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Abstract. In this paper, we study the stability of a viscous shock wave for the
isentropic Navier-Stokes-Korteweg equations under space-periodic perturbation.
It is shown that if the initial perturbation around the shock and the amplitude of
the shock are small, then the solution of the N-S-K equations tends to the viscous
shock.

1. Introduction

In this paper, we consider the following one-dimensional compressible Navier-
Stokes-Korteweg system in the Lagrangian coordinates:

vt − ux = 0, (x, t) ∈ R× R+,

ut + p(v)x = µ
(ux
v

)
x

+ κ

(
−vxx
v5

+
5v2

x

2v6

)
x

, (x, t) ∈ R× R+,
(1.1)

where v(t, x) > 0 is the specific volume, u(t, x) the velocity. The pressure p(v)
satisfying

p(v) > 0, p′(v) < 0, p′′(v) > 0, ∀ v > 0. (1.2)

And κ > 0 is the capillary coefficient. µ > 0 is the viscosity coefficient.
Notice that when κ = 0, the system (1.1) is reduced to the compressible Navier-

Stokes system, which admits viscous shock wave solution (U, V )(x− st) with shock
propagation speed s. The stability of viscous shock for system (1.1) has been ex-
tensively studied, see [9, 11,13,14,17,19–21,23–25,27].

Unfortunately, when κ > 0, the Navier-Stokes-Korteweg system (1.1) not always
admits the viscous shock wave solution unless some additional conditions are satis-
fied, see [28, 29]. Chen-He-Zhao [6] showed that this shock wave is asymptotically
stable. We refer to [1–5, 7, 8, 12, 16, 26, 30–32] for more interesting works on Navier-
Stokes-Korteweg system.

However, the periodic perturbation problem is more difficult. For the scalar e-
quations and 2× 2 systems, Lax [18] and Glimm-Lax [10] proved that the periodic
solutions time-asymptotically decay to their constant averages. For more interesting
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2 Stability of viscous shock wave

works about the general Riemann initial data with periodic perturbations, please
refer to [15,33–35].

In this paper, we consider a initial value problem of (1.1) with the initial data

(v, u)(x, 0) = (v0, u0)(x), x ∈ R, (1.3)

satisfying

(v0, u0)(x)→

{
(vl, ul) + (φ0l, ψ0l) (x) as x→ −∞,
(vr, ur) + (φ0r, ψ0r)(x) as x→ +∞.

(1.4)

Here vl > 0, vr > 0, ul and ur are constants. Oscillation function (φ0l, ψ0l) ∈ R2

and (φ0r, ψ0r) ∈ R2 are two periodic functions. We assume (φ0i, ψ0i) ∈ H4(0, πi); i =
l, r. The constant states (vl, ul) and (vr, ur) satisfy the Rankine-Hugoniot condition,{

−s (vr − vl)− (ur − ul) = 0,

−s (ur − ul) + (p(vr)− p(vl)) = 0.
(1.5)

Here s =

√
−p(vr)− p(vl)

vr − vl
> 0 is the shock speed. Moreover we assume that the

constant states satisfy the Lax’s entropy condition, i.e,

0 < vl < vr, ul > ur, (1.6)

and ∫ πl

0

(φ0l, ψ0l)(x)dx = 0 and

∫ πr

0

(φ0r, ψ0r)(x)dx = 0. (1.7)

Due to the initial perturbation is space periodic, the standard anti-derivative
method fails. Inspired by [33], in order to make the anti-derivative method available,
in this paper, we introduce a suitable ansatz (V, U), so that the ansatz and solution
(v, u) have the same oscillation in the far field. Thus, the perturbation (v−V, u−U)
belongs to (H3, H2)(R). In (2.5), we give the exact statement of the ansatz. Through
energy estimation, we know that the solution not only exists globally, but also tends
to the viscous shock with a shift as time tends to infinity. The shift is determined
by the periodic oscillation partially.

The structure of this paper is as follows. In Section 2, we construct ansatz (V, U)
and state our main results. In Section 3 , we prove the main results. In Section 4,
we give some lengthy proofs for ease of reading.

Notation. The functional ‖ · ‖Lp is defined by ‖f‖Lp = (

∫
R

|f |p(x) dx)
1
p . We

denote for simplicity

‖f‖ =

(∫ ∞
−∞

f 2(x) dx

) 1
2
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as p = 2. Hm represents the m-th order Sobolev space of functions defined by

‖f‖m =

(
m∑
k=0

‖∂kxf‖2

) 1
2

.

Moreover, we denote hξ(x), h
(k)
ξ (x) for simplicity

hξ(x) := h(x− ξ(t)), h
(k)
ξ (x) := h(k)(x− ξ(t)), k ≥ 1.

2. Preliminaries and Main Result

The viscous shock profile (vS, uS)(ξ) = (vS, uS)(x−st) is a traveling wave solution
to (1.1), satisfying the following euqations,

−s
(
vS
)′ − (uS)′ = 0,

−s
(
uS
)′

+
(
p(vS)

)′
= µ

(
(uS)′

vS

)′
+ κ

(
(−vS)′′

(vS)5
+

5[(vS)′]2

2(vS)6

)′
,(

vS, uS
)
→ (vl, ul) (resp. (vr, ur)) as ξ → −∞ (resp. +∞),

(2.1)

where ′ = d/d ξ, ξ = x− st.

Lemma 2.1. ( [6]) Let (1.2) and (1.6) hold. If

µ2s2v8
l

κ
−
(

10vr
vl
− 6

)
v5
r

(
p′(vr) + s2

)
> 0, (2.2)

then there exists a monotone viscous shock profile (vS, uS)(x − st) to system (2.1),
which is unique up to a shift and satisfies (vS)′ > 0, (uS)′ < 0, and

|vS(ξ)− vl| ≤ Cδe−c1|ξ|, |uS(ξ)− ul| ≤ Cδe−c1|ξ|, ∀ξ ≤ 0,

|vS(ξ)− vr| ≤ Cδe−c1|ξ|, |uS(ξ)− ur| ≤ Cδe−c1|ξ|, ∀ξ ≥ 0,∣∣∣∣ dkdξk vS(ξ)

∣∣∣∣+

∣∣∣∣ dkdξkuS(ξ)

∣∣∣∣ ≤ Cδ2e−c1|ξ|, ∀ ξ ∈ R, ∀ k ≥ 1,

(2.3)

where δ := vr− vl, and c1, C are two positive constants depending only on vr, vl, s, µ
and κ.

Let (vl,r, ul,r) (x, t) are the solutions of (1.1) with the periodic initial data

(vl,r, ul,r) (x, 0) = (vl,r, ul,r) + (φ0l,0r, ψ0l,0r) (x).

We first give a lemma for periodic solution to (1.1).

Lemma 2.2. Assume that (v0, u0)(x) ∈ H4(0, π) is periodic with period π > 0 and
average (v, u), Then there exists ε0 > 0 such that if

ε := ‖(v0, u0)− (v, u)‖H4(0,π) ≤ ε0,
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and the v satisfying

v > max

{(
κ

µ3

) 1
3

,

(
κ

4µ(µ− 1)

) 1
3

}
(2.4)

the problem (1.1) has a unique periodic solution with initial data (v0, u0)

(v, u)(x, t) ∈ C(0,+∞;H4(0, π)).

It has same period and average as (v0, u0). Moreover, it holds that

‖(v, u)− (v, u)‖H4(0,π)(t) ≤ Cεe−αt, t ≥ 0,

where the constants C > 0 and α > 0 are independent of ε and t.

The proof of Lemma 2.2 is lengthy. We put it in the appendix.
Ansatz: Now, we construct ansatz (V, U)

V (x, t) := vl(x, t)
(
1− gst+X (t)(x)

)
+ vr(x, t)gst+X (t)(x),

U(x, t) := ul(x, t)
(
1− gst+Y(t)(x)

)
+ ur(x, t)gst+Y(t)(x),

(2.5)

where g(x) =
vS(x)− vl
vr − vl

=
uS(x)− ul
ur − ul

, and X (t) and Y(t) will be determine later.

With the aid of Lemma 2.1, one gets that 0 < g(x) < 1 and g′(x) > 0 for all x ∈ R.
By direct calculation, we obtain the equation about ansatz (V, U), i.e,

Vt − Ux = −(G1)x − g2,

Ut + p(V )x − µ
(
Ux
V

)
x

− κ
(
−Vxx
V 5

+
5V 2

x

2V 6

)
x

= −(G3)x − g4,
(2.6)

where

G1 = (ur − ul)(gst+Y − gst+X ),

g2 = (ur − ul)g′st+X + (vr − vl)g′st+X (s+ X ′),
(2.7)
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G3 = − (p(V )− p(vl)) (1− gst+Y)− (p(V )− p(vr)) gst+Y
+ µ

{
(V −1)(ur − ul)g′st+Y +

(
V −1 − vl−1

)
ulx(1− gst+Y) +

(
V −1 − vr−1

)
urxgst+Y

}
,

− κ
{(
V −5 − v−5

l

)
vlxx(1− gst+X )−

(
V −5 − v−5

r

)
vrxx(gst+X )

}
− 2κ{(ulx − urx)g′st+X + (ul − ur)g′′st+X}V −5

+
5κ

2

{
(V −6 − v−6

l )(1− gst+X )v2
lx + (V −6 − v−6

r )(gst+X )v2
rx

}
+

5κ

2V 6

{
[vl(x, t)− vr(x, t)] g′st+X

}2

− 5κ

V 6
[vl(x, t)− vr(x, t)] {vlx(x, t) (1− gst+X ) + vrx(x, t) (gst+X )}g′st+X

− 5κ

2V 6
{vlx(x, t)− vrx(x, t)}2 (gst+X ) (1− gst+X )

g4 = (ur − ul)g′st+X (s+ Y ′) + µ
(
urxvr

−1 − ulxvl−1
)
g′st+X

− (p(vr)− p(vl)) g′st+Y + κ

(
vlxxv

−5
l − vrxxv

−5
r −

5

2
v2
lxv
−6
l +

5

2
v2
rxv
−6
r

)
g′st+X .

Using V − vl = (vr − vl) gst+X and V − vr = − (vr − vl) (1− gst+X ) , one gets that

lim
|x|→+∞

Gi(x, t) = 0 for all t ≥ 0, i = 1, 3.

In order to using the anti-derivative method, we assume that∫
R
(v − V, u− U)(x, t)dx = 0 for all t ≥ 0. (2.8)

With the aid of (1.1), (2.6), one gets that

d

dt

∫
R
(v − V, u− U)(x, t)dx =

∫
R
(g2, g4)(x, t)dx.

Obviously, the following two conditions (2.9), (2.10) could imply (2.8),∫
R
(g2, g4)(x, t)dx = 0, t > 0, (2.9)

and ∫
R

(
v0(x)− V (x, 0), u0(x)− U(x, 0)

)
dx = 0. (2.10)

With the aid of (2.9), we can obtain that

X ′(t) = −s−
∫
R(ur − ul)(x, t)g′st+X (x)dx∫
R(vr − vl)(x, t)g′st+X (x)dx

,

Y ′(t) = −s+

∫
R M(x, t)g′st+Y(x) + N(x, t)g′st+X (x)dx∫

R (ur − ul) (x, t)g′st+Y(x)dx
,

(2.11)
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where

M(x, t) = p(vr)− p(vl)− µ
urx
vr

+ µ
ulx
vl
, N(x, t) = −κ

(
vlxx
v5
l

− vrxx
v5
r

− 5v2
lx

2v6
l

+
5v2

rx

2v6
r

)
.

Using a similar technique in [33], we know that there exists a unique (X0,Y0) such
that the condition (2.10) holds, provided that ‖φ0l, φ0r, ψ0l, ψ0r‖L∞(R) is small. We
can solve the equation (2.11) once initial data (X0,Y0) is obtained.

Lemma 2.3. Under the condition (1.7), there exists ε0 > 0 such that if

ε := ‖φ0l, ψ0l‖H2(0,πl) + ‖φ0r, ψ0r‖H2(0,πr) ≤ ε0,

there exists a unique solution (X ,Y)(t) ∈ C1[0,+∞) to (2.11) with the initial data
(X0,Y0). Moreover, the solution satisfies that

|X ′(t)|+ |X (t)−X∞| ≤ Cεe−αt,

|Y ′(t)|+ |Y(t)− Y∞| ≤ Cεe−αt,
t ≥ 0,

where the constants C > 0 and α > 0 are independent of ε and t, and the shifts X∞
and Y∞ are

X∞ :=X0 +
1

vr − vl

{∫ 0

−∞
(φ0l − φ0r)gX0dx−

∫ +∞

0

(φ0l − φ0r)(1− gX0)dx
}

+
1

vr − vl

{ 1

πl

∫ πl

0

∫ y

0

φ0l(x)dxdy − 1

πr

∫ πr

0

∫ y

0

φ0r(x)dxdy
}
,

and

Y∞ :=Y0 +
1

ur − ul

{∫ 0

−∞
(ψ0l − ψ0r)gY0dx−

∫ +∞

0

(ψ0l − ψ0r)(1− gY0)dx
}
.

+
{ 1

πl

∫ πl

0

∫ y

0

ψ0l(x)dxdy −
∫ +∞

0

1

πl

∫ πl

0

[p(vl(y, t))− p(vl)] dydt

− 1

πr

∫ πr

0

∫ y

0

ψ0r(x)dxdy +

∫ +∞

0

1

πr

∫ πr

0

[p(vr(y, t))− p(vr)] dydt

+ µ ln(vl)− µ ln(vr)−
1

πl

∫ πl

0

µ ln (vl + φ0l(y)) dy

+
1

πr

∫ πr

0

µ ln (vr + φ0r(y)) dy
} 1

ur − ul
.

Now we skip the proof of Lemma 2.3 for easy reading. And we put the tedious
proof in Section 4. The ansatz (V, U) in (2.5) tends to

(
vS(x− st−X∞), uS(x− st− Y∞)

)
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as t→ +∞. In this way, we have to add a new condition X∞ = Y∞, i.e.,

s
{∫ 0

−∞

(
v0 − vS − φ0l

)
(x)dx+

∫ +∞

0

(
v0 − vS − φ0r

)
(x)dx

− 1

πl

∫ πl

0

∫ x

0

φ0l(y)dydx+
1

πr

∫ πr

0

∫ x

0

φ0r(y)dydx
}

= −
∫ 0

−∞

(
u0 − uS − ψ0l

)
(x)dx−

∫ +∞

0

(
u0 − uS − ψ0r

)
(x)dx

+
1

πl

∫ πl

0

∫ x

0

ψ0l(y)dydx−
∫ +∞

0

1

πl

∫ πl

0

[p(vl(x, t))− p(vl)] dxdt

− 1

πr

∫ πr

0

∫ x

0

ψ0r(y)dydx+

∫ +∞

0

1

πr

∫ πr

0

[p(vr(x, t))− p(vr)] dxdt

+ µ ln(vl)− µ ln(vr)−
1

πl

∫ πl

0

µ ln(vl + φ0l(x))dx

+
1

πr

∫ πr

0

µ ln(vr + φ0r(x))dx.

(2.12)

The condition (2.12) is called as a zero-mass type condition. Now, we define the
anti-derivative,

Φ0(x) :=

∫ x

−∞
(v0(y)− V (y, 0)) dy, Ψ0(x) :=

∫ x

−∞
(u0(y)− U(y, 0)) dy,

Moreover, we set

E0 := ‖φ0l, ψ0l‖H4(0,πl) + ‖φ0r, ψ0r‖H4(0,πr) + ‖Φ0‖H3(R) + ‖Ψ0‖H2(R) + δ.

Now we are ready to give the main result of this paper.

Theorem 2.1. Assume that the periodic functions in (1.4) satisfy (1.7),(2.2), (2.12)
and

vi > max

{(
κ

µ3

) 1
3

,

(
κ

4µ(µ− 1)

) 1
3

}
, i = l, r.

Then there exists ε1 > 0 such that, if E0 ≤ ε1, there exists a unique global solution
of (1.1),(1.3), satisfying

v − V ∈ C
(
[0,+∞);H3(R)

)
∩ L2

(
(0,+∞);H2(R)

)
,

u− U ∈ C
(
[0,+∞);H2(R)

)
∩ L2

(
(0,+∞);H1(R)

)
,

and

‖(v, u)(·, t)− (vS, uS)(· − st−X∞)‖L∞(R) → 0 as t→ +∞. (2.13)

Remark 2.1. It is an interesting problem to remove the condition that δ is suitable
small.
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3. Proof of Theorem 2.1

We define the perturbation terms

φ(x, t) = (v − V ) (x, t), ψ(x, t) = (u− U) (x, t),

and the anti-derivative variables

Φ(x, t) :=

∫ x

−∞
φ(x, t)dx, Ψ(x, t) :=

∫ x

−∞
ψ(x, t)dx. (3.1)

Equalities (1.1), (2.6) and (3.1) give that{
Φt −Ψx = H1,

Ψt + p′(V )Φx − µ
Ψxx

V
+ κ

Φxxx

v5
+ µ

UxΦx

V 2
= F +H2,

(3.2)

where

F =− (p(v)− p(V )− p′(V )Φx)−
µΨxxΦx

vV
+ κVxx

(
1

V 5
− 1

v5

)
+

5κ

2

Φ2
xx + 2ΦxxVx

v6
− 5κ

2
V 2
x

(
1

V 6
− 1

v6

)
+
µUxΦ

2
x

vV 2
,

(3.3)

H1 := G1 +

∫ x

−∞
g2(x, t)dx, H2 := G3 +

∫ x

−∞
g4(x, t)dx,

with initial data

(Φ,Ψ)(x, 0) = (Φ0,Ψ0)(x) ∈ H3(R)×H2(R). (3.4)

We aim to seek the solution (Φ,Ψ) in the following functional space B for T ∈ [0,∞)

B(0, T ) =

{
(Φ,Ψ)(x, t)

∣∣∣∣∣ Φ(x, t) ∈ C(0, T ;H3(R)),Φx(x, t) ∈ L2(0, T ;H3(R)),

Ψ(x, t) ∈ C(0, T ;H2(R)),Ψx(x, t) ∈ L2(0, T ;H2(R)).

}
Theorem 3.1. Under the same assumptions of Theorem 2.1, there exists ε1 > 0, if
E0 ≤ ε1, then the initial value problem (3.2), (3.4) has a unique solution (Φ,Ψ) ∈
B(0,+∞) satisfying

sup
t>0

(‖Φ‖3, ‖Ψ‖2)2 +

∫ +∞

0

(
‖φ‖2

3 + ‖ψ‖2
2

)
dt ≤ C

(
{‖Φ0‖3, ‖Ψ0‖2}2 + ε

)
,

Moreover, it holds that

‖φ, ψ‖L∞(R)(t)→ 0 as t→ +∞. (3.5)

To prove Theorem 3.1, we list the decay properties of the error term in (3.2), the
proof of which we place in Section 4.2.

Lemma 3.1. Under the assumptions of Theorem 2.1, it holds that

‖H1‖3, ‖H2‖1 ≤ Cεe−αt, t ≥ 0,

where C > 0 is independent of ε and t.
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Proposition 3.1 (A priori estimates). We assume that that for any T > 0, (Φ,Ψ) ∈
B(0, T ) is a solution of (3.2),(3.4). Then there exist three positive constants ε0, δ0

and ε0, independent of T, such that if

ε ≤ ε0, δ ≤ δ0 and ε := sup
t∈[0,T ]

{‖Φ(t)‖3 + ‖Ψ(t)‖2} ≤ ε0 (3.6)

then

sup
t∈(0,T )

(‖Φ‖3, ‖Ψ‖2)2 +

∫ T

0

(
‖φ‖2

3 + ‖ψ‖2
2

)
dt ≤ C0

(
{‖Φ0‖3, ‖Ψ0‖2}2 + ε

)
,

where C0 > 0 is independent of ε, ε and T.

3.1. Proof of Proposition 3.1. Let (Φ,Ψ)(x, t) ∈ B(0, T ) be a solution of the
initial value problem (3.3)-(3.4) for some positive constants T . Then for ∀ (x, t) ∈
[0, T ]× R, one gets that

sup
x∈R

∣∣V (x, t)− vS (x− st−X∞)
∣∣

≤ sup
x∈R

∣∣(vS(x− st−X (t))− vS(x− st−X∞)
)∣∣

+ sup
x∈R
|(vl − vl) (1− gX ) + (vr − vr) gX |

≤ C |X (t)−X∞|+ sup
x∈R
|vl − vl|+ sup

x∈R
|vr − vr| ≤ Cεe−αt.

(3.7)

Moreover, if ε, ε are small, we have

v(x, t) = V (x, t) + Φx(x, t) ≤ vr + ε+ ‖Φx‖L∞

≤ vr + ‖Φx‖1 + ε ≤ vr + ε+ ε ≤ 3

2
vr,

v(x, t) = V (x, t) + Φx(x, t) ≥ vl − ε− ‖Φx‖L∞

≥ vl − ‖Φx(t)‖1 − ε ≥ vl − ε− ε ≥
vl
2
,

(3.8)

where we have used (3.7), Lemma 2.1 and the Sobolev inequality.

Lemma 3.2. Under the assumptions of Proposition 3.1, there exists a positive con-
stant C > 0 which is independent of T such that for 0 ≤ t ≤ T ,

‖(Φ,Ψ,Φx)(t)‖2 +

∫ t

0

∥∥∥∥(
√

(vSY)
′
Ψ,Ψx)(t)

∥∥∥∥2

dt

≤C
(
‖(Φ0,Ψ0,Φ0x)‖2 + (δ + ε)

∫ t

0

‖(Φx,Φxx,Ψxx)(t)‖2dt+ ε

) (3.9)

holds provided that ε, ε and δ are suitably small.
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Proof. Multiplying (3.2)1 by Φ, (3.2)2 by − 1

p′(V )
Ψ, then adding these equalities

and integrating the resulting equation over [0, T ]× R, we have

∫ ∞
−∞

(
Φ2

2
+

Ψ2

2(−p′(V ))

)
dx+

∫ t

0

∫ ∞
−∞

sp′′(V )Ψ2

2(p′(V ))2

(
vSY
)′ − µ Ψ2

x

p′(V )V
dxdt

=

∫ ∞
−∞

(
Φ2

2
+

Ψ2

2(−p′(V ))

)
dx

∣∣∣∣
t=0

+ µ

∫ t

0

∫ ∞
−∞

[(
1

p′(V )V

)
x

ΨxΨ +
UxΦxΨ

p′(V )V 2

]
dxdt

+ κ

∫ t

0

∫ ∞
−∞

ΦxxxΨ

p′(V )v5
dxdt−

∫ t

0

∫ ∞
−∞

FΨ

p′(V )
dxdt

+

∫ t

0

∫ ∞
−∞

p′′(V )

2(p′(V ))2

(
U − uSY −H1

)
x
Ψ2dxdt+

∫ t

0

∫ ∞
−∞

H1Φ− H2Ψ

p′(V )
dxdt

=

∫ ∞
−∞

(
Φ2

2
+

Ψ2

2(−p′(V ))

)
dx

∣∣∣∣
t=0

+
5∑
i=1

Ii.

(3.10)

Now, we estimate the right hand side of (3.10)

|I1| ≤C
∫ t

0

∫ ∞
−∞

(|VxΨΨx|+ |UxΦxΨ|)dxdt

≤C
∫ t

0

∫ ∞
−∞

(|(vSY)′ΨΨx|+ |(uSY)′ΦxΨ|)dxdt

+ C

∫ t

0

∫ ∞
−∞

(|(V − vSY)xΨΨx|+ |(U − uSY)xΦxΨ|)dxdt

:=|I1,1|+ |I1,2|.

(3.11)

It follows from Lemma 2.1, (3.8), and the Cauchy inequality that

|I1,1| ≤
1

8

∫ t

0

∫ ∞
−∞

sp′′(V )(vSY)′Ψ2

(p′(V ))2
dxdt

+ C

∫ t

0

‖(vSY)′‖L∞

∫ ∞
−∞

(Ψ2
x + Φ2

x)dxdt

≤1

8

∫ t

0

∫ ∞
−∞

sp′′(V )(vSY)′Ψ2

(p′(V ))2
dxdt+ Cδ

∫ t

0

‖Ψx‖2 + ‖Φx‖2dt,

(3.12)
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I2 = κ

∫ t

0

∫ ∞
−∞

{(
ΦxxΨ

p′(V )v5

)
x

−
(

Ψ

p′(V )v5

)
x

Φxx

}
dxdt

= −κ
∫ t

0

∫ ∞
−∞

ΨxΦxx

p′(V )v5
− (p′(V )v5)x

(p′(V )v5)2
ΨΦxxdxdt,

= −κ
∫ t

0

∫ ∞
−∞

ΦtΦxx

p′(V )v5
− H1Φxx

p′(V )v5
− (p′(V )v5)x

(p′(V )v5)2
ΨΦxxdxdt.

With the aid of (3.2)1, we have

− κ
∫ t

0

∫ ∞
−∞

ΦtΦxx

p′(V )v5
dxdt

=κ

∫ ∞
−∞

Φ2
x

2p′(V )v5
dx− κ

∫ ∞
−∞

Φ2
x

2p′(V )v5
dx

∣∣∣∣
t=0

+
κ

2

∫ t

0

∫ ∞
−∞

p′′(V )(U −H1 − uSY)x
(p′(V ))2v5

Φ2
xdxdt+

5κ

2

∫ t

0

∫ ∞
−∞

(U − uSY)x
p′(V )v6

Φ2
xdxdt

+
κ

2

∫ t

0

∫ ∞
−∞

p′′(V )(uSY)x
(p′(V ))2v5

Φ2
xdxdt+

5κ

2

∫ t

0

∫ ∞
−∞

(uSY)x + Ψxx

p′(V )v6
Φ2
xdxdt

− κ
∫ t

0

∫ ∞
−∞

p′′(V )(V − vSY)xv
5 + 5p′(V )v4(V − vSY)x

(p′(V )v5)2
ΨxΦxdxdt

− κ
∫ t

0

∫ ∞
−∞

p′′(V )(vSY)xv
5 + 5p′(V )v4(vSY + Φx)x
(p′(V )v5)2

ΨxΦxdxdt

− κ
∫ t

0

∫ ∞
−∞

p′′(V )Vxv
5 + 5p′(V )v4(V + Φx)x

(p′(V )v5)2
H1Φxdxdt

:=κ

∫ ∞
−∞

Φ2
x

2p′(V )v5
dx− κ

∫ ∞
−∞

Φ2
x

2p′(V )v5
dx

∣∣∣∣
t=0

+
7∑
i=1

I2,i,

and

κ

∫ t

0

∫ ∞
−∞

H1Φxx

p′(V )v5
+

(p′(V )v5)x
(p′(V )v5)2

ΨΦxxdxdt,

=κ

∫ t

0

∫ ∞
−∞

p′′(V )[Vx − (vSY)x]v
5 + 5p′(V )v4(V − vSY)x

(p′(V )v5)2
ΨΦxxdxdt

+ κ

∫ t

0

∫ ∞
−∞

p′′(V )(vSY)xv
5 + 5p′(V )v4(vSY + Φx)x
(p′(V )v5)2

ΨΦxxdxdt

+ κ

∫ t

0

∫ ∞
−∞

H1Φxx

p′(V )v5
dxdt =

10∑
i=8

I2,i.



12 Stability of viscous shock wave

Using Lemma 2.1, the Sobolev inequality, the Cauchy inequality, one gets that

I2,3 + I2,4 ≤ C

∫ t

0

(
‖(vSY)x, (u

S
Y)x‖L∞‖Φ2

x‖L1 + ‖Φx(t)‖L∞‖ΦxΨxx‖L1

)
dt

≤ Cδ

∫ t

0

‖Φx‖2dt+ Cε

∫ t

0

(
‖Φx‖2 + ‖Ψxx‖2

)
dt

≤ C(δ + ε)

∫ t

0

(
‖Φx‖2 + ‖Ψxx‖2

)
dt,

(3.13)

and

I2,9 ≤
∫ t

0

∫ ∞
−∞

η(vSY)xΨ
2 + Cη(v

S
Y)xΦ

2
xxdxdt+ C

∫ t

0

‖Ψ(t)‖L∞‖Φ2
xx‖L1dt

≤ η

∫ t

0

∫ ∞
−∞

(vSY)xΨ
2dxdt+ Cη(δ + ε)

∫ t

0

∫ ∞
−∞

Φ2
xxdxdt,

(3.14)

where we have used (3.6) and (3.8). Here and hereafter, η is a small positive constant
and Cη is a positive constant which depends only on η. Similarly, one gets that

I2,6 ≤ C(δ + ε)

∫ t

0

∫ ∞
−∞

(
Ψ2
x + Φ2

x + Φ2
xx

)
dxdt. (3.15)

We rewrite the error term F as:

F =− (p(v)− p(V )− p′(V )Φx)−
µΨxxΦx

vV
+ κ(vSY)xx

(
1

V 5
− 1

v5

)
+

5κ

2

Φ2
xx + 2Φxx(v

S
Y)x

v6
+

5κ

2
((vSY)x)

2

(
1

V 6
− 1

v6

)
+
µ(uSY)xΦ

2
x

vV 2
.

+ κ(V − vSY)xx

(
1

V 5
− 1

v5

)
+

5κ

v6
Φxx(V − vSY)x

+
5κ

2
[V 2
x − ((vSY)x)

2]

(
1

V 6
− 1

v6

)
+
µ(U − uSY)xΦ

2
x

vV 2
=

10∑
i=1

Fi.

Thus I3 can be rewrite as

I3 = −
∫ t

0

∫ ∞
−∞

FΨ

p′(V )
dxdt =

(
6∑
i=1

+
10∑
i=7

)∫ t

0

∫ ∞
−∞

−FiΨ
p′(V )

dxdt := I3,1 + I3,2.

Using the similar method in [7], we have

6∑
i=1

Fi = O(1)(|Φ2
x|+ |Φ2

xx|+ |ΨxxΦx|) +

(∣∣∣∣(vSY)xx
(vSY)x

∣∣∣∣+ |(vSY)x|
)(
|(vSY)xΦx|+ |(vSY)xΦxx|

)
= O(1)

(
|Φ2

x|+ |Φ2
xx|+ |ΨxxΦx|+ |(vSY)xΦx|+ |(vSY)xΦxx|

)
,
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and

|I3,1| ≤ C

∫ t

0

∫ ∞
−∞

(|Φ2
x|+ |ΨxxΦx|+ |Φ2

xx|+ |(vSY)xΦx|+ |(vSY)xΦxx|)|Ψ|dxdt

≤ 1

8

∫ t

0

∫ ∞
−∞

sp′′(V )(vSY)xΨ
2

(p′(V ))2
dxdt

+ C(δ + ε)

∫ t

0

∫ ∞
−∞

(Φ2
x + Φ2

xx + Ψ2
xx)dxdt.

(3.16)

Similar like (3.7), we have

‖Ux −
(
uSY
)′ ‖L∞(R)

≤C
(
‖ulx‖L∞(R) + ‖urx‖L∞(R) + ‖ul − ul‖L∞(R) + ‖ur − ur‖L∞(R)

)
≤Cεe−αt,

(3.17)

and

‖Uxx −
(
uSY
)′′ ‖L∞(R), ‖Vx −

(
vSY
)′ ‖L∞(R), ‖Vxx −

(
vSY
)′′ ‖L∞(R) ≤ Cεe−αt. (3.18)

With the aid of Lemma 2.3, (3.17), (3.18), Hölder inequality, Sobolev inequality, we
have

I1,2 + I2,1 + I2,2 + I2,5 + I2,7 + I2,8 + I2,10 + I3,2 + I4 + I5

≤Cε
∫ t

0

e−αt
∫ ∞
−∞

Φ2
x + Φ2

xx + Ψ2 + Ψ2
xdxdt

+ C

∫ t

0

(‖Φ‖2 + ‖Ψ‖)(‖H1‖1 + ‖H2‖)dt

≤Cεε2
0 + Cεε ≤ Cε.

(3.19)

Inserting (3.11)-(3.16), (3.19) into (3.10), and using the smallness of η, ε and δ, we
can get (3.9). Thus we obtain the proof of Lemma 3.2.

Lemma 3.3. Under the assumptions of Proposition 3.1, there exists a positive con-
stant C > 0 which is independent of T such that for 0 ≤ t ≤ T , it holds that

‖Φx(t)‖2 +

∫ t

0

‖Φx(t)‖2
1dt ≤ C

(
‖(Φ0x,Ψ0,Φ0)‖2 + (δ + ε)

∫ t

0

‖Ψxx(t)‖2dt+ ε

)
provided that ε, ε and δ are suitably small.
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Proof. Multiplying (3.2)2 by −Φx, and integrating the resulting equation with re-
spect to x over [0, T ]× R, using (2.6) yields

µ

2

∫ ∞
−∞

Φ2
x

V
dx+

∫ t

0

∫ ∞
−∞
−p′(V )Φ2

xdxdt+κ

∫ t

0

∫ ∞
−∞

Φ2
xx

v5
dxdt

=
µ

2

∫ ∞
−∞

Φ2
x

V
dx

∣∣∣∣
t=0

+

∫ t

0

∫ ∞
−∞

ΨtΦxdxdt+µ

∫ t

0

∫ ∞
−∞

H1x

2V 2
Φ2
xdxdt

+µ

∫ t

0

∫ ∞
−∞

H1x

V
Φxdxdt+µ

∫ t

0

∫ ∞
−∞

UxΦ
2
x

2V 2
dxdt−

∫ t

0

∫ ∞
−∞

FΦxdxdt

−
∫ t

0

∫ ∞
−∞

H2Φxdxdt+ 5κ

∫ t

0

∫ ∞
−∞

Φxx(Φx + Vx)Φx

v6
dxdt

=
µ

2

∫ ∞
−∞

Φ2
x

V
dx

∣∣∣∣
t=0

+
7∑
i=1

Ai.

(3.20)

With the aid of Lemma 2.1, (3.8), we obtain

A1 =

∫ t

0

∫ ∞
−∞

[(ΨΦx)t −ΨΦxt]dxdt

=

∫ ∞
−∞

ΨΦxdx−
∫ ∞
−∞

ΨΦxdx|t=0 −
∫ t

0

∫ ∞
−∞

[(ΨΨx)x −Ψ2
x −H1Ψx]dxdt

≤
∫ ∞
−∞

ΨΦxdx−
∫ ∞
−∞

ΨΦxdx|t=0 +

∫ t

0

3

2
‖Ψx‖2 +

1

2
‖H1‖2dt,

<
µ

4

∫ ∞
−∞

Φ2
x

V
dx+ C‖Ψ‖2 + ‖Ψ0‖2 + ‖Φ0x‖2 +

3

2

∫ t

0

‖Ψx‖2 + Cε.

(3.21)

Inequality (3.17) gives that

A4 ≤ C

∫ t

0

‖Ux‖L∞(R)

∫ ∞
−∞

Φ2
xdxdt ≤ C(ε+ δ)

∫ t

0

‖Φx‖2dt. (3.22)

Similarly, one gets that

A5 ≤ C

∫ t

0

∫ ∞
−∞

(|Φ2
x|+ |ΨxxΦx|+ |Φ2

xx|+ |VxxΦx|+ |VxΦxx|)|Φx|dxdx

≤ ε

∫ t

0

∫ ∞
−∞

(Φ2
x + Ψ2

xx + Φ2
xx)dxdt+ C(ε+ δ)

∫ t

0

∫ ∞
−∞

(Φ2
x + Φ2

xx)dxdt,

(3.23)

and

A7 ≤ C(δ + ε+ ε)

∫ t

0

∫ ∞
−∞

(Φ2
xx + Φ2

x)dxdt, (3.24)
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where we have used the Cauchy inequality. By Lemma 2.3, (3.17), (3.18), and
Cauchy inequality, we have

A2 + A3 + A6 ≤
−p′(V )

2

∫ t

0

‖Φx‖2dt+ C

∫ t

0

‖H1‖2
1 + ‖H2‖2dt

≤−p
′(V )

2

∫ t

0

‖Φx‖2dt+ Cε.

(3.25)

Inserting (3.21)-(3.25) into (3.20), we obtain

µ

4

∫ ∞
−∞

Φ2
x

V
dx+

∫ t

0

∫ ∞
−∞

(
−p′(V )

2
Φ2
x + κ

Φ2
xx

v5

)
dxdt

≤C(‖(Φ0x,Ψ0)‖2 + ‖Ψ(t)‖2) +
3

2

∫ t

0

‖Ψx(t)‖2dt+ Cε.

(3.26)

It follows (3.26) and Lemma 3.2, we obtain the proof of Lemma 3.3.

Lemma 3.4. Under the assumptions of Proposition 3.1, there exists a positive con-
stant C > 0 which is independent of T such that for 0 ≤ t ≤ T , it holds that

‖(Ψx,Φxx)(t)‖2 +

∫ t

0

‖Ψxx(t)‖2dt

≤ C

(
‖Φ0‖2

2 + ‖Ψ0‖2
1 + (δ + ε+ ε)

∫ t

0

‖Φxxx(t)‖2dt+ ε

) (3.27)

provided that ε, ε and δ are suitably small.

Proof. Multiplying (3.2)2 by −Ψxx, and integrating the resulting equation in x over
[0, t]× R, we obtain

1

2

∫ ∞
−∞

Ψ2
xdxdt+

∫ t

0

∫ ∞
−∞

µ

V
Ψ2
xxdxdt

=
1

2

∫ ∞
−∞

Ψ2
0xdx+

∫ t

0

∫ ∞
−∞

p′(V )ΦxΨxxdxdt+ κ

∫ t

0

∫ ∞
−∞

ΦxxxΦtx

v5
dxdt

+ µ

∫ t

0

∫ ∞
−∞

UxΦxΨxx

V 2
dxdt−

∫ t

0

∫ ∞
−∞

FΨxxdxdt−
∫ t

0

∫ ∞
−∞

H2Ψxxdxdt

− κ
∫ t

0

∫ ∞
−∞

ΦxxxH1x

v5
dxdt :=

1

2

∫ ∞
−∞

Ψ2
0xdx+

6∑
i=1

Bi.

(3.28)
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With the help of (3.2)1, we have

B2 = κ

∫ t

0

∫ ∞
−∞

[(Φxx
Φtx

v5
)x − Φxx(

Φtx

v5
)x]dxdt

= −κ
2

∫ ∞
−∞

Φ2
xx

v5
dx+

κ

2

∫ ∞
−∞

Φ2
xx

v5
|t=0dx−

5κ

2

∫ t

0

∫ ∞
−∞

Φ2
xx

Ψxx + Ux
v6

dxdt

+ 5κ

∫ t

0

∫ ∞
−∞

ΦxxΨxx
Φxx + Vx

v6
dxdt+ 5κ

∫ t

0

∫ ∞
−∞

ΦxxH1x
Φxx + Vx

v6
dxdt

= −κ
2

∫ ∞
−∞

Φ2
xx

v5
dx+

κ

2

∫ ∞
−∞

Φ2
xx

v5
|t=0dx+

3∑
i=1

B2,i.

Using (2.3), (3.17) and the Cauchy inequality, one gets

B1 ≤η
∫ t

0

‖Ψxx‖2dt+ Cη

∫ t

0

∫ ∞
−∞

(p′(V ))2Φ2
xdxdt

≤η
∫ t

0

‖Ψxx‖2dt+ Cη

∫ t

0

‖Φx‖2dt,

(3.29)

and

B3 ≤ η

∫ t

0

‖Ψxx‖2dt+ Cη(δ + ε)2

∫ t

0

‖Φx‖2dt.

Using Lemma 2.1, the Sobolev inequality, the Young inequality, the Cauchy in-
equality, (3.6) and (3.8), we have

B21 ≤ C

∫ t

0

‖Φxx(t)‖L∞‖ΦxxΨxx‖L1dt+ C

∫ t

0

‖Ux‖L∞‖Φxx‖2dt

≤ C

∫ t

0

(δ + ε)‖Φxx(t)‖2dt+ C

∫ t

0

‖Φxx(t)‖
3
2‖Φxxx(t)‖

1
2‖Ψxx(t)‖dt,

≤ C(δ + ε+ sup
t
‖Ψxx‖)

∫ t

0

‖(Φxx,Φxxx)(t)‖2dt

≤ C(δ + ε+ ε)

∫ t

0

‖(Φxx,Φxxx)(t)‖2dt,

and

B22 ≤ C(δ + ε+ ε)

∫ t

0

‖(Φxx,Ψxx)(t)‖2dt.

Using (2.3), (3.17), (3.18), we estimate the error term F as:

F ≤ C (|Φx|+ |Φxx|+ |Vx|+ |Vxx|) (|Φx|+ |Ψxx|+ |Φxx|) . (3.30)
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Using (3.30), B4 can be controlled as follows:

B4 ≤ η

∫ t

0

‖Ψxx‖2dt+ Cη

∫ t

0

∫ ∞
−∞
|F |2dxdt

≤ η

∫ t

0

‖Ψxx‖2dt+ Cη

∫ t

0

(
‖Φx,Φxx, Vx, Vxx‖2

L∞

) ∫ ∞
−∞

(
Φ2
x + Ψ2

xx + Φ2
xx

)
dxdt

≤ η

∫ t

0

‖Ψxx(t)‖2dt+ Cη(δ + ε+ ε)2‖(Φx,Ψxx,Φxx)(t)‖2dt,

where we have used (3.18) in last inequality. With the aid of (3.6), (3.18) and Hölder
inequality, one gets

B23 +B5 +B6 ≤C
∫ t

0

∫ ∞
−∞
|H2Ψxx|+ |H1x|(|Φxx|+ |Φxxx|)dxdt

≤C
∫ t

0

(‖H2‖+ ‖H1x‖)(‖Ψxx‖+ ‖Φxx‖1)dt ≤ Cε.

(3.31)

Inserting (3.29)-(3.31) into (3.28), choosing η, ε, δ and ε suitable small, one gets

‖Ψx(t)‖2 + ‖Φxx(t)‖2 +

∫ t

0

‖Ψxx(t)‖2dt

≤C
(
‖(Ψ0x,Φ0xx)‖2 +

∫ t

0

‖Φx(t)‖2
1dt

)
+ C(δ + ε+ ε)

∫ t

0

‖Φxxx(t)‖2dt+ Cε.

(3.32)

Taking ε, ε and δ small enough in (3.32), we can obtain (3.27). Thus the proof of
Lemma 3.4 is accomplished.

Lemma 3.5. Under the assumptions of Proposition 3.1, there exists a positive con-
stant C > 0 which is independent of T such that for 0 ≤ t ≤ T ,

‖Φxx(t)‖2 +

∫ t

0

‖Φxx(t)‖2
1dt ≤ C

(
‖Φ0‖2

2 + ‖Ψ0‖2
1 + ε

)
(3.33)

holds provided that ε, ε and δ are suitably small.
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Proof. Multiplying (3.2)2 by Φxxx and using (3.2)1, integrating the result over [0, t]×
R, one gets that

1

2

∫ ∞
−∞

µΦ2
xx

V
dx+

∫ t

0

∫ ∞
−∞

(
−p′(V )Φ2

xx +
κΦ2

xxx

v5

)
dxdt

=
1

2

∫ ∞
−∞

µΦ2
xx

V
dx
∣∣∣
t=0
−
∫ ∞
−∞

ΨxΦxxdx
∣∣∣
t=0

+

∫ t

0

∫ ∞
−∞

µ

V
H1xxΦxxdxdt

−
∫ t

0

∫ ∞
−∞

( µ
V

)
x

ΦxxΨxxdxdt+

∫ t

0

∫ ∞
−∞

( µ
V

)
t

Φ2
xx

2
dxdt

+

∫ t

0

∫ ∞
−∞

p′′(V )VxΦxΦxxdxdt+

∫ t

0

∫ ∞
−∞

Ψ2
xxdxdt

− µ
∫ t

0

∫ ∞
−∞

UxΦx

V 2
Φxxxdxdt+

∫ t

0

∫ ∞
−∞

FΦxxxdxdt+

∫ ∞
−∞

ΨxΦxxdx

+

∫ t

0

∫ ∞
−∞

ΦxxxH2dxdt−
∫ t

0

∫ ∞
−∞

H1xΨxdxdt

:=
1

2

∫ ∞
−∞

µΦ2
xx

V
dx
∣∣∣
t=0
−
∫ ∞
−∞

ΨxΦxxdx
∣∣∣
t=0

+
10∑
i=1

Mi.

(3.34)

Similar like (3.31), it follows that

M1 +M9 +M10

≤C
∫ t

0

∫ ∞
−∞

(|H1x +H1xx +H2|)(|Φxx|+ |Φxxx|+ |Ψx|)dxdt

≤C
∫ t

0

(‖H1‖2 + ‖H2‖)(‖Φx‖2 + ‖Ψx‖)dt ≤ Cεε.

(3.35)

Using the Cauchy inequality, we obtain

M2 +M3 +M4 ≤ η

∫
R

µΦ2
xx

V
dx+ Cη

∫ t

0

‖Vx, Ux, H1x‖L∞

∫
R
|Ψ2

xx + Φ2
xx + Φ2

x|dxdt,

≤ η

∫
R

µΦ2
xx

V
dx+ Cη(δ + ε)

∫ t

0

‖(Φxx,Ψxx,Φx)(t)‖2dt.

By Lemma 2.1, the Sobolev inequality, the Cauchy inequality, (3.6) and (3.30), we
have

M6 +M7 ≤C
∫ t

0

∫
R
|Ux||ΦxΦxxx|dxdt

+C

∫ t

0

∫
R

(|Φx|+ |Ψxx|+ |Vx|+ |Vxx|) (|Ψxx|+ |Φx|+ |Φxx|)|Φxxx|dxdt

≤C(δ + ε+ ε)

∫ t

0

‖(Φx,Ψxx,Φxx,Φxxx)(t)‖2dt,
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and

M5 +M8 ≤ η

∫
R

µΦ2
xx

V
dx+ Cη‖Ψx(t)‖2 +

∫ t

0

‖Ψxx(t)‖2dt. (3.36)

Combining (3.34)-(3.36), and the smallness of δ, ε, ε , one gets (3.33). Thus the
proof of Lemma 3.5 is obtained. We can get the higher order estimates similarly
and the proof is omitted for brevity.

Lemma 3.6. Under the assumptions of Proposition 3.1, there exists a positive con-
stant C > 0 which is independent of T such that for 0 ≤ t ≤ T ,

‖(Φxxx,Ψxx)(t)‖2 +

∫ t

0

‖Ψxxx(t)‖2 + ‖Φxxx(t)‖2
1dt ≤ C

(
‖Φ0‖2

3 + ‖Ψ0‖2
2 + ε

)
(3.37)

holds provided that ε, ε and δ are suitably small.

Combining Lemma 3.2-Lemma 3.6, we obtain Proposition 3.1.

3.2. Proof of Theorem 3.1 and Theorem 2.1. By standard argument, one
gets that the initial value problem (3.2),(3.4) has a solution on [0, T0]. Choosing

‖Φ0‖2, ‖Ψ0‖1 and ε sufficiently small, such that ‖Φ0‖2
2 + ‖Ψ0‖2

1 + ε <
ε2

0

4C0

. Using

Proposition 3.1, we have

sup
t∈[0,T ]

{‖Φ(t)‖3 + ‖Ψ(t)‖2} ≤ 2
√
C0(‖Φ0‖2

3 + ‖Ψ0‖2
2 + ε) = ε2

0.

Moreover, by standard continuation argument, it follows that∫ +∞

0

(
‖φ(t)‖2

2 + ‖ψ(t)‖2
1 +

∣∣∣∣ ddt (‖φ(t)‖2
2 + ‖ψ(t)‖2

1

)∣∣∣∣) dt <∞.

It follows that ‖φ(t)‖2 + ‖ψ(t)‖1 → 0 as t → +∞. Using Sobolev inequality, one
gets that

‖φ(t)‖L∞ ≤ ‖φ(t)‖
1
2‖φx(t)‖

1
2 → 0, as t→ +∞. (3.38)

and

‖ψ(t)‖L∞ ≤ ‖ψ(t)‖
1
2‖ψx(t)‖

1
2 → 0, as t→ +∞.

Thus Theorem 3.1 is proved. With the help of (3.7) and (3.38), we can obtain (2.13)
for v. And the estimate for u in (2.13) can be proved similarly. Therefore Theorem
2.1 is proved.

4. Proof of Lemmas 2.3 and Lemma 3.1

4.1. Proof of Lemma 2.3. By (1.5) and Lemma 2.2 , we have |X ′(t)| , |Y ′(t)| ≤
Cεe−αt for all t > 0. Thus lim

t→+∞
X (t) and lim

t→+∞
Y(t) are all exist. In the following

part of this subsection, we compute the two limits.
Motivated by [15], we first compute lim

t→+∞
Y(t). We define the domain
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
ΩN

(x,t) :=
{

(y, τ) : 0 < τ < t, ΓNl (τ) < y < ΓNr (t)
}
, x ∈ [0, 1],

ΓNl (τ) := sτ + Y(t) + (−N + x)πl, N ∈ N∗,
ΓNr (τ) := sτ + Y(t) + (N + x)πr, N ∈ N∗, .

(4.1)

Using (2.6)2, we have∫ ΓN
r (0)

ΓN
l (0)

U(y, 0)dy +

∫ t

0

[
−p(V ) + µ

Ux
V

+ κ

(
−Vxx
V 5

+
5V 2

x

2V 6

)
+ (s+ Y ′)U

] (
ΓNr (τ), τ

)
dτ

−
∫ ΓN

r (t)

ΓN
l (t)

U(y, t)dy −
∫ t

0

[
−p(V ) + µ

Ux
V

+ κ

(
−Vxx
V 5

+
5V 2

x

2V 6

)
+ (s+ Y ′)U

] (
ΓNl (τ), τ

)
dτ

=−
∫∫

ΩN
(x,t)

((G3)y + g4) dydτ

(4.2)
With the aid of U in (2.5), one has that∫ ΓN

r (0)

ΓN
l (0)

U(y, 0)dy −
∫ ΓN

r (t)

ΓN
l (t)

U(y, t)dy

=

∫ ΓN
r (0)

0

(ψ0l − ψ0r) (1− gY0)dy +

∫ Y0+xπr

0

ψ0r(y)dy

+

∫ 0

ΓN
l (0)

(ψ0r − ψ0l)gY0dy +

∫ 0

Y0+xπl

ψ0l(y)dy −R1, (4.3)

where

R1(x, t) =

∫ ΓN
l (t)

0

(ψl − ψr) (1− gY)dy +

∫ st+Y(t)+xπr

0

ψr(y, t)dy

+

∫ 0

ΓN
l (t)

(ψr − ψl)gYdy +

∫ 0

st+Y(t)+xπl

ψl(y, t)dy.

Moreover, by [15], we have ‖R1‖L∞(R) ≤ Cεe−αt. The second part on the left hand
side of (4.2) satisfies∫ t

0

[
−p(V ) + µ

Ux
V

+ κ

(
−Vxx
V 5

+
5V 2

x

2V 6

)
+ (s+ Y ′)U

] (
ΓNr (τ), τ

)
dτ

=

∫ t

0

[
−p(vr) + ur (s+ Y ′) + κ

(
−vrxx
v5
r

+
5v2

rx

2v6
rx

)]
(sτ + Y(τ) + xπr, τ) dτ

+ µ{ln
(
vr(st+ Y(t) + xπr, t)

)
− ln

(
vr + φ0r(Y0 + xπr)

)
}+R2, (4.4)
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where

R2 =

∫ t

0

{
− [p(V )− p(vr)] + µ

[
Ux
V
− urx

vr

]
− (s+ Y ′) (U − ur)

+ κ

[(
−Vxx
V 5

+
5V 2

x

2V 6

)
−
(
−vrxx
v5
r

+
5v2

rx

2v6
rx

)]}(
ΓNr (τ), τ

)
dτ.

By tedious calculation, we have

µ
Ux
V
− µurx

vr
= O(1)g′st+Y +O(1)(1− gst+Y) +O(1)(1− gst+X ),

and

κ

[(
−Vxx
V 5

+
5V 2

x

2V 6

)
−
(
−vrxx
v5
r

+
5v2

rx

2v6
rx

)]
=O(1)g′st+X +O(1)(1− gst+Y) +O(1)(1− gst+X ).

Thus, |R2| tends to zero as N → +∞ for fixed t > 0. Similarly, we obtain∫ t

0

[
−p(V ) + µ

Ux
V

+ κ

(
−Vxx
V 5

+
5V 2

x

2V 6

)
(s+ Y ′)U

] (
ΓNl (t), t

)
dt

=

∫ t

0

[−p(vl) + ul (s+ Y ′)] (st+ Y(t) + yπl, t) dt

+ µ
{

ln
(
vl(st+ Y(t) + yπl, t)

)
− ln

(
vl + φ0l(Y0 + yπl)

)}
+R3. (4.5)

And the remaining term |R3| tends to zero as N → +∞.
With the aid of (4.3),(4.4),(4.5), integrate (4.2) with respective to x over [0, 1].

Then letting N → +∞, we obtain

0 =

∫ +∞

0

(ψ0l − ψ0r) (1− gY0)dy +
1

πr

∫ πr

0

∫ x

0

ψ0r(y)dydx−
∫ 0

−∞
(ψ0l − ψ0r)gY0dy

− 1

πl

∫ πl

0

∫ x

0

ψ0l(y)dydx−
∫ t

0

1

πr

∫ πr

0

[p(vr(x, τ))− p(vr)] dxdτ − p(vr)t

+ ur (st+ Y(t)− Y0) + µ ln(vr)−
1

πr

∫ πr

0

µ ln(vr + φ0r(x))dx

+

∫ t

0

1

πl

∫ πl

0

[p(vl(x, τ))− p(vl)] dxdτ + p(vl)t− ul (st+ Y(t)− Y0)

− µ ln(vl) +
1

πl

∫ πl

0

µ ln(vl + φ0l(x))dx+O(1)εe−αt

=(ur − ul) (Y(t)− Y∞) +O(1)εe−αt.

Using the same method, we can get lim
t→+∞

X (t) = X∞. The proof of Lemma 2.3 is

obtained.
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4.2. Proof of Lemma 3.1. With the help of (2.7), we rewrite H1 as

H1(x, t) = G1(x, t) +

∫ x

−∞
g2(x, t)dx := D−1,1(x, t) +D−1,2(x, t), x < 0,

where

D−1,1(x, t) := (ur − ul) (gst+Y − gst+X ) (x) + (ur − ul)gst+X (x) + (s+ X ′)(vr − vl)gst+X (x)

=(vr − vl) [X ′(t)gst+X (x) + s (gst+X − gst+Y) (x)] ,

D−1,2(x, t) := (φr − φl) (x, t) (gst+Y − gst+X ) (x) +

∫ x

−∞
(ψr − ψl)(x, t)g′st+X (y)dx

+ (s+ X ′)
∫ x

−∞
(φr − φl)(x, t)g′st+X (x)dx.

Lemma 2.2 gives that

3∑
k=0

‖∂kx (φl, ψl, φr, ψr) ‖L∞(R) ≤ Cεe−αt, t > 0.

By

(gst+X − gst+Y) (x) =

∫ 1

0

g′ (x− st−X − θ (Y − X )) dθ (Y − X )

and |Y − X | (t) ≤ Cεe−αt, we have

3∑
k=0

∫ 0

−∞

∣∣∂kxH1

∣∣2 dx ≤ 3∑
k=0

∫ 0

−∞

(∣∣∂kxD−1,1∣∣2 +
∣∣∂kxD−1,2∣∣2) dx

≤ Cε2e−2αt

4∑
k=0

∫ M0

−∞

∣∣∣∣ dkdxk g(x)

∣∣∣∣2 dx ≤ Cε2e−2αt.

Here M0 is sup
t≥0

(|X |+ |Y|) (t) + st. Similar, For x > 0, we can obtain

3∑
k=0

∫ +∞

0

∣∣∂kxH1

∣∣2 dx ≤ Cε2e−2αt.

H2 can be estimate by the same method and thus we omit it. Thus the proof of
Lemma 3.1 is accomplished .

Appendix A. Proof of Lemma 2.2

In this section, we denote ‖ · ‖ = ‖ · ‖L2(T), ‖ · ‖k = ‖ · ‖Hk(T), φ := v− v, ψ := u−u
where T = [0, π]. Then using (1.1), we haveφt = ψx,

ψt + p(v)x = µ

(
ψx
v

)
x

+ κ

(
−φxx
v5

+
5φ2

x

2v6

)
x

.
(A.1)
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Sobolev inequality and the a priori assumption gives that

k−1∑
l=0

‖∂lx (φ, ψ) ‖L∞(T) ≤ Cδ. (A.2)

Multiplying ψ on (A.1)2, we have(ψ2

2

)
t
+
µ

v
ψ2
x = (· · · )x + p(v)ψx + κ

φxx
v5
ψx − κ

5φ2
x

2v6
ψx.

So we have

d

dt

{∫ π

0

(ψ2

2
−
∫ v+φ

v

p(s)ds+ p(v)φ
)
dx

}
+

∫ π

0

µ
ψ2
x

v
− κφxxψx

v5
dx

=−
∫ π

0

κ
5φ2

x

2v6
ψxdx ≤ C1δ

∫ π

0

µ
ψ2
x

v
dx+ C1δ

∫ π

0

|p′(v)|
v

φ2
xdx,

(A.3)

where we have used (A.2) and

p(v)ψx = p(v)φt =
(∫ v+φ

v

p(s)ds− p(v)φ
)
t
+ p(v)φt

=
(∫ v+φ

v

p(s)ds− p(v)φ
)
t
+ (p(v)u)x .

Equation (A.1) gives that

ψt + p(v)x = µ

(
φx
v

)
t

+ κ

(
−φxx
v5

+
5φ2

x

2v6

)
x

. (A.4)

Then multiplying (A.4) by µ
φx
v

, we obtain

µ
ψtφx
v

= µ

(
ψφx
v

)
t

+ (...)x + µ
ψ2
x

v
,

−κµ
(
φxx
v5

)
x

φx
v

= (...)x + κµ
φ2
xx

v6
+ κµ

φxxφ
2
x

v7
,

−κµ
(

5φ2
x

2v6

)
x

φx
v

= 5µκ
φxxφ

2
x

v7
− 15µκ

φ4
x

v8
.

Using the Cauchy inequality, one gets

d

dt

∫ π

0

[1

2

(
µφx
v

)2

− µφxψ
v

]
dx+ µ

∫ π

0

|p′(v)|
v

φ2
xdx+ κµ

∫ π

0

φ2
xx

v6
dx

=µ

∫ π

0

ψ2
x

v
dx− 4µκ

∫ π

0

φxxφ
2
x

v7
dx+ 15µκ

∫ π

0

φ4
x

v8
dx

≤µ
∫ π

0

ψ2
x

v
dx+ η

∫ π

0

φ2
xx

v6
dx+ C2δ

2

∫ π

0

|p′(v)|
v

φ2
xdx,
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for some constant C2 .Thus

d

dt

∫ π

0

[1

2

(µ
v
φx

)2

− µ

v
φxψ

]
dx+

∫ π

0

(µ− C2δ
2)
|p′(v)|
v

φ2
xdx+ (κµ− η)

∫ π

0

φ2
xx

v6
dx

≤µ
∫ π

0

ψ2
x

v
dx.

(A.5)
Multiplying (A.1)2 by −ψxx yield that

1

2

(
κ
φ2
xx

v5
+ ψ2

x

)
t

+ µ
ψ2
xx

v

=− 5κ
φxφxxψxx

v6
+ 15κ

φ3
xψxx
v7

+ p′(v)φxψxx + µ
φxψxψxx

v2
− 5

2
κ
ψxφ

2
xx

v6
,

which implies that

d

dt

∫ π

0

(
κ
φ2
xx

v5
+ ψ2

x

)
dx+

∫ π

0

µ
ψ2
xx

v
− p′(v)φxψxxdx

≤ ηµ

∫ π

0

ψ2
xx

v
dx+ C3δ

(∫ π

0

|p′(v)|
v

φ2
xdx+

∫ π

0

φ2
xx

v6
dx+

∫ π

0

µ
ψx

2

v
dx

)
,

(A.6)

for some constant C3 > 0. Choose suitable constants M1,M2 > 0, then M2· (A.3)
+M1· (A.5) + (A.6) gives that

d

dt

∫ π

0

[M2

2
ψ2 +

M1

2

(µ
v
φx

)2

−M1
µ

v
φxψ

]
dx

+
d

dt

∫ π

0

[
M2

(
−
∫ v+φ

v

p(s)ds+ p(v)φ
)

+ ψ2
x +

κφ2
xx

v5

]
dx

+

∫ π

0

{
µ[(1− C1δ)M2 −M1 − C3δ]

ψ2
x

v
− κM2

φxxψx
v5

+ [M1(κµ− η)− C3δ]
φ2
xx

v6

}
dx

+

∫ π

0

{
[(µ− C2δ

2)M1 − C3δ − C1δM2]
|p′(v)|
v

φ2
x − p′(v)φxψxx + µ(1− η)

ψ2
xx

v

}
dx < 0.

(A.7)
By directly calculate, if (2.4) holds, choosing δ suitably small, one gets that there
exist five constants a1, a2, a3,M1,M2, such that

M2

2
ψ2 +

µ2M1

2v2
φ2
x −M1

µ

v
φxψ > a1(ψ2 + φ2

x),

(µM2 −M1)
ψ2
x

v
− κM2

φxxψx
v5

+M1κµ
φ2
xx

v6
> a2(ψ2

x + φ2
xx),

µM1
|p′(v)|
v

φ2
x − p′(v)φxψxx + µ

ψ2
xx

v
> a3(ψ2

xx + φ2
x).

(A.8)
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Thus it follows from (A.7), (A.8) and Poincaré inequality, choosing δ, η suitably
small, that for some α > 0, one has that

(‖φ‖2, ‖ψ‖1)(t) ≤ C(‖φ0‖2, ‖ψ0‖1)e−αt ≤ Cεe−αt.

The estimate of the higher order derivatives ∂lx(φ, ψ) with l = 2, 3, 4, is similar and
thus omitted.
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[16] D. Korteweg, Sur la forme que prennent les équations des mouvement des fluids si l’on tient
comple des forces capillaries par des variations de densité, Arch. Neerl. Sci. Exactes Nat. Ser.
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