )||u||X(T)7
q =pand ¢ = mp with =% < m < 2, for p > p.(n,£). Therefore, we obtain
t
IFuollis S @+00DE [t 0o Dagult,

t
n (1+t)(e71)g/0 (14 5)HA=0n(1=F)+n(e-1)(p *i)ds||u||§((T)

< (143

forp>1+ (1 7

Then, in order to estimate ||Fu(t,-)|| ., we may use that H*(R™), with k > 2, is
imbedded into L>°(R™). Indeed, thanks to Corollary for p > max{1l,k —1} we
may estimate

-1
s, WPl s < Clluls, M g [[uls, )z
Since u € X(T) we have

lu(s, ) s S (14 8)EDEF g g,
and thanks to Lemma for k < 5 < k it follows
lu(s, Yo S luls, Mige + luls, e S @+ EF) uf| oy
If we choose k = 5 — €0, With g sufficiently small, then

Nu(s, VP e S A+ S)(2—1)(%—i—k—l)—‘—(f—l)(n—so)(p—l)”u”])D((T),
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hence

t
IFut, Vg S (14 DE) / (14 )+ E=DE=D s[5 )

t
+ (1+t)<‘*1>(%+k)/0 (14 ) F (=0 DD gy 17

< @+ EVER u)n

forp>1+ (1 7
The case k =k, i.e., B =+ n(l —£) 4+ 2k(1 — £):
In this case one may conclude that
|Fut, e S (1 +FED ullf .
and

I1Fu(t, ) e < 1+ 8 EF) (e + ) ull% o)

forp>1+ (1 7
Finally, let us discuss the proof of only in the case 8 > ¢+n(1—0)+2k(1—¥).
Applying Proposition [£.1] we have

[Fu(t,-) = Fot, )|z < (1+t)(£_1)%/0(1+8)||(f(U)—f(v))(s,-)Hles

+ (1+1)EnE / 14 )OO ) — F0)) (5, ) s

0

Here, we may take m € [1,2] such that m > n+2
By using and Holder inequality, we find that

||(f(u) — F©))(5,) e
<Oy [ (w = v) (a1 + ol (s, )l e
<Oy (= 0)(s,) o (lluls, ) + (s, )En)
< Cy (14 5)" %) Jlu = wll ey ([l + 105

(35)

for any 1 < a < m. Therefore

||Fu(t, ) - F?)(t, ')HL2

t
S (Ht)“‘”f’/0 (1+ )0 asu— v oy (ullfeer + ol

+ (1 +t)(lil)%”u —vllx(m) (”U”X(T) + ||U||X(%r))a

forp>1+ (1 ok
Applying again Proposition [£.1] we have

[Fu(t,-) = Fo(t, )| gx

< (L+p)nE) / (1+ )| (F(u) = £(©))(s, )12 ds
+ (LG / (14 )OO () — F0)) (5, ) .

0
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From now we assume that f(u) = |u|P, without lose of generality. In order to
estimate ||(f(u) — f(v))(s, )| gr—1 we use

1
fu(s, )P — [o(s, 2)| = p / o+ (= ) [P~2(0 4+ 7(u — v)) (5, 2)dr(u — v) (s, ).
0
Hence, applying Proposition gives

lfuls, 2)[” = lv(s, 2)[Pll[| grr—s

S H(u—v)(sa-)llmfl/o [l +7(u = 0)[P~2(v + 7(u = ) (5, ) || oo dT

1
+ 1w —0)(s, ) oo / v+ 7(u — 0)[P~2(0 + 7(u — ) (5, )| ga-s d7.
Now, since u,v € X(T') we have
1w =) (s, Ml aes S (L4 ) EDEHFD )| ¢ .
Applying Lemma for k < 5 < k it follows
1(u—) (5, Moo S Iu=0)(s, ) g+l (=) (5, M e S (1+8)EDEE fu—v]| ()
and
o +7(u—0) P2 (v+7(u=0))(s, )| so < (L+8)EDERCD (B0 ol 1))
with k = 5 — €0 and gq sufficiently small.
For p > k Corollary [5.2] implies
o+ 7(w = 0)[P~2(v + 7(w — v))(5, )| s
< Oll(w + (= v))(8, M graa ll (v + 7(u = 0))(s, )52
< (14 5)EDEHL) (1 4 g EDERED (g2t ol gy)-
Therefore
1Fu(t, ) — Fo(t, )| g

t
(1+6) D (E+k) / (1+ ) DD aslu— ] xery (lullor + [0l

A

t
+ (1+ )R / (14 5) D=2V sy — of| oy ([[ullfe + 1015 T)

IN

(14 ) EDER) ol xery (lullBeer + ol
forp>1+ (1 7 (]
5.2. Proof of Theorem [2.2

Proof. (Theorem 2.2) Let n =2 or n =3 and k = % + 1 such that 2 < k < 2. For

k= 2(6172) 5 satistying % nt < | < k, we define the space

X(T) = C([0,00), H*(R™)),
equipped with the norm

l[ullx () = sup ((1+t)“‘“%llu(t7-)IIL2+h(t)IIu(t,~)|IHH+( +6) T ult, )Hm)v
te[0,T]
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with
h(t) — {(1 +t)<14)(ﬂ+k*1), S a0+ <B<2— L4101 +0),
(1+t) (ln( +t)2, B=L+n(1—-4)(1+2).
In the following we only prove . Let k— 1<k <k, ie.,
L4+n(1-0+2k-1)1-0) <p<l+n(l—10)+2k1-2).
Applying again Proposition [4.1] we have

IPutt, ) < / (+8) 140 VF (lfuls, )Pl + (14 5) 0O fuls, Pl ) ds,

with 2—" < m < 2. We will use now the fractional Sobolev embedding (for instance,
see [1])

Juto e S s M e @) =n (51, 2<a<o
by taking ¢ = jp with j = 1, m. We consider three possibilities for x; = k(jp) =n (; — 1),
7 = 1,m, which satisfying k1 < K, < k for £ > 1 — % In the first one, suppose .
that k,, <k —1 with k., = k(mp) =n (% - #p) we may estimate

s, )P s

lu(s, pan S llulss )x,
(1 + s)n(é—l)(p—;)”u”I;((T)’ j = ]-,m,

AN

hence, as in the proof of Theorem [2.:4] we conclude
[Fut, e S (14 6Dl .

forp > 1+ (1 7 In the second one, suppose that k1 < k — 1 < k,;, we may
estimate

s, MWPllr = lluls, )Ize S lluls, .,

< QI E g g

with k1 = k(p) =n (% — %), whereas

luts, )P lpe = uls, )G S luls, ..,
1-6 _ n _
< Nuls, G s, )12, < 1+ sPEDETED o

with 8 = k,,, — k + 1 since k — 1 < k,, < k. Therefore, if m > nz—fz is chosen
sufficiently small we conclude that

t
1Fut, ) S (1+6F )/0(1+8)H"“‘l)(”‘l)dsllu\\’;’((T)

t
+ (1+t)%( )/ (1+S)1+(172)n(17%)er(ffl)(%Jrkfl)dsHu”Z)?((T)
0
< DRl g,
for
2 1 2
p>1+ > +

n(l—0 " 14¢ n(l-20)
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In the last one, suppose that k — 1 < k1 < ky, < k we may estimate
(s, )Pl = luls, MG S lluls, e, S (14s)PE )(ﬁk*l)IIUH?{(T)v i=1m
and we can conclude as in the previous one that

|Putt, Y2 S (L4630 uf% g

for p > 1+ (1 7
Ifl= 5 for n = 3, i.e., k = 2, applying again Proposition we have

()7l 22 ) ds.

t
n n(
| Futt, Y S / (1) (1+) D ED) (Jluls, )71 + (14 5)
0
Using the fractional Sobolev embedding we may estimate
s, )Pz = s, N el MEpuayy S (14 9PEDED

where k(2p) = % (1 — %) > 1 forp >3, ie,p>p. (3, 3) Therefore, if £ = E and

n = 3 we obtain

t
IFutt, Mg S (1+0)EDER) / (14 )t rmln=DE=D D)) g )17

¢ 1— n
+ (1+t)(271)(%+1)/0 (1Jrs)1+%+p(£71)(5+1)dSHu”I)J((T)
< @+ )Gl o,

for p > 3, i.e., p > p (3, %)
However, if £ < %, i.e., k < 2 applying again Proposition we obtain

t
[Fut, M ges < /0(1+8)(1+t)“_1)(%+k_1>IIIU(S7~)|pHL1 ds

t
n /(1+t)(£—1)(%+k—1)(1+S)1+n(1—£)(1—i)”‘u(5’.)‘P”Lm ds,
0

where m > %, ie, m > ﬁ. Using the fractional Sobolev embedding
we may estimate

lu(s, )P llLs

H’U,(S, ')”Lw ~ ”U’( )”p "

S (g DO DDy = 1m

for k; < k, where k; =n (% - Tp) As we seen we have to consider three pOSSlblh-

ties for £;. Suppose that k; > k—1 (otherwise we can prove as before), if m > n—”
is chosen sufficiently small we conclude that

t
IFu(t, Miges S (1+0)EDEH-) / (14 5)PEDER=) gy B

t
n (1+t)(€71)(%+k71)/0 (1+s)””“*@(1*5“’“*1)(%J“’“*l)ds”uH’;((T)

< @+ EDEED )
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forp>1+ ﬁ.
Moreover, for £ +n(l — £)(1 +¢) < 8 < £+ n(1 —£) + 2k(1 — ¢) applying again
Proposition [4.1] we have

t
IFut, e S /0<1+t> (14 )T HEDER) |y (s, )P ds

t
* / (1463 (14 8)! T HEDEH OO (s, )P 0 ds.
0
As before we may estimate
Nu(s, )Pl = luls, M7 S lluls, ).,

§ (1+ 8)(6—1)n(p—1) ifrk <k-1
= || HX(T) (1 + S)P(f—l)(%'*'k_l) fk—1<kr <k

with k1 =n (% — %) and

t
B=£ _ n
/ (14 ) FHEDER) ju(s, )P o ds < Jullh
0

forp>1+ ( s and B <+ n(l—£)+2k(1—1).
Using Lemmafor k—1l<k<?2 5 < k it follows

[uls, Mz S Nuls:)lgr + [luls, )l g

1-0
< uls )NS5 uds, 1%

< (14 o) EDEHR)RF O]y g,

with @ = k — k + 1, and we may estimate

s, Pl g S uls, ) ggams lluls, I

S (14 s) D EHR [T a0 (=)l e-D 1

If we choose k = 5 — €0, with g¢ sufficiently small, then 6 = n(12—12)
obtain

— g0 and we

t
/0 (1+8) F lluls, )P gr-rds < llull% ()
forp>1+ n(%é), hence
| Fu(t, ')llm S A+ ull% gy
Here we remark that k =1+ &5, 0 < 1,
@ (1= 0(p — 1))+(e—1) (g Fh=1) 400 (5 k1) 1) < -1

and f(p—1) > 1forp>1+ (1 7
The case k =k — 1, i.e., B =L+ n(1 —£)+2(k—1)(1 —£):
In this case one may conclude that

1Fult, ez S (146 2D ful% 0,

I+

=B
1Pu(t, Y S (40T ull -
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and

=8 1
[Fu(t, )lge S (1+8) 72 (In(e +8) 2 |Jullk )

forp>1+ﬁ.

5.3. The proof of Theorem

Proof. (Theorem Let n=3and £ € (%, 1). We consider r1, 19 satisfying

2(3¢— 1) 6

2 < < —F/————
" 1—¢ 7 "2 2k(r1) — 1

with k(r1) = 3 (% - %) CIfC+6(1—0) (1 - %) <B<2—0+3(1—0)(1+10) we
define the following space
X(T) = C([0, 00), H*™)(R?) n H*)~Lr2(R?)),

equipped with the norm

. —_p3 —LO)k(r
Jullxiry = sup (14 0%0% (fu(t, e + @+t v ) )
€10,

4 sup ((1—1-75)(15)(3(1é)Jm(m)1)||u(t,.)|Hm<rl)u2).
te[0,T)

Taking into account the proof of Theorem we can prove that
3(p_
1Pt )z S (402D ul% -
For
1
B>L+6(1—-19) (1 - > +2(k(r1) — 1)(1 —9)

T2

applying Proposition [I.I] we obtain

~

t
—1)(3(1—L+ rk(ry)—1
I Pult, Yoo < / (14 )1+ ) O CO) TR0 s P11 ds

t
n /(1+t)(£—1)(3(1—%)+n(r1)—1)(1+8)1+3(12 0 (s, )Pl = ds.
0

We have

But r; > % > 6 for £ > 2. Hence, the assumption that p < 1+ M
implies k(2p) < k(r1) and using the fractional Sobolev embedding we get

s, WPl = luls; Ilgs S Nuls, M

S WD g, G =1,2.



GLOBAL EXISTENCE FOR SEMILINEAR DAMPED WAVE EQUATION 19

Hence
[ Fw(t, ) ey -1

i
_ Y () — v
S e CETR ) [ e ve g o,

3(1—0)

t
L e L 1
0

< e C0m )y

forp>1+ ﬁ. Then applying again Proposition
t
[Pt Moy S [ @030 DED g, P ds
0

t
b [ @G @ OO D )P 1
0

Using Proposition [5.2] we may estimate

-1
(36) uls, P grner-1 S Muls, M grecr-1ms [luls, M
. c..oop—1 1 1 .. .
with 71 e 9 satisfying — = —. In the admissible range of ro we claim that
1 T2
p is bounded above, i.e.,

1 1 2 —
p=1tm (Lo L) gy n@ost)
2 T2 3

Using the fractional Sobolev embedding and the definition of u € X(T') we obtain

_ 3 k(ry
(37) (s, Yo S fuls, M geon S (14 8)EDEHOD |y ¢

0=1)(3(1—2L ) +r(r1)—1
(38) s, Y grucrnr- s S (14 ) D EO=) =01y

Therefore from , and it follows that

YED(3(1= ) +rr)=1) +E=D (F+a) o1 i

Il WPl -1 S (1 + x(T)

so that

(14 )OO (s, )P | e S

_ 1_ 1 _ 3 _
5(1_’_8)14‘(5 1)3(2 7‘2)+([ 1)(24‘”(’“1))(1’ 1)Hu||1))((T)

14 (e—1) 22=1 1 3(¢-1) (1—ﬁ)

—1
<(1+5) Pl o

Finally, we conclude that

~

t
1) B4r(r _ _
1Fult, ) g < / (14 ) EDEH) (1 4 ) 43D g a5
< ()N p

for 1+ 3(12_4) <p< 1+ 77‘1(27;(”)) .
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5.4. The proof of Theorem

Proof. (Theorem [2.1)) By applying the change of variable

1 t 1—-¢
’U(T,I):U(t,iﬂ), 1"‘7': ( ;_ )f )
the Cauchy problem (1)) takes the form

vrr —Av+ v =g(v), T>s, 2 €RY,
(39) v(s,z) =0, z € R™,
vr(s,x) = ui(x), x e R,
with s = 145, g(v) = [(1 — £)(1 + 7)] 77 [v]? and
_B-t
=17
We enunciate Corollary 2 from [5], which will be useful in the proof of the

Theorem 2.1. There was introduced the following notation: For any 1 < r < ¢ < oo,
let be

_ po 5 q’ =~
d(r,q) {}—F”;—Z ifr>¢.

Corollary 5.1. (see [3]) Let p > 2. Letn =2 and 2 < ¢ < gy, orn = 3 and

g€ (1,q5) orn>4and 2("7;11) < q < qy. Then there exists ro € (1, min{q,q’}| such

n

that d(re,q) =1 and the solution to , with an arbitrary parameter s and g = 0,
verifies the following (L' N L™) — LY decay estimate

n

o Mzs S (1 + )1+ 77070 (g + (04 8) T 75 ] 72 )
2
if p>n+1— =, and for any € > 0 verifies the (L' N L") — L9 estimate
q
lor Yz £ (U 8) 8724 ) DEDTE (14 9)8 " (u g + [ )

2
fpu<<nt+1l—-—.
q

Remark 5.1. The condition ¢ < g4 is equivalent to d(¢’, q) = e nol_ 1<y,

It is enough to prove the global existence of small data solutions to . We
define the space
X(T) = C([0,00), LP<(R™) N L% (R™)),
equipped with the norm
. n(1-—-L n(1-2X
Iollxry = sup {@+ "0 (e e + (14 7) (=3 ot )l )
0,T

TE

ifu>n+1—%and,

lellxery = sup {1+ 7)" 075 fu(r, lawe + (14 7)" 0D flo(r, ) s
7€[0,T]

e (1) n_
b e EE )
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: 2 2
1fn+1—5<u§n+1—aand,

. n(1—-L n—1)(1_1)pu_
Iollxery = sup {04003 ot e + (14 )V EE (e

e (1) n_.
A A P
ifu:n—&—l—%.

For any v € X, we define the operator P by
P:ve X(T)— Pu(r,z) :=°(r,z) + Fo(r,z),
where v0(7, z) is the solution to with ¢ = 0 and

Fu(r,z) = /OT K(r,5,2) %) [(1= (1 + )77 o] ds,

with K (7, s, ), h(v) is the solution to with ¢ = 0 and v, (s,z) = h(v). Then
we prove the estimates
[1Pvllx < Cllusllp + Cr(@®)lvlk
1Pu— Pollx < Cat)llu —vllx (lulf " + loll% ") -
By Corollary if 4 > 2, then v° € X(T) and it satisfies
[vlx < Cllusllp.

Let us prove the desire estimate for ||Fv(7,-)||x. One may follow the steps of the
proof of ||Fuv(7,-)||x to conclude the Lipschitz property.
First, if u >n+1— q% applying Corollary ﬂ we have

n

|Fo(r)ee S / ()77 (147) 7073 (s, )Pl + (14 )% 77 o(s, )Pl oo ) ds
0

with r(q) € [1,2[ given by % = %—i— 5+ %, for all p. < ¢ < ¢4. Taking into account
that v € X (T), thanks to r(gy)p. < ¢4 we may estimate
(s, )WPllzrw = lv(s, )l

< (14 ) ")

~

—n(1——2—
P ow S (14 8) @ )Py

P
X(T)
ol

for p. < ¢ < gy and p. <p < %f;u)' Therefore, if 4 >n+1 — q% we have

1

IFo(r, e < @+7)073) / (1+ 8)HH 2=V o]|%

+ (1+T)—"(1—%)/ (14 5) = 0= 70) (1 4 5)" T =T ds|lol%
0

< @)D ol gy
for p. < ¢ < ¢ and p > 1+ﬁ.
Then, if n+1— % <p<n+1l-— %, applying again Corollary We may estimate

n—1

|Fu(r,llze S (14r) " 00) / [ ([l s+ (@ + ) (s, )l

L7'(q)) dS
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; n_ _1,mn_ 1 F ;
with =2ttty for p. < ¢ < g. We may estimate

-0
los, )Plee = lv(s, 5 < lols, )P llos, )1 %,

5 (14_5)_"(1_@)( p+(e (n— 1)(7_a)_&>

< (145)0-%)

~

1Vl

Pl -
thanks to

() g D3

for € > 0 sufficiently small and 6 = (i — % / (i — i). Moreover, thanks to
r(q)p. < 7(q)p. = @ we may estimate

1-6
[v(s, )P = Jols, M iy S I0lss M fo(s, )P s
< (14 s) = mme ) A=0pt (= (=) (3 ~75) — 5 ) 9||U||§((T)’
— : _ 1 1 1 1
for all p. < g < g, with § = (T(Q)pc - r(q)p> / (r<q)pc - r@p)- Let

i G L O o R R G )

=D

n
< —np+—— +
r

IA
S
i~}
_l’_
=
_|_
7 N 7N N
J—
I
—_
~~ —
s
D
_|_
™
=
D

IA
<
i~}
+

AN
.
bS]
7N
TS
S|~
|
|
[e)
.
—
2

A
$
]
/N
—

|

| =
N——— —0

|

3
N
—

|

‘H
+
=

|
=
7N
—

|
N———
+
3
D

IFo(t, e < @+7)075) / (14 8) 2075 ds ol

+ (1+T)—n(1—%)/ (L4 8) T o] o
0

S B o

-n(1-2 i 2t _p(1—-L 5
£ a0 [ o

_n(1-1
< @)D ol gy

for p. < ¢ < g and

2 Pe 14 2

P2 A —Dpe—1 a0
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Now,if u=n+1-— %, applying again Corollary we may estimate || Fv(7, )| Lre
as before, whereas for ¢ = G or ¢ = ¢4

1 1

IFo(r e Q470778
) /OT“ )T (1 )T T o(s, )Pl + s, )Pl ) ds
S (47 GE-a)-%
X /OTU + )T u(s, )P o+ (14 8) TS u(s, )P e ds,

foranys>0,with%:%+g+

Taking into account that u € X (T'), as before, we may estimate
Cn(1- L
(s, WPl S 1+ )" 0737 o] o

and thanks to r(q)p. < r(gs)pe < gi(see Remark [2.1)), we may estimate

lo(s, P llr@ = llo(s, MG pra
—(n—1)(i - _)_&
< (14 6)(E0DG-7) 2)pHU||§((T)
a3
r(ag)”

Ctg et (o (5 ) 5)r

2/
—1+m+€(p—1)+n—

for any € > 0 and p. < p <

We may write

L
@
with ) ) )
S I -
Ty (r<q> 1)+r<q-> )

Forpy=n+1- % and g = ¢ we have that v = 0, whereas for ¢ = g3 we have

B 14 ( ! 1>+ ! !
v = S-14n - — —
2 r(qs) r(q)  r(aq)
1) 1 1— 1 1/1 1
- <n+>___1+<">++(__)
2 q 2 @ n\q g

Weconcludethatfor,u:n—i—l—%andq:cjorq:qﬁ

1 1 23

IFo(r, Y S (A +7) 0G5 y)n

T 20 _ S N »
0

—(n— 1_1\_ 4
< (147 D(3-3) ZHUH]))((T)’
forany5>0,p>]7c=1+ﬁand
2 1 p
1+ —Dtn— = —(n-1l+p)g <—1
ST At - Ut D A
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i.e.

De 2 1
—1 e _ = -
(n=1+p)5 27—+n @

is equivalent to
2
p=n+1-— —=n+1-—-.
per(q) q

Moreover, forn+1—%<,u§n+1—%,wehave

—(n—1)(i_L)_&
[Fo(r, e S (1+7')€( )(2 Qn) 2

N
—~
—
~—
[
|
—
3
—
/N
=
|
e
~—
|
NS

g 2¢ e 2¢ e
[T B o, ) (14 ) s, o s
0

for any € > 0, with T(Zﬁ) = % + 24 i_

Ifn—i—l—pu%(qu)<u§n—|—1—q%wemayestimate

—n-1)(3--2-) -4
No(s, Il et < (14 5) D Ewt) =)y e

X(T)’
hence
(14 9ol Wl i < (1 )T 0D 0D (3 )
< (14 ) n-DHe-D4Y < (1 4 )1
for € > 0 sufficiently small and
1 r
r(g) @ a
thanks to
_p—1 n 1 1
er(a)  a rlg)
Finally, if n 41 — % <p<n+l- ﬁ(qu) we may estimate for p, < p < T(q;u)
HoCs, Pl prap = lo(s, I iy
e—(n-1)(3—5t5)—5)p
5 (1+ )( (2 p(qn)) 2) ||UH§((T)
for any € > 0.

Now we may write

2ot (onimiz) -

20 1 P
-1+ “D4n—— —(n—-1+pk
+1_£—|—6(p )+n @ (n +u)2+7,
with
w 1
vy=5—-1+ ( - 1> + —
2 r(ay) r@ g
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2

per(qy) and

It remains to prove that v < 0. Indeed, for p <n+1—

qiu <A (pcr?qu) - %) (see Remark we have

E 1+ ( L 1>+ ! !
vo= S-l4n| - —= ==
2 r(g) (@) r(g)
1-— 1 1/1 1
(=
2 2 @ n\q q
1 1
< B +n-l-iSO.
2 2 per(e)
Therefore, ifn+1—%<u§n+1—q%we have proved that
,(nfl) 3o K
IFo(s, g S (1) D) e
for any e > 0 sufficiently small and p > p. = 1 + —2— O

n(1-20)"

APPENDIX

In the Appendix we list some notations used through the paper and results
of Harmonic Analysis which are important tools for proving results on the global
existence of small data solutions for semi-linear models with power non-linearities.
Through this paper, we use the following.

For s > 0, we denote by [D|*f = F-L(|¢]*f) and (D)*f = F~1((£)*f), with
(€ =@ +¢P)s.

For any ¢ € [1, 0c], we denote by L7(R™) the usual Lebesgue space over R™. Let

se€Rand 1 < p<oo. Then

H™(R) = {u € §'®") : [{D)"ull o(an) = lullssan) < o0},
HoP(RY) = {u € Z'(R") : [|Dl*ulloen) = lull ) < 00}

are called Bessel and Riesz potential spaces, respectively. If p = 2, then we use the
notations H*(R") and H*(R™), respectively. In the definition of the Riesz potential
spaces we use the space of distributions Z’(R™). This space of distributions can be
identified with the factor space S’ /P, where S’ denotes the dual of Schwartz space
and P denotes the set of all polynomials.

We recall that H*7(R"™) = W*?(R™), the usual Sobolev space, for any ¢ € (1,00)
and s € N.

The following inequality can be found in [13], Part 1, Theorem 9.3.

Proposition 5.1 (Fractional Gagliardo-Nirenberg inequality). Let 1 < p, po,p1 <
00, 0 >0 and s € [0,0). Then it holds the following fractional Gagliardo-Nirenberg
inequality for all w € LPo(R™) N H?P1(R"):

el e S Mtll 20 el Gy

1 1 s

+
where 0 = 05 5(p,po,p1) = >—4—% and = <0< 1.
’ bo BT T 7
In the following the symbol [s] denotes the smallest integer greater than or equal
to s. We present here two results for fractional powers (for instance, see [22] and
[23]):
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Proposition 5.2. Let f(u) = |[ulP or f(u) = |[u[P7 u, with p > max{1,[s]} and
1 < ryry,re < 00 satisfying

1 —1 1
_p +
r 1 T2
Then the following estimate holds:
-1
D" f(w)llzr < Cllullpe 11D ullzr2,
for anyuw e L™ N H*".

Corollary 5.2. Let f(u) = |ulP or f(u) = |u|P~1u, with p > max{1,s} and u €
H*>™NL>®, 1 <m<oo. Then the following estimate holds:

1 (@)l jgem < Clullgrem l[ull7=
We refer to [6] for the nex result:

Lemma 5.1. Let 0 < 2s; < n < 2s5. Then for any function f € H* N H* one
has

[flloo S 1Al er + W1 grsa -

The next result combine in some sense some familiar results as Leibniz rule for
the product of two function and Holder’s inequality for derivatives of fractional
order (Theorem 7.6.1 in [19]):

Proposition 5.3. Let us assume s > 0 and 1 < r < 00,1 < p1,p2,q1,q2 < 0

satisfying the relation -
11 1 1 1

4+ - ==
T pr P2 q1 Q2

Then the following fractional Leibniz rules hold:
PP (wo)l[er S N DPullze[[ollzee + [JullLo ([ |DPv]| Lo

for any w € H>P*(R™) N L% (R™) and v € H>%(R™) N LP?(R™),
IKD)* (wo)llLr < IKD) ullLos ([0l ez + [lull Lar [(D) ]| a2

for any u € H¥PL(R™) N L (R™) and v € H*%2(R™) N LP2(R™).
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