Stability of Viscous Shock Wave under Periodic Perturbation for
Compressible Navier-Stokes-Korteweg System

LIN CHANG

ABSTRACT. In this paper, we study the stability of a viscous shock wave for the
isentropic Navier-Stokes-Korteweg equations under space-periodic perturbation.
It is shown that if the initial perturbation around the shock and the amplitude of
the shock are small, then the solution of the N-S-K equations tends to the viscous
shock.

1. INTRODUCTION

In this paper, we consider the following one-dimensional compressible Navier-
Stokes-Korteweg system in the Lagrangian coordinates:

v — Uy = 0, (r,t) € R x R,

Uy —Ugg 57}3 1.1
wip)=n(%) +n(TE43E) . @oerxry, (D

where v(t,z) > 0 is the specific volume, u(t,z) the velocity. The pressure p(v)
satisfying

p(v) >0, p'(v)<0, p'(v)>0 Vo>0. (1.2)

And k > 0 is the capillary coefficient. p > 0 is the viscosity coefficient.

Notice that when x = 0, the system (1.1) is reduced to the compressible Navier-
Stokes system, which admits viscous shock wave solution (U, V')(z — st) with shock
propagation speed s. The stability of viscous shock for system (1.1) has been ex-
tensively studied, see [9,11,13,14,17,19-21,23-25,27].

Unfortunately, when x > 0, the Navier-Stokes-Korteweg system (1.1) not always
admits the viscous shock wave solution unless some additional conditions are satis-
fied, see [28,29]. Chen-He-Zhao [6] showed that this shock wave is asymptotically
stable. We refer to [1-5,7,8,12,16,26,30-32] for more interesting works on Navier-
Stokes-Korteweg system.

However, the periodic perturbation problem is more difficult. For the scalar e-
quations and 2 x 2 systems, Lax [18] and Glimm-Lax [10] proved that the periodic
solutions time-asymptotically decay to their constant averages. For more interesting
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2 Stability of viscous shock wave

works about the general Riemann initial data with periodic perturbations, please
refer to [15,33-35].
In this paper, we consider a initial value problem of (1.1) with the initial data

(v,u)(x,0) = (vo, up)(x), = €R, (1.3)
satisfying
(5[,@1) + (¢0[,’¢01) (.I) as r — —oQ,
(vo, o) (z) = {(@T,ﬂr) + (bor, Yor) () as r — +oo. (14)

Here 7; > 0,7, > 0,7; and %, are constants. Oscillation function (¢g, ¥gy) € R?
and (¢o,, Yo, ) € R? are two periodic functions. We assume (¢o;, ¥o;) € H*(0,7;); i =
[,r. The constant states (v;,7;) and (,, u,) satisfy the Rankine-Hugoniot condition,

{—s(m — ) — (@ —w) =0

(@ —T) + (p(T)  p(T)) = 0. (15)

_p(ﬂr) — p<@l)
U, — U
constant states satisfy the Lax’s entropy condition, i.e,

Here s = > 0 is the shock speed. Moreover we assume that the

0<w <o, u>u,, (1.6)
and

/Om(qboz,wm)(:n)dsn =0 and /Om(gbgr, o) (x)dz = 0. (1.7)

Due to the initial perturbation is space periodic, the standard anti-derivative
method fails. Inspired by [33], in order to make the anti-derivative method available,
in this paper, we introduce a suitable ansatz (V,U), so that the ansatz and solution
(v, u) have the same oscillation in the far field. Thus, the perturbation (v—V,u—"U)
belongs to (H?, H*)(R). In (2.5), we give the exact statement of the ansatz. Through
energy estimation, we know that the solution not only exists globally, but also tends
to the viscous shock with a shift as time tends to infinity. The shift is determined
by the periodic oscillation partially.

The structure of this paper is as follows. In Section 2, we construct ansatz (V,U)
and state our main results. In Section 3 , we prove the main results. In Section 4,
we give some lengthy proofs for ease of reading.

Notation. The functional || - ||1» is defined by || f|z» = (/ |f|p(x)dx)% We
R

denote for simplicity
o0 3
1l = ( | rw dx)
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as p = 2. H™ represents the m-th order Sobolev space of functions defined by

£l = (Z ||3]§f||2>
k=0
Moreover, we denote he(x), hék) (x) for simplicity
he(x) = hz = £(1), hd(@) =P (@ —¢1), k21

2. PRELIMINARIES AND MAIN RESULT

The viscous shock profile (v, u®)(€) = (v°, u®)(x — st) is a traveling wave solution
o (1.1), satisfying the following euqations,

(vs u ) (U, Wy

where ' = d/d¢, &=z — st.
Lemma 2.1. ( [6]) Let (1.2) and (1.6) hold. If

2,278 10T
BB _ < Oor _ 6> o (0 (@) + 5%) >0, (2.2)

K vy

B R = s AR
)

(resp. (U, @,)) as & - —oo (resp. + ),

then there exists a monotone viscous shock profile (v°,u®)(z — st) to system (2.1),
which is unique up to a shift and satisfies (v°) >0, (u®) <0, and
03 (€) — o] < Coe Bl u¥(€) — | < Coe 'kl ve <o,
|05 (€) = T,| < Coe™ Bl WS (€) —7,| < Coell Ve >0,
s a* g 2
—cil¢]
’d_gk’v (5)‘ + ’d_fk’u (| <C5e ™, VEERVE >,
where § :== v, — vy, and ¢, C' are two positive constants depending only on v,, vy, s, i
and K.

(2.3)

Let (v, u,) (z,t) are the solutions of (1.1) with the periodic initial data

(Vi wiy) (2,0) = (U, W) + (Gor,0r, Yor,or) ().

We first give a lemma for periodic solution to (1.1).

Lemma 2.2. Assume that (vg,uo)(x) € H*(0,7) is periodic with period © > 0 and
average (U,u), Then there exists €g > 0 such that if

e := ||(vo, uo) — (0,%) || g1(0,m) < €0,
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and the v satisfying

rem{(5) (55 }

the problem (1.1) has a unique periodic solution with initial data (vg,ug)
(v,u)(z,t) € C(0, +o0; H*0,7)).
It has same period and average as (vy,ug). Moreover, it holds that
1(v, u) = (@, [ rs0.m () < Cee™, >0,

where the constants C' > 0 and o > 0 are independent of € and t.

The proof of Lemma 2.2 is lengthy. We put it in the appendix.
Ansatz: Now, we construct ansatz (V,U)

V(z,t) :=v(x,t) (1 — g5t+x(t)(:l:)) + v (2, ) st a0) (),

Uz, t) = w(x,t) (1 — Gst4 (1) (x)) +up (2, 1) sty (@), (2.5)

Sy _w S\ _ a7

where g(z) = U_@) _Ul = u_(x) _ul, and X (t) and Y(¢) will be determine later.
Vyr — Uy Uy — Uy

With the aid of Lemma 2.1, one gets that 0 < g(z) < 1 and ¢'(x) > 0 for all z € R.

By direct calculation, we obtain the equation about ansatz (V,U), i.e,

V; - Ua: - _(G1>z — g2,

Ut +p(V)$—u(7) —/i( Vo +2_V'6> :_(G3)m_g4’ ( )

where

Gl — (ur - ul)(gst—i-y - gst—i-X)a
g2 = (u, — Ul)g;t—i-)( + (vr — Ul)g;t—i-)((s + X/)>
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Gz = — (p(V) —p(w)) (1 = gst+y) — (p(V) — p(vr)) Gst+y
+u{ (V) —w) gy + (VT =0 ) we(l = gary) + (V7 = 0,7 tragasy
— 5 (V7 = 0®) s (1= ge) = (V72 = 07°) W (Gaee)}
— 26 (uge — Urx>95t+)( + (w — u?“)g;/t—i—X}V_E]

9K _ _
+ 2LV = 070 = )t + (V70— 0 (g, )

b 25 o) = (o8] g}
O ) = o 1) 1 = )+ 8 (000
oK

B 2_‘/6 {le<x7 t) - Ur:c(xv t)}Q (gSt‘f'X) (1 B gSH'X)

gs = (ur — ul)ﬂ;t-f—)((s + V') +p (um‘vr_l - ulxvl_l) g;t—i-X

_ _ ) 5
- (p(UT) - p(vl)) 9;t+y T K (Ulmmvl b — Urgz Uy b — Qvlzxvl + 2vrmvr > g;tJrX'

Using V — v = (v, — ) gsppr and V — v, = — (v, — ;) (1 — ggr ) , One gets that
lim Gy(x,t)=0 forallt>0, i=1,3.

|x| =400

In order to using the anti-derivative method, we assume that
/(U —Viu—U)(z,t)de =0 forall t > 0. (2.8)
R

With the aid of (1.1), (2.6), one gets that

d
— [ (v—=V,u—U)(z,t)de = /(m,g@(x,t)dm.
Obviously, the following two conditions (2.9), (2.10) could imply (2.8),
[ (a0 tds =0, t>0 29)
R
and
/ (vo(z) = V(,0), up(x) — U(,0))dz = 0. (2.10)
R
With the aid of (2.9), we can obtain that
X/(t) - _5— fR Ur — )g;tJrX( )
fR Up — 29;1&4—)(( ) (211)

Y

4 fR M(z, t)gst—l—)} z) + N(z, t)gst—i—X( z)dx
(x

Yi(t)=— fR ur — up) (7, 1) gy y(x)dz
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where

Upg Ul Vize  Urge 51}? 5v?
M(x,t) = p(v,) — —u +pu—=, N(z,t)= x re |
(z,1) = p(vr) = p(v1) N Uy (z,1) " ( 2115 V3 21}? 208

Using a similar technique in [33], we know that there exists a unique (Xp, V) such
that the condition (2.10) holds, provided that ||, ¢or, Yor, Yor|| Lo(r) is small. We
can solve the equation (2.11) once initial data (Xp, ) is obtained.

Lemma 2.3. Under the condition (1.7), there exists ey > 0 such that if

€ := || por, You|| 20,5, + |Por Yor | H2(0,7,) < €0

there exists a unique solution (X,Y)(t) € C*[0,+00) to (2.11) with the initial data
(Xo, Vo). Moreover, the solution satisfies that
|X'(8)] + | X (1) — Xoo| < Cee™™,

t>0
V)] + V() = Vool < Cee™, T

where the constants C' > 0 and o > 0 are independent of € and t, and the shifts X
and YV, are

Xoo =X + = ! - {/ (P01 — dor)gxpd — /O+OO(<Z501 — o) (1 — gxo)dﬂ?}

0
UT - Ul —00

11 ™ L[
- dedy — — r(@)dxdy o
+TT—Uz{7Tz/o /0 dor(z)dxdy 7Tr/0 /0 Gor(z)dx 3/}

and

0
Uy — Uy — 0o

+ {% /Om /Oy Vo (z)dzdy — /0+°<> 7% /Om [p(vi(y, 1)) — p(v;)] dydt

1 T Yy +o00 1 o -
_ W_T/O /0 Yo, (z)dxdy +/0 W—T/O p(v,(y, 1)) — p(T,)] dydt
1™

+uln@) - ula(o,) - - / wln (T + du(y)) dy

Ve Vot = { [ o= vwdosie— [ = )1 - g}

ur—ﬂl'

1 Tr _ 1
+7T—r/0 MIH(UT+¢Or(y))dy}—

Now we skip the proof of Lemma 2.3 for easy reading. And we put the tedious
proof in Section 4. The ansatz (V, U) in (2.5) tends to (v°(z — st — X)), u”(z — st — Vo))
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as t — 4o00. In this way, we have to add a new condition X, = V., i.e.,

s {/O (vo — v° — ¢n) (x)dx + /O+OO (vo — v° — o) (x)da

—00

1 M x 1 T x
o [ [ onwdyds - [ [ onn s
T Jo Jo TrJo Jo
0 400

_ /OO (o — 0 — ) (2)de — /0 (1o — u — o) (2)da
n Fil /0 K /0 () dydz — /O B /0 Y e t) — p@) dedt (212)

™

1 r z +oo 1 T ~
_ W_r/o /0 Yor(y)dydx + i W_r/o [p(ve(z,t)) — p(v,)] dzdt
1

+uln(@) - pla(@,) -~ /0 In(@ + do(e))da

[
+ — / pIn(v, + ¢or(x))dz.
T Jo

The condition (2.12) is called as a zero-mass type condition. Now, we define the
anti-derivative,

Do) = / " (oly) — V(.0)) dy,  Uo(x) = / " (woly) — U(y.0)) dy,

—0Q0 —00

Moreover, we set

Eo = || Yol 2 0,m) + | Pors Yor | 20,0y + | Pollms ) + || Woll mr2w) + 0.

Now we are ready to give the main result of this paper.

Theorem 2.1. Assume that the periodic functions in (1.4) satisfy (1.7),(2.2), (2.12)

and

Then there exists e, > 0 such that, if Ey < €1, there exists a unique global solution
of (1.1),(1.3), satisfying
v—V € C([0,400); H*(R)) N L* ((0, +00); H*(R)) ,
u—U e C([0,+00); H*(R))

W=
W=

D)
N
B
+
)
=
E

and
(v, u)(-,t) — (v°,u”)(- — st — Xoo) || Lo) = 0 ast — +oo. (2.13)

Remark 2.1. Tt is an interesting problem to remove the condition that ¢ is suitable
small.
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3. PROOF OF THEOREM 2.1

We define the perturbation terms
¢($,t> = ('U—V) (ZL’,t), ¢($at>:(U_U) (.Yl,t),

and the anti-derivative variables

O(z,1) / o(z,t)d U(z,t) ::/ U(z,t)d. (3.1)
Equalities (1.1), (2.6) and (3.1) give that
q)t - \le - Hl7
\Ift+p’(V)<I>x—uV tR ety = P, (3:2)
where

F == (p(0) = (V) = #V)00) = 2222t (5 -

vV Vs b
N ; (3.3)
L BRBL 20V, DRy, (1 1N U@
2 06 2 T A\V6 b vV’
Hl = G1 +/ gg(x,t)dx, H2 = Gg + / g4(a:,t)d;17,
with initial data
(@, W)(2,0) = (@, Wy)(x) € H*(R) x H2(R). (3.4)
We aim to seek the solution (®, V) in the following functional space B for T' € O, 00)
®(x,t) € C(0,T; H*(R)), P, (x,t) € L*(0,T; H*(R
B(OvT) = ((I), ‘If)(l', 2 2 2
U(x,t) € C(0,T; H*(R)), ¥, (x,t) € L*(0,T; H*(R

Theorem 3.1. Under the same assumptions of Theorem 2.1, there exists e; > 0, if
Ey < ey, then the initial value problem (3.2), (5.4) has a unique solution (¥, V) €
B(0,+00) satisfying

+o0
igg(l@l!s, 1]]2)* + /0 (ll5 + 113) dt < C({{IPolls, [[Toll2}* +€),
Moreover, it holds that
|6, Y| Loom)(t) = 0 ast — +oo. (3.5)

To prove Theorem 3.1, we list the decay properties of the error term in (3.2), the
proof of which we place in Section 4.2.

Lemma 3.1. Under the assumptions of Theorem 2.1, it holds that
| Hlls, | Hallx < Cee™", t >0,
where C' > 0 is independent of € and t.
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Proposition 3.1 (A priori estimates). We assume that that for any T > 0, (, V) €
B(0,T) is a solution of (3.2),(3.4). Then there exist three positive constants €g, dg
and g, independent of T, such that if

e<e, 0<06 and e:= sElp] {I1P@)|]s + [P (t)]]2} < o (3.6)
te[0,T

then
T
tS(%I;)(H@Hsn [W]|2)? +/ (113 + 11¥13) dt < Co({]|Poll3, [[Toll2}* + €),
(0, 0

where Cy > 0 is independent of €, and T.

3.1. Proof of Proposition 3.1. Let (&, ¥)(z,t) € B(0,7) be a solution of the
initial value problem (3.3)-(3.4) for some positive constants 7. Then for V (z,t) €
[0,7] x R, one gets that

sup ‘V(a:,t) — 0¥ (x — st — Xoo)|

zeR
< sup‘(vs(x— st —X(t)) — v (x — st — X))
zeR B B (37)
+sup (v = 7) (1 = gx) + (vr = Tr) g
Te
< O|X(t) — Xoo| +sup |v; — 7| + sup |v, — V.| < Cee™ .
T€R zeR

Moreover, if €, € are small, we have
v(x,t) =V(r,t) + Dz, t) <Tp + €+ || Py 1o

_ _ 3_
ST+ [Pl +e< T +et+e< T
v(x,t) =V(z,t)+ Pu(z,t) >0 — € — || Py <
> — | 0(t)|h —e>T —c—e> %,

where we have used (3.7), Lemma 2.1 and the Sobolev inequality.

Lemma 3.2. Under the assumptions of Proposition 3.1, there exists a positive con-
stant C' > 0 which is independent of T' such that for 0 <t < T,

2

1@, 2, 8,)(8)? + / (s e )@ di

t (3.9)
<c (n(%,wo,@%)n? o+ [ ||(<Dm,<1>m,\11m)(t)||2dt+6)

holds provided that €, and § are suitably small.
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Proof. Multiplying (3.2); by @, (3.2)s by ———V, then adding these equalities

1
r'(V)
and integrating the resulting equation over |0, T] x R, we have

_/ ( 2(— ( ))) 0
U, e,
27" | dadt
“‘/ / { PV ) v '<V>v2} !
, 3.10)
LI/} FU (
+ 5 / / s ot / / ry
/l(v) s . /t/oo HQ\I[
+ ———— (U —uy, — Hy) Vdzdt + H® — ———dzdt
[ st -, s L )
[e%s} @2 \112 ) 5
= —+ ——— | dx + I;.
/—oo ( 2 2(—p’(V)) t=0 ;
Now, we estimate the right hand side of (3.10)
t [e’e)
nl<c [ [ (Vv + o0, v)dod
0 —00
t [e'e]
SC/ / (|(v3) O, | + |(ul) @, V|)dxdt (3.11)
+C’// V —05), U0, |+ |(U — uf), @, ¥|)dzdt
I—’]1,1| + |Il72|.

It follows from Lemma 2.1, (3.8), and the Cauchy inequality that

1 t 00 /1 V S /\112
|111] S—/ / il /)(in dzdt

+C/ 1(v3) HLOO/ (V2 + ®2)dxdt (3.12)

(V) (0S) w2 t
_8// il v 3’2 dz dt+05/ W, + || @, || 2dt,
0
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// {( @qu,) —(]ﬁ)x%}dm

/ / \pcbm B iggggq@mdmu

(I)(I):m: . qu)x:c . (p,(V)’U‘L’))I T
/ / T Us L s

With the aid of (3.2);, we have
S
zn/mﬁdx—/ﬁ/m%;)sdx
/ / gw;fl u3)e 22 da dt+—/ /Oo o <I>2d dt
/ / P 35“5’ ®2dx dt+—/ / “3’ +\I’”qﬂd dt

_,i// PV = 03)ev® + 59/ (V)oH(V — )\IICDdxdt

WV

. 2V +5p (V) (v§, +®,), .
/ / G E Ve brdudt

i V)Vyvd + 5p/ (VYo (V + @,), .
[ Hhibadedt

[e'e] @2
— —md — — T
" /oo 2p (V>U ! " /oo 2]9’(‘/)1)5 ! t=0

and

7
+ Zfz,z'a
=1

H,®, p’(V)vE’)z
U, drdt,
/ / v5 Py

( (vig,)x]vg’ + 5/ (V) (V — vf,)x .
= [ WP Vet
- vy U2+ 5p' (V) (UJSJ +D,), .
o] / I Hdt

H 10
+Ii/ ik d dt 212’1‘.
=8
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Using Lemma 2.1, the Sobolev inequality, the Cauchy inequality, one gets that
t
L+ Iy < 0/ (@) @)alloe 192N 1 A 19 (B | poc || @ Wil 1) Bt
" t t
< [P+ Ce [ ([0l + )t (3.13)
0 0

t
<C(5+9) / (181 + [V, ]?) d,

and

t fe'e) t
Lo < / / N(0S), V2 + Cy(v3), 02, dudt + C / 10 (0) | e |92, 1t
0 —00 0

t [e%e) t o]
<n /0 / (v3) V2 dadt + C, (6 + €) /0 / @2 dxdt,

where we have used (3.6) and (3.8). Here and hereafter, 7 is a small positive constant
and C, is a positive constant which depends only on 7. Similarly, one gets that

(3.14)

t [e’e]
L <C(6+e¢) / / (V2 + @2 + ®2,) dudt. (3.15)
0 —00
We rewrite the error term F' as:

F=— (pv) - p(V) - (V)&,) — Y=o 4 ), ( L _ i)

vV Vs 45
B @2, + 2P, (V). Bk, g o 1 1 (1(u3), @2
P e S (s ) +

1 1 )
+ k(V = 03)4n (— - —) + U—/Zq)m(‘/ — 03,

Koy 2 Sy 12 U_Uszq)i
+ 22— (0 (5 - ) + LB S

Thus I3 can be rewrite as

t oo P 6 10 t oo R
15 = —/ / ———dxdt = + / / — ' dxdt == I3, + I55.
ol (V) (Z — | )y o P(V)

Using the similar method in [7], we have

US Trr
( 3;) + \(vf))xr) (1(05)®a] + | (15)s Do)
(Uy)x

=0(1) (|¢§| + |(I)Z:c| + (W ®r| + |(U§)x¢)x| + |(U§))m®m|) )

6
S E = O)(|02] 4+ |82, + 0,0, ]) + (

=1
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and
t [e%e]
\13,1!§C// (|R2] + [V @] + [D2,] + |(v5):Pu| + | (05)0 Po|)| | dadlt
0 —00
1/t/oo Sp//(v)(vjsj)x\p2
< = dzdt 3.16
skl oy (316)

t (o)
+C(6 +¢) / / (@2 + @2, + V2 )dadt.
0 —0o0

Similar like (3.7), we have

!
10Uz = () [l
<C (Jluta || ooy + ltral| oo ®) + lltr — Tl ooy + l|ttr — || oo (m)) (3.17)
<Cee ™,

and
" / " _a
||U5m — (Uag;) ||L°°(R)7 ||V:’c — (’Uf;) ||L°°(R)7 ||V;cx — (’USS;) ||L°°(R) S CEG t. (318)

With the aid of Lemma 2.3, (3.17), (3.18), Holder inequality, Sobolev inequality, we
have

Lo+ 1oy + 1o+ Ios+ Io7 + Iog + 110 + 130 + 14 + I

t o0
<Ce / e / 2 + @2+ U2 + Uidadt
¢, (3.19)
0 [l + 19 + )t

<Cesh + Ces < Ce.

Inserting (3.11)-(3.16), (3.19) into (3.10), and using the smallness of 7, ¢ and §, we
can get (3.9). Thus we obtain the proof of Lemma 3.2.

Lemma 3.3. Under the assumptions of Proposition 3.1, there exists a positive con-
stant C' > 0 which is independent of T such that for 0 <t < T, it holds that

el + [ ||<1>x<t>||%dtsc(||<<1>0x,%,<1>o>||2+<5+a> / me<t>r|2dt+e)

provided that €, and 6 are suitably small.
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Proof. Multiplying (3.2)s by —®,, and integrating the resulting equation with re-
spect to x over [0,7] x R, using (2.6) yields

00 (I)Q t 00 t 00 (I)2
g/ —”‘“d:ﬂ—l—/ / —p’(V)fbidxdt—l—/f/ / ?dwdt
K / / 0,0, dxdtJru/ / B P2 dxdt
_ 212
12: U (bi
—i—u/ / @xdxdﬂ—u/ / 2V2 dxdt— / / Fo,dxdt (3.20)
// H2<I>dxdt+5/<// as +V) ° dudt
_ u/ L
== + > A
JR D>
With the aid of Lemma 2.1, (3.8), we obtain
:/ \Ifq)xdx—/ U, dz|i— 0—// [(PW,), — V2 — HV,|dzdt

x x (3.21)
< / U, dr — / U, dil,o + / 22+ |,
—0o0 —00 0 2 2
) @2 3 t
< H/ —2dz + C||)* + || Tol* + || Pos[|* + —/ [W,[|* + Ce.
4 ) LV 2 Jo
Inequality (3.17) gives that
t ) t
A4§C/ HUIHLW(R)/ cbidxdtgc*(ew)/ 1@, ||%dt. (3.22)
0 —0o0 0
Similarly, one gets that
t o0
A= C [ [ O 4 sl 4 B+ Vi 4 (Vi s
0 oo (3.23)

t o]
ga// (P2 4+ U2 + &2 )dxdt+Ce+6// (@2 + @2)dxdt,
0 J—o0
and

A7<05+e+5// (@2, + ®2)dzxdt, (3.24)
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where we have used the Cauchy inequality. By Lemma 2.3, (3.17), (3.18), and
Cauchy inequality, we have

_ /V t t
At Ag A<D [ ¢ [+ alar

(3.25)
o t
< p(v)/ 19,2t + Ce.

2 0
Inserting (3.21)-(3.25) into (3.20), we obtain

(I)Q
—/ fd+//( Ja2 4 U5)ddt
(3.26)

<C(||(®os, Wo)|? + |2 () / 1) |2t + Ce.

It follows (3.26) and Lemma 3.2, we obtain the proof of Lemma 3.3.

Lemma 3.4. Under the assumptions of Proposition 3.1, there exists a positive con-
stant C' > 0 which s independent of T' such that for 0 <t < T, it holds that

12, )OI + / 19, (1) 2t
" (3.27)

t
<C (||<I>o||§ + | Wol|2 + (6 + €+6)/ | P ()] 2t + e)
0

provided that €, and & are suitably small.

Proof. Multiplying (3.2); by —V,,, and integrating the resulting equation in z over
0,¢] x R, we obtain

1

5/ \IIdedt—i—// ”\1,2 dudt

1 o o

:5/ \Il?)mdl’—i—// oV CI)\I/mdxdt—i—;g// S
QJ\IJ

+u// Uy ”d dt— // F\Ifmdxdt_// oW, dudt

i H
_ﬁ// —rr I gdt = / W2 dr +ZB

(3.28)
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With the help of (3.2);, we have

cp @
B, —/1/ / — Yo — Puu(—2 )] dudt
U

2 © Vo
:__/ L +;/ ”ltoda:——// +Uda:dt

+ 5k / o, xm+vda:dt+5f<;// o, H,. “Jrvdd

(I)ix Ooq)a:x
:—5/_001) d+2/ |t0dﬂf+ZBgl

—00

Using (2.3), (3.17) and the Cauchy inequality, one gets

t t (e}
B, gn/ H\I/m||2dt+0n// (p'(V))*®2dxdt
0 0 —00
t t
< / 19,0 Pdt + C, / |, |2z,
0 0

t t
B gn/ H\Ifm\|2dt+0n(5+e)2/ | D, ||*dt.
0 0

(3.29)

and

Using Lemma 2.1, the Sobolev inequality, the Young inequality, the Cauchy in-
equality, (3.6) and (3.8), we have

t t
B21 < O/ H(I)M(t)”L""H(I)M\I’MHlet+C/ ”Ux”LC’oH(D:cxHth
0 0
¢ t
3 1
§0/0(5+6)||¢’m(t)||2dt+0 i [P ()2 | P ()] 2 | W () | 2,
t
< C(5+€+SLtlp||‘1/m||)/ ||<q)mm7q)mr>(t)”2dt
0

t
<6+ er9) [ O
0
and
t
B < CE+ et ) [ (@ War)O)
0

Using (2.3), (3.17), (3.18), we estimate the error term F' as:

F < C(|P] + [®ra| + [Val + [Veal) (9] + [Waz| + [Pral) - (3.30)
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Using (3.30), By can be controlled as follows:

t t 00
B, < n/ H\I’msztJrCn/ / |F|2dadt
0 0 J—-o0

t t
Sn/ ||‘1/mH2dt+Cn/ (||<I>m,<1>m,%,%z||ioo)/ (92 + V2, + ®2)) dudt
0 0

—00

t
< / 10 (828 + Cy(6 + €+ £)2| (B, o, Do) (1),
0

where we have used (3.18) in last inequality. With the aid of (3.6), (3.18) and Holder
inequality, one gets

t [ee)
0 J-o0 (3.31)

t
<c / (L + ) (1| + [ @ ) < Ce.

Inserting (3.29)-(3.31) into (3.28), choosing 7, €, d and ¢ suitable small, one gets

19O + [BaDP + / 19, (0)[2dt
<c (||<%m,<1>0m>u2 v H%(t)\lidt) (3.32)

t
+C’(5+€—|—6)/ | @ e (t)]|?dt 4 Ce.
0

Taking ¢, € and 0 small enough in (3.32), we can obtain (3.27). Thus the proof of
Lemma 3.4 is accomplished.

Lemma 3.5. Under the assumptions of Proposition 3.1, there exists a positive con-
stant C' > 0 which is independent of T' such that for 0 <t < T,

t
\!¢xx(t)|\2+/0 1000 (t) It < C (| Doll5 + [ Woll7 +€) (3:33)

holds provided that €, and § are suitably small.
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Proof. Multiplying (3.2)3 by ®,,, and using (3.2), integrating the result over [0, t] x
R, one gets that

1 [ pud? topee P2
—/ udwr/ / (—p'(V)(I)im—i—M) dxdt
2 0 Vo
1 d2
— / a Fode| — / U, &, dr / / Rl ., dedt
t=0 t=0
/ / B @esndudt + / / ”d dt
// iV, ® @xxdxdt—i—// U2 dxdt (3.34)
y / / %Cbzmdxdt—i— / / FO,, dudt + / U, Dy, da
0 —00 0 —00 —00
t [e’s) t 00
— 0 —00

10
1 ,wI)
== wmd Mz

— / v, ®,..dx
t=0 e t=0
Similar like (3.31), it follows that
My + Mg + My

t [e'e)
sc/ / ([Hro + Hrow + Ho|)(|@sa| + |Dona] + || )t
0 —00 (335)

t
SC/O (|2 + [ H2 () (192 ll2 + [[We[)dt < Cee.
Using the Cauchy inequality, we obtain

@2 t
M2+M3+M4gn/“—‘;$dx+on/ ||Vx,Ux,H1x||Loo/|\I/§w+¢>ix+<bi|dxdt,
R 0 R

puo? t
< [ BT+ €5+ 0) [N Va0
R 0

By Lemma 2.1, the Sobolev inequality, the Cauchy inequality, (3.6) and (3.30), we
have

t
Mg + My SC/ /|UI||®z@xxx|de'dt
0 R
t
+C/O /R(lcbxwl\llmw|Vx|+lvml)(|\11m|+|<1>z|+ycbm|)|q>m|dxdt

t
<C(+ete) / (@, W, B, D) (£)] 2t
0
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and

@2 t
Myt My <y [ P4 GO + [ a@Fd (330)
R 0

Combining (3.34)-(3.36), and the smallness of d,¢,¢ , one gets (3.33). Thus the
proof of Lemma 3.5 is obtained. We can get the higher order estimates similarly
and the proof is omitted for brevity.

Lemma 3.6. Under the assumptions of Proposition 3.1, there exists a positive con-
stant C' > 0 which is independent of T' such that for 0 <t < T,

t
!\(%m,‘lfxx)(t)l\QJr/o [Wawa (O + | Pawe (1) 3t < C ([IDoll5 + [Woll3 +€) (3:37)

holds provided that €, ¢ and ¢ are suitably small.

Combining Lemma 3.2-Lemma 3.6, we obtain Proposition 3.1.

3.2. Proof of Theorem 3.1 and Theorem 2.1. By standard argument, one
gets that the initial value problem (3.2),(3.4) has a solution on [0,75]. Choosing
2

|®oll2, [|¥oll1 and e sufficiently small, such that | ®||5 + [|Woll5 + € < 4670. Using
0

Proposition 3.1, we have

S Ue@lls + 1)z} < 2\/Co(||<1>o||§ + 1 Wol3 + €) = <.
€0,

Moreover, by standard continuation argument, it follows that

[ (1o + 1wl + |5 Qo + 1ol

It follows that ||¢(¢)||2 + || ()]l — 0 as t — 4o00. Using Sobolev inequality, one
gets that

)dt<oo.

[o(E)llc= < IO I6:(0)F = 0, as t — +oo. (3.38)
and 1 1
[ ()| < [[Y@)]2[[Y(#)]]2 — 0, as t — +o0.

Thus Theorem 3.1 is proved. With the help of (3.7) and (3.38), we can obtain (2.13)
for v. And the estimate for u in (2.13) can be proved similarly. Therefore Theorem
2.1 is proved.

4. PROOF OF LEMMAS 2.3 AND LEMMA 3.1

4.1. Proof of Lemma 2.3. By (1.5) and Lemma 2.2 , we have |X'(¢)], |V'(t)| <
Cee™ for all t > 0. Thus tligrn X (t) and tliin Y(t) are all exist. In the following
—+00 —+00

part of this subsection, we compute the two limits.
Motivated by [15], we first compute th+m Y(t). We define the domain
—+00



20 Stability of viscous shock wave

Q&t) = {(y,T) 0<7<t, IN(n)<y< Fiv(t)},x € [0,1],
Y (r) = st + V() + (=N +2)m, N € N*, (4.1)
IN(7) := st +Y(t) + (N + 2)7,, N € N*,.

Using (2.6)2, we have

o ' U. -V, 5V72 , N
/F{V(O) (y, )y+/0 { »( )+uv+m( e +2V6)+(s+y) }(T(T),T) -

I‘i\’(t) ! Ux _VZ’Z‘ 5V2 /
_ / Uly,t)dy — / {—p(V) + 7 + K ( T + 2Vx6> +(s+)) U} (TN (r),7)dr

N (t) 0
- / ((G3)y + ga) dydr
270

(4.2)
With the aid of U in (2.5), one has that
Y (0) Y (1)
/ Ul(y,0)dy —/ Uly,t)dy
N (0) IV
r'N(0) Yot+axmy
[ v =gy [ by
0 0
0 0
+ / (Yor — Yor) gy dy + / Yo(y)dy — Ry, (4.3)
FZN(O) Vo+xm;

where
N (t) st+Y(t)+xm,
Ry(,1) =/ (U =) (1 = gy)dy + / U (y, t)dy
0 0

0 0
+ / (s — ) gydy + / Gy, )dy.

N(t) st+YV(t)+xm

Moreover, by [15], we have ||Ry||p=®) < Cee *. The second part on the left hand
side of (4.2) satisfies

t
Uz
—n(V —
/0 [ p(V)+pss + 5
—VUrgx 5U2

:/Ot[—pwrnur(sw')m( tres ”)}(srw(mmmdf

6
T 2vmc

+ p{In (v, (st + Y(t) + a7, t)) — In (U, + ¢o, (Vo + 27,)) } + Ra, (4.4)

_Vmﬁ 5‘/;:2 /
( 7 + 2V6> —I—(s—l—y)U] (FiV(T),T) dr
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where

Ro= [ o) s+ [ 5 - 22| 4 9 0 - )

_VILI: 5‘/5 —VUrgx 51}?3; N
el () - (G e[ o

By tedious calculation, we have

U:C Upg /
py — ko = O gy + OM)(1 = gatry) + O()(1 = o),
and
- vaa: 5 Vx2 —VUrzz 5U3m /
k {( V5 + 2V6> - ( U? + m)} :O(l)gstJrX + O<1)(1 - gst+y) + 0(1)(1 - gst+X)-

Thus, |Rs| tends to zero as N — 400 for fixed ¢t > 0. Similarly, we obtain
¢ Uy —Vie  BV2 N

B / [=p(vr) + 1w (s + V) (st + V(1) +ymi, 1) dt

+ p{In (v(st + Y(t) + ym, t)) —In (U, + da(Vo +ym)) } + Ra. (4.5)

And the remaining term |R3| tends to zero as N — +oc.
With the aid of (4.3),(4.4),(4.5), integrate (4.2) with respective to z over [0, 1].
Then letting N — 400, we obtain

0:/+oo (Vo1 — Yor) (1 — gy, dy+—/ / Yor(y dydf—/ (Yor — Yor) gy, dy

/ / Su(y)dydz — / / [p(vr(, 7)) — p(@,)] ddr — p(@, )t

T, (st + V() — Vo) + uln(w)—; / pIn (@, + dor(x))dz

r

/ - / p(u(z, 7)) — p(vi)] dedr + p(0)t — W (st + V(t) — W)
— pn(v)) + = / wn(v; + ¢oi(z))dz + O(1)ee

LJo

= (@ —w) (V(t) = Vo) + O(1)ee

Using the same method, we can get lim X(t) = X. The proof of Lemma 2.3 is

t—+o00
obtained.
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4.2. Proof of Lemma 3.1. With the help of (2.7), we rewrite H; as

Hy(x,) = Gh(x, ) + / 9o, 8)dz := Diy(2,1) + Diyla,t), @ <0,

—00

where
Dyy(x,t) = (U — W) (gst+y — gster) () + (U — W)gstrx(x) + (s + X)(0r — V) gstrx(7)
(gT - Ul) [X/(t>gst+?(<x) + s (.gst-‘rX - gst-i-y) (ﬂf)] )

Di?(x’t) = (¢7“ - ¢l> (xvt) (gst+3} - gst+X) ($) + /x (¢T - wl)('r?t)g;t—&-é’((y)dx

+@+X¢f&@—@@@%%@mu

— 00

Lemma 2.2 gives that

3
S N0 (61,91, 6 tr) Loy < Cee™, ¢ > 0.
k=0

By
1
(%M—%wﬂ@—Ad@—ﬁ—X—Wy—@Wﬂyﬂw
and |Y — X[ (t) < Cee ™, we have

3 0 3 0
Z/ |08 Hy | d < Z/ (\afD;1\2+ |a§D;2|2> dx
k=0 Y ~° k=0"Y "
Mo 2
< 062 —QatZ/

Here M, is sup (|X| + |V|) (¢) + st. Similar, For z > 0, we can obtain
>0

+oo
Z/ 08 Hy | de < Cete?t,

Hy can be estimate by the same method and thus we omit it. Thus the proof of
Lemma 3.1 is accomplished .

{Ekg

APPENDIX A. PROOF OF LEMMA 2.2

In this section, we denote || || = || - |2, | [« = || - lgrr), @ = v =0, == u—7u
where T = [0, 7]. Then using (1.1), we have
gbt = ¢Ia

_ 2 A

vo
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Sobolev inequality and the a priori assumption gives that
k—1

105 (6, 9) | o) < €. (A.2)

=0

Multiplying ¥ on (A.1)y, we have

2 - 52
(), + 242 = (), 4 plod + 5022, — w2y,

So we have

dt{/ <¢22 /vv+¢()ds+p dx} / v cbm%

:—/OW ¢2wzdx<01/ %d +05/0W|pi)|§

where we have used (A.2) and

ph=pwo= ([ p6)ds ~p(@)0) -+

- ( / e p(s)ds — p(w)gb)t + (p(V)u), -

Equation (A.1) gives that
vl (%) n (T 37) (A4

Then multiplying (A.4) by u&, we obtain
v

u%— (be) + (e +
v v ¢

—K (— —=(.)s+ Kp- g + K .

Vi
v )

v v

o (5@%) s Mﬂ e f

6
2v L U

Using the Cauchy inequality, one gets

NG Ty S
—u/ Vo g 4/m/ cbmqbzd +15m/ %dx
<u/ %d:cwy gzs””fdgcjt(;*52/;|p )|¢2
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for some constant Cy .Thus
2

[ (B) = Bouw]ar+ [“n— )i+ =) [ S

<M/ l/chdx

(A.5)
Multiplying (A.1)y by —t),, yield that
1 2 ) 2
3 <“—5 ”’x)ﬁ“T
3
YT VT T T T ITT 5 €T
= w20l 15 O ) g, 4 p O D
v 2 v
which implies that
d ™
o ( — +w2> dx+/ Yoy _ )P thypda
(A.6)

<nu/ ¢“dm—l—03 (/;'p( P2dx +/ ¢”d +/Wuw52dx>,

for some constant C3 > 0. Choose suitable constants M, My > 0, then M- (A.3)
+M;- (A.5) + (A.6) gives that

7| e 5 (o) - mbo)as
v+ 2

d Ky
E [MQ( B /U p(s)ds + p(ﬁﬁb) + 97 + 7} dx

+/ {M[(l = C10)My = My — 035]% — kM, (ﬁx;;bx + [Mi(kp —n) — C56] UxGx } dx
0

2

w [ {0 o = oo - a2 -y opos 4t -y

(A7)

By directly calculate, if (2.4) holds, choosing 0 suitably small, one gets that there
exist five constants aq, as, ag, My, My, such that

M. @M p
72¢2 + 2—21@26 - M1—¢:c¢ > a1 (V4 ¢3),

2 2
(M — M1)w— - ¢m¢x + Mllw L > ay(p? + ¢2,), (A.8)

O :

- p/(v)¢xwxl‘ + p 5$ > (13( 92051: + ¢3:)

dr < 0.
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Thus it follows from (A.7), (A.8) and Poincaré inequality, choosing §,7n suitably
small, that for some a > 0, one has that

(1ell2, 11l () < Clllollz, 1vollr)e™" < Cee™".

The estimate of the higher order derivatives d' (¢, ) with [ = 2,3, 4, is similar and
thus omitted.
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