BEURLING’S THEOREM FOR THE CLIFFORD-FOURIER
TRANSFORM

RIM JDAY AND JAMEL EL KAMEL

ABSTRACT. We provide a generalization of Beurling’s theorem for the Clifford-
Fourier transform and we give some of its applications. Indeed, analogues of Hardy,
Cowling-Price and Gelfand-Shilov theorems are obtained in the Clifford analysis
setting.

Keywords: Clifford analysis; Clifford-Fourier transform; Uncertainty principles;
Beurling’s theorem.

MSC (2010): 42B10, 30G35.

1. INTRODUCTION

Uncertainty principle asserts that a function and its Fourier transform cannot both

be sharply localized. In Euclidien spaces, many theorems are devoted to clarify it
such as Beurling, Cowling and Price, Hardy, Heisenberg.
Beurling’s theorem which is given by A. Beurling [1] and proved by Hérmander [9] is
the the most relevant one: that is it gives Hardy, Cowling-Price and Gelfand-Shilov
theroems. The result of Beurling-Hormander describes the uncertainty principle in
terms of a single integral estimate of f and its Fourier transform f as follows.

Theorem 1.1. [9] Let f € L*(R) be such that

/R / @)1 F(w) e dzdy < oo,

where the Fourier transform J? 15 defined by

) = / e f (2)da

Then f =0 almost everywhere.

This theorem is generalized by Bonami et al [2] by giving solutions in terms of
Hermite functions.

Theorem 1.2. [2, Theorem 1.1] Let N > 0. Assume that f € L*(R™). Then, f

satisfy
m Jrm 1+Ix|+|y|)
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if and only if f(z) = P(x)e " where P is a polynomial of degree < N%m and a > 0.

For N = 0, we should note that the hypothesis of Theorem 1.2 is the same as the
one of Theorem 1.1. This case was studied by Bonami et al in [2, Appendix, p52]
and it was proved that f is identically zero.

For N < m, we can write f as f(z) = P(z)e " using the result of Theorem 1.2,
where P is a polynomial of negative degree. This yields that P = 0. Therefore,
f=0.

The Beurling’s theorem was obtained for many Fourier transforms [11, 13]. In 2010,
Kawazoe and Majjaoli provided a Beurling-type theorem for the Dunkl transform
[10]. Moreover, Parui and Pusti gave an alternative proof of the Beurling’s theorem
for the Dunkl transform [12] similar to the proof used in [2].

Then, many studies were devoted to generalize Fourier transform in the Clifford anal-
ysis setting which is characterized by a lack of commutativity. In 2005, Sommen et
al defined a generalization of the classical Fourier transform in the Clifford analysis
setting called The Clifford-Fourier transform [3]. This transform was studied in [4, 6].
Following that, there was an interest in studying uncertainty principles in the Clifford
analysis. In this context, many uncertainty principles for the Clifford-Fourier trans-
form were proved, such as the Hardy theorem and the Heisenberg inequality [5, 7, 8].
However, the Cowling and Price theorem is not yet shown in the Clifford analysis
setting. Furthermore, the Beurling’s theorem, which is the most relevant one since it
yields various other uncertainty principle theorems, is not provided.

Our goal in this paper is to establish the Beurling’s theorem in the Clifford analysis
setting. Indeed, we aim to prove Theorem 1.2 for the Clifford-Fourier transform de-
fined by Sommen et al in [3].

This paper is organized as follows. In section 2, we recall the Clifford algebra and
some notations that will be useful in the sequel. In section 3, we recall some as-
pects of the Clifford-Fourier transform and its properties. In section 4, we prove a
Beurling-type theorem for the Clifford-Fourier transform. Section 5 contains some
consequences of the Beurling’s theorem for the Clifford-Fourier transform. Indeed,
we derive the Hardy, Cowling and Price and Gelfand Shilov uncertainty principles in
Clifford analysis.

2. NOTATIONS AND PRELIMINARIES

The real Clifford algebra Cly,, is generated by {1, e, - - , e, } with the multiplication
rules

€€l = —E€RE;, if 1#£k,
(2.1) { el =—1, V1 <i<m.
We recall that Cly,, can be decomposed as
(22) Clo,m = @ZL:OClg,mJ

where CIf,, = span{e;, ---e;,, iy < - <'ip}.
We denote by C,, = C ® Cly,, the complexification of Cl,, which can be seen as
Cm = Clom @ jClo,,m where j is the complex imaginary unit.
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The set {ea: A C {1, ,m}}, with e4 = eneg-ves, 1 < i < - < i < m,
ep = 1, forms a graded basis of Cly ,,, and of C,,.
A multivector z in the Clifford algebra Cly,, (respectively C,,) can be presented as:

(2.3) r = ZeAmA,

A€eL
where L := {iy,--- i} C {1,---,m}, ea = e;,€;,---¢;, are ordered by 1 < i; <
-+« < <m and x4 are real numbers(respectively complex numbers).
Conjugation in Cly,, is defined as the anti-involution for which e, = —e,, k =

1,2,...,m. In the case of C,,, we add the rule j = —j.
If = is an arbitrary element of C,,, then its norm ||z||, is:

2 =
(2:4) ]2 = [z2]o = ) eal’,
A€l
where [-]o denotes the scalar part of the expression between brackets.
An element x = (r1, %2, , %) € R™ can be identified with the vector z = Z €iT;.

i=1
The mutiplication of two vectors z and y is given by

(2.5) xy=—<umz,y>+r ANy,
where the inner product and the wedge product are defined respectively by
2.6 <z Yy >= =
(2.6) x,y ;%yk 5 (zy +yx)
and
1
(2.7) TNy = ; eier(Tiyp — ThYi) = E(xy — yx).

We introduce the Dirac operator, Gamma operator and Laplace operator associated
to a vector x respectively by:

(2.8) 0r =Y €il,;
=1
(2.9) Ty ==Y eiex(2:i0a, — 2x00,);
i<k
(2.10) A, =)0z
=1

In Cly,m, for a vector x, we have the following relations:

(2.11) ][ = —2* =) o
i=1
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and

(2.12) A, =02

xT

In the sequel, we consider functions defined on R™ and taking values in Cl ,, or its
complexification C,,. These functions can be written as :

(2.13) f(z) = folz) + Z eifi(z) + Z eier fi(x) + - + ermfrm(),

i=1 i<k
where fo, fi,- -, fi..m all real-valued or complex- valued functions depending on
whether the function takes values in Cly,, or C,,.
We denote by P, the space of homogeneous polynomials of degree k taking values in
Clom. P denotes the space of polynomials taking values in Cly,,. The right Hilbert
module denoted by L*(R™) ® Clo,, is the right Cly,,-module of square integrable
functions taking values in Cly,, equipped with the inner product

< f,g>= f(r)g(z)dz, Vf, g € L*(R™) @ Clo,n,
Rm
and the associated norm

Hng,c = [< f7f >]0-

Finally, by respectively, L*(R™)®Cly ., and S(R™) ®Clo,, we denote the right Clg -
modules of Cly,,-valued respectively integrable and rapidly decreasing functions.

3. CLIFFORD-FOURIER TRANSFORM

We introduce the class of functions

(3.1)
BR™) & Clo,m = {f e LR & Clon/Iflls = [ (1411l 17ty < oo}

R m

Definition 3.1. [6] The Clifford-Fourier transform is defined on B(R™) ® Clo m by

=_m

(32) Fe) = nF [ Kl
where
(3.3) Ki(z,y) = eTialy p—i<zy>

We recall the characterization of the kernel in the following lemma which plays an
important role in the main theorem. More precisely, it allows to determine the
boundedness of the functions used in the proof.

Lemma 3.1. [8, Lemma 3.2] Let m be even. Then

(3.4) Ky (z,9)]], < C’e”ch”y”c, Vr,y € R™.



BEURLING’S THEOREM FOR THE CLIFFORD-FOURIER TRANSFORM 5

The following theorem gives boundedness of the Clifford-Fourier transform.

Theorem 3.2. Let m be even and f € B(R™) ® Cly,,. Then, there exists a positive
constant A such that

(3.5) IF(DWle < Ce s Yllylle > A

and

(3.6) 1Fe(HWle < CO+ A" || flls, Vlyll < A

Proof. Recall that the Clifford kernel [6 Theorem 5.3] is written as:
K_(2,y) = )+ Y e K (x,y),

1<J

where K (7,y) and K;;(7,y) satisfy
Ky (@.y)] < CA+ lell) ™ (1+lyll. )7L

K ()] < CO+[[alle) ™= (1 + [[yll) ™
Thus,

m—2
IFL(F) Wl < CA+lylle) = [ F1]5-
Moreover, there exists A > 0 such that for all ||y||. > A,

[V

HyHc

(1+ylle)™= < Ce i,
which completes the proof. [ |

We should return to the inversion theorem and the Plancherel theorem for the
Clifford-Fourier transform.

Theorem 3.3. [4]

1) The Clifford-Fourier transform is a continuous operator mapping from S(R™) ®
Clom to S(R™) @ Clo, (see [4, Theorem 6.3] ).

In particular, when m is even, we have

fifi — 'L.dS(Rm)@)ClO’m.

2) The Clifford-Fourier transform extends from S(R™) ® Cly,, to a continuous map
on L*(R™) ® Clo,, (see [4, Theorem 6.4]).
In particular, when m is even, we have

1F£(F)ll2.e = [1f1]2.c:
for all f € L*(R™) ® Clym.

We now give the Clifford-Fourier transform for a function defined by the product of
a polynomial and a Gaussian function. This function appears in Beurling’s theorem
and in other uncertainty principles. Specifically, in order to find that the function f
is written in this form, it is enough to express the Clifford-Fourier transform in this
form and to apply the inversion theorem and this theorem.
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Theorem 3.4. [8, Theorem 3.5] Let a > 0 and P € Py. Then, there exists Q) € Py,
satisfying :
(37) Fa(POe M) (@) = Q)e

We recall the Clifford translation and the Clifford convolution, which generalize
the classical translation and convolution.

Definition 3.2. [6] Let m be even. The Clifford translation and the Clifford convo-
lution for f,g € S(R™) & Cly,, are introduced respectively by

_m = 7~

(3-8) Tyf(x) = (2m) 2 | K (&x)K_(y,e)F(f)(e)de,

Rm

_m

(3.9) fregle) = @n) % [ T, @)y

m

The following theorem explicitly gives the Clifford translation for m = 2 and for
radial function.

Theorem 3.5. [6, Proposition 7.2, Theorem 7.3] Let f € S(R™) & Clom,.
i) For m = 2,
Tyf(x) = f(ZIZ' - Z/)-

ii) For m even and m > 2, we have

Ty f(x) = follz = yl),
for a radial function f on R™, f(x) = fo(|x|) with fo: Ry — R.

In the next theorem, the action of the Clifford-Fourier Transform on Clifford’s con-
volution is analogous to the classic case, but confined to radial functions.

Theorem 3.6. [6, Theorem 8.2] Let f € S(R™) & Cly,, be a radial function and
g€ S(R™)®Cly,,. Then,

Filf*crg) = Fe(f)Fe(g).
In particular, we have
[xc19=g*ca [

In the following section, we will use the inversion theorem for functions belonging to
L*(R™) @ Cly . Therefore, we need results associated with Lebesgue spaces. In this
regard, we remember the next theorem of Young inequalities.

Theorem 3.7. Let m be even integer. Let 1 < p,q < oo andr > 1 with %—I—é = 1+%.
(1) [7, Theorem 5.2]
Form = 2, if f € L*(R?) ® Clys and g € LI(R?) ® Clya, then f *ci1 g €
L"(R?) ® Clys.
(2) [7, Theorem 5.4]
Form > 2, if f(z) = fo(||x||.) is a real-valued radial function in LP(R™) and
g c Lq(Rm) & Clo}m. Then f *o1 g € LT<Rm> & Clo}m.



BEURLING’S THEOREM FOR THE CLIFFORD-FOURIER TRANSFORM 7

In the next section, we will define the Clifford-Fourier transform for certain func-
tions in the proof of Beurling’s Theorem. Because the Clifford-Fourier transform is
defined on B(R™) ®Cly , it is critical to check whether or not these functions belong
to B(R™) ® Cly,,. The following corollary guarentees that.

Corollary 3.8. [7, Corollary 5.5 Let m > 2 be even. Suppose that f(z) = fo(||z||.)
is a real-valued radial function in B(R™) and g € B(R™) ® Clo,,. Then f*cp g €
B(R™) @ Clym

4. BEURLING’S THEOREM FOR THE CLIFFORD-FOURIER TRANSFORM

In this section, we provide Beurling’s theorem for the Clifford-Fourier transform.
The proof is based on considering a function g which is a Clifford convolution product
of a Clifford-valued function f and a Gaussian function. In the beginning, we prove
that the function ¢g(2)g(jz) is a polynomial. Indeed , we show that the function I'
defined below is an entire function bounded by a polynomial, so a polynomial. Then,
by differentiating, it follows that g(z)g(jz) is a polynomial. The main problem is
proving that I' is polynomial growth. For that purpose, we shall use the following
theorem of Phragmen-Lindelholf.

Theorem 4.1. [14] Let ¢ be an entire function of order 2 in the complex plane and
let o €]0, g[ Assume that |¢(2)| is bounded by C(1+ |z|)N on the boundary of some
angular sector {re’? :r > 0,6, < 3 < By + a}. Then the same bound is valid inside
the angular sector (when replacing C by 2N ().

Afterwards, we resolve the equation g(z)g(jz) = R(z) where R is a polynomial. A
next lemma application is used to write g as g(z) = P(x)ell=l.

Lemma 4.2. [2] Let ¢ be an entire function of order 2 on C™ such that, on every
complex line, either ¢ is identically O or it has at most N zeros. Then, there exists a
polynomial P with degree at most N and a polynomial () with degree at most 2 such

that ¢(z) = P(z)e?),

Because the Clifford-Fourier transform is defined on B(R™) ® Cly,, we need check
using the hypothesis of the Beurling’s theorem, if f belongs to B(R™) @ Cly ..

Lemma 4.3. Assume f € L*(R™) ® Clo,, satisfying

(4.1) /m /m Lf (@)1 F£ () @) llellelvlle gz gy < oo,

(1 + [flle + [lylle)™

for some N > 0.
Then, f € B(R™) ® Cly, and F(f) € B(R™) @ Cly .

Proof. We suppose that f # 0.
Applying Fubini’s theorem, we obtain for almost every y € R™,

IEDO) Rralt

lallellylle 4z < oo.
wm (L4 [[2]le + TNV € e
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Since f # 0, then FL(f) # 0. Thus, there exists yy # 0 such that F(f)(yo) # 0 and

S @) eJalelivolle
(4.2) /Rm e lmiegs < o

Using (4.2) and the fact that for large x

ellzllellyolle

(L [laf o)

it follows that
4(LHMH)2W(mﬂx<m-

Hence, we find that f € B(R™) ® Clg,. Similarly, we get FL(f) € B(R™) @ Clom.
[

Now, we state the main result which is the Beurling’s theorem.

Theorem 4.4. Let m be even and N be a positive integer. Assume f € L*(R™)®Clo,n,
such that

LN e e gy < o
(4:3) /m/; (Lt [lalle + [yl]o)™ ey <

Then,
£(a) = QeI

for some a > 0 and polynomial Q) with degree less than

Proof. Let

[N

g(x) = free” 2 (2),

Step 1.
In this step, we want to establish (4.8). To do this, we need to prove few properties.
Because the inequality (4.8) contains the Clifford-Fourier transform of g, we begin
with check that g belongs to B(R™) ® Clg .
By Lemma 4.3, we have f € B(R™) ® Cly,,. In order to demonstrate that g €
B(R™) ® Cly,,, we distinguish two cases depending on m.
Let m = 2.
We notice that B(R?) ®Cly s is equivalent to L'(R?) ®Clyo. Thus, since f € B(R?)®
Cly 2, an application of Theorem 3.7 gives that g belongs to B(R?) ® Clo.».
Let m > 2.
According to Corollary 3.8, we have g € B(R™) ® Cly ..
We conclude for m even, g € B(R™) ® Cly .
Theorem 3.6 and Theorem 3.4 yield

IL1i2 JEAIF:

(44) Fe(g)(x) = Fe(f) (@) Felem 2 ) (@) = Fe(f)(z)e =

We will show that ¢ satisfies the following assumptions :

(1.5 [ i@l <,
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(4.6) 17 ()l < e,
lg@)lIel1F (g) (@) el

4D L L R e ety < s

a8 [ le@IE @l sy < 0+ R

Since F(f) € B(R™) ® Clom, (4.5) is a simple deduction from (4.4).
We shall prove (4 6).
Using (4.4) and Theorem 3.2, it follows that

0N

Hyll

1F(9)@)lle < COL+A) "7 || fllze 27, Vlyll < A

and

™

lyll

1Fe(@)W)lle < Cllfllse™ 5, Vlylle > A.

Thus, we get (4.6).
In order to establish (4.7), we use (4.4), Definition 3.2 and Theorem 3.5.
Therefore, we find

— lg(@)l[el|F () (9) eI
P fo L TR

T— Z’Jg
/ / / L Ollee (D) e S el
m Jpm Jpm +||35Hc+|\y!|c)N Y

: /Rm /Rm 1FONNFL) WA, y)elledidy,

[]|2
— 5 o<at> ollzlellylle
. _ (ltletlylle)? e 2 e e
with A(t,y) :=e 2 / dx.
Rm

(T + [[z]lc + llylle)™
We should prove that
(4.9) Alt.y) < CA+ [t + lylle) ™
According to the Cauchy-Schwarz’s inequality, we have
| <t > [ < lzll[t]].

Thus

: : Zllc— c— c
o1l <> llellelylle Ul lolle)? o~ Welle=ltle=livle)?
/ N de <e 2 / Ndx.
e (1 ||2fle +[lylle) g (1 [[2]]e + [19]]e)

_ zlle=lte—llylle)?
2

e
g (1 [|2]]e + [|ylle)Y
Fix 0 <l < 1. Let B = (1+|[t||c + [|y]lc)-

Hence

2
Uzlle=Itle=Ilyllc)

At,y) < / e 2 dx
zlle=Iltlle=lyllc|>1B
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2
_ W=lle=Mltlle=lylle)
2

v/
elle=ltle—llyllel<iz (L + [zl + [lylle)
If [[|]|c = ||tlle — ||yl|e|] < 1B, then

Ndx.

1
L el + lyle 2 1+ 5[ lelle = [1ele + 114

+ 1yl

1
> 1+ 5 (1lle — [llalle = 11l

)+ lylle-
Observe that
lle = [1Elle] < [llzlle = 11Elle = lylle| + Nylle.

Thus,
Itlle | llylle 1
1 c CZ_ N c tc_ c
llalle+lylle 2 5 + 155 + 28 = 21zl = 1l = lylle
1
Z—B—EB
2 2
S =0y
- 2

We conclude (4.9).
Now, we return to the proof of (4.7) by applying (4.9) as follows

1< /m /m ||f(t)||C||Fi(f)(y)||cf4(t7y)e”t"C"y“cdtdy

elltllellylle

L [[tl]e + [ylle)™

<c [ [ IOIIEDOoIK; dtdy.

Subsquently, (4.7) is carried out by (4.3).

Fix k > 4. Let
= / / lg(@)l]el[F<(9) ()| |ee! <1 ddy
lalle<R Jrm

B )lle x cellelleliell ) ellellelivlle gy | gz
[ sl ([ 1l s [l ) d

Relation (4.6) implies

J< / Hg(svmc(/ Ce~ Gl gy 4 / ||fi<g><y>uce'$”c'y'cdy)da:
[|lz|]|c<R lly|[>kR [lyl|<kR

<Olllhet [ [ I IF D@ ety
llz|le<R J|lyl|<kR

< Cllglh.o(1 + R)™ + / / () 1ol 1F < (9) ()| eIl gy
llz|lc<R J|lyl|<kR
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Multiplying and dividing by (1+]|z||.+||y||.)" in the integral of right side, we obtain

[ Il vy
llzl|c<R Jly||<kR

IF(9) ()| |l llolsle
<C(1+ k+1RN/ / [lg()ll[ dady
(1 +( %) llelle<R Jllyll<kR (1 + [|z]]e + [lylle)Y

llzllellylle
coneny [ [ OO,
lelle<r Jli<er (L [12]le +[lylle)

where C" = C(1 + k)V.
Using (4.7), we complete the proof of (4.8).
Step 2. We introduce a function I' on C ® R™ as

r(2) :/O/Om g(u)g(u)du.

In this step, we shall establish that I' is a polynomial. Indeed, we prove that I is an
entire function with polynomial growth. Once, we show that ' is a polynomial, by
differentiation of I', we prove that g(z)g(jz) is a polynomial.

Since f € L*(R™) ®Cly m, according to the Theorem 3.7, we have that g € L*(R™) ®
Clo,m. Combining Theorem 3.3 and (4.6), we get ¢ admits an holomorphic extension
to C ® R™. Moreover, using these results and Lemma 3.1, we obtain that for all
ze CR™,

Hg()le = [1F= 0 Fr(g)(2)]le

m

<(n)E [ W g) ) dy

™

Hyll

§(27r)_”210/ lvllllzlle =4

< Cell#llE

Thus, ¢ is entire of order 2.
Since ¢ is entire of order 2, then I' is entire and of order 2.

We study now the boundedness of T'. Since g € L?*(R™) ® Clo,, using Theorem 3.3,
we find that

9(2) = Fro Fi(g)(2).
Note that
7]l = |1( cos(®) + jsin(6) )l = ||l
Therefore, by Lemma 3.1, it follows that for all x € R™ and 6 € R

(4.10) lae"a)llo < € [ | £ ) )Ly

Let e € R™ and I'.(2) = I'(ez), Vz € C. It follows that I'. is entire function of order
2. Using (4.8) and (4.10), we obtain that I'. is polynomial growth on R and jR. In
order to prove that I" is polynomial growth in the first quadrant, we apply Phragmen-
Lindelhof’s Theorem ( see Theorem 4.1). However, in this theorem we can’t use an
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angular sector of angle 7. So, we will prove that I'c is polynomial growth in all
angular sectors {re/’, r > 0,0 < 3y < < 2}
Let 0 < a < fBy. We consmler Ie(z) =T ez) with

// gle~u)g(ju)du.

It follows from (4.8) that I'“ has polynomial growth on ¢/“R and on jR.

Referring to Phragmen-Lindelholf’s Theorem ( see Theorem 4.1), we get the same
estimate is valid inside the angular sector. Similarly, we show that I'. is an en-
tire function with polynomial growth of order N in the other three quadrants, so a
polynomial of degree < N. Thus,

Pe(2) = ao(€) +ar(€)z + -+ +an(e)z",
Then,
1 d*(I(z¢))
ko dzk
Subsquently, a; is Cly ,-valued homogeneous polynomial on R™.

Since I' is entire and polynomial on R™ by the principle of analytic continuation, I"
is a polynomial on C ® R™. By differentiation, we get that

(4.11) 9(2)g(jz) = R(2),

with R is a Cp,-valued polynomial.

Step 3. By Lemma 4.2, the solution of the equation (4.11) is g(z) = P(z)e9®)
with Q(2) is a complex-valued polynomial of degree at most 2 and P is a C,-valued
polynomial.

Using the fact that e¥(*) is a complex-valued function and equation (4.11), we find

Q(2) + Q(jz) = 0.
We deduce so that () is homogeneous of degree 2. Finally, we obtain that
g(z) = P(z)e 2 > 0.
On one hand, it follows from Theorem 3.4 that
Filg)(x) = H(z)e w1,

where H is a C,,-valued polynomial with degree equal to the degree of P.
On the other hand, referring to (4.4), we have

ak(e) |£:07 Vk € {O’ 7N}

2
lz|le

Fr(g)(x) = Fe(f)(x)e™ 2.
Therefore, we conclude that
Fulf)(z) = H(z)e @Il

We recall that form the hypothesis of the Beurling’s Theorem, we have that f be-
longs to L?(R™) ® Cly,,. This allow us to use Theorem 3.3 and to show that f can

be written as f(z) = Q(z)e ¥, ¢ > 0. |




BEURLING’S THEOREM FOR THE CLIFFORD-FOURIER TRANSFORM 13

5. APPLICATIONS TO OTHER UNCERTAINTY PRINCIPLES

In this section, we show the relevance of Beurling’s theorem since it entails Hardy,
Cowling and Price and Gelfand Shilov theorems.

Corollary 5.1 (Hardy theorem). Let m be even. Assume that f € L*(R™) ® Clyn,
satisfies

(5.1) 1F (@)l < C+ ||2]|)NeallelE
and
(5.2) IF W) < CA + [yl|e)Netlulle,

for some N € N and for some positive contants a and b. Then, three cases can occur
i) If ab> 1, then f = 0.

it) If ab = 1, then f = P(z)e~=IZ with degree of P < N.

i) If ab < }1, there are many functions satisfying these estimates.

Proof. See that

N N N
(L + e + [ylle)™ = (14 [2[[e)™ (1 + [lylle)
Subsquently, we obtain

W @IAFLDEe i,
Lo L G o ey

g/ / 6—(\/Ellx\lc—\/l3llyllc)26(1—2\/E)||x\|c||y||cdxdy‘

If ab > 7, by Theorem 4.4, we have

flz) = P(z)elI#lE,
Referring to (5.1), (5.2) and Theorem 3.4, f =0 if ab > 1.
If ab = 1, by Theorem 4.4, f = P(x)e —Oll2llZ with 6 > 0. From relations (5.1) and
(5.2), 6 should be equal to a and degree of P < N2;m which leads to the desired result.
> 1
For ab < 7, let f(x) = Ce~tlelle with t € [a, @] and C' is a Clifford constant. Then,
f satisfy the assumptions of the theorem. [ |

Corollary 5.2 (Cowling and Price theorem). Let N € N, o, > 0, 1 < p,q < o0
and m be even. Let f € L*(R™) ® Cly,, be such that

eorllel || £ ()
(5:3) / T gy @<

eBallvli2 || F F(H )¢
(54) L Sy <o
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Then

i) f=0,if af > ig.

i) f = P(x)e~ Pl whith P is a polynomial of degree < mz’n{%, N;m}, ifaf =
ii1) There are many functions satisfying the assumptions of the theorem, if aff < }L.

Proof. Let M > maz{m + N;m,m + N;m}.
Applying Holder’s inequality, we find that

eI | £ ()]
/m @ el @ <

/ PWIEN | F () ()]l
mo (L [ylle)™

and

dy < 0.
Note that
F @) F ) )]l lvlle
dzdy
// L+ el ¥ (1 + lylle)™
_/ / 1 (@) [ee=IB (| F( £) (g)]| e M0 e~ (Vallelle=vBllule)” s1—-2v/aB)eilcul
R (14 [[][e)™ (1 + [ylle)™

dxdy.

Thus, if a8 > }1, we have

/ / L @)[l[|F ) @)lle elleCHyHCda:dy < 00.

(1 + |l + [lylle)*™
Therefore, if a3 > 1 7> by Theorem 4.4,

Flz) = Qa)e Mz § > 0.
with the degree of the polynomial () is less than M — % Returning to the conditions

of the corollary, if af > i, f = 0. Furthermore, if af = }1, 0 = «a and the degree of
Q < min{ Np%m, ]\C%m}
If ap < i, we can take the same example used in Corollary 5.1.

[ |

Corollary 5.3 (Gelfand Shilov theorem). Let N € N, 1 < p,q < o0, a,,f > 0 and
m be even. Let f € L*(R™) ® Cly.,, satisfy

Qallz||c)P

LS ()]]ce 7
(5.5) / dr < 0o
mo (L f]]e)™
2811ylle)?
IF)Wee
(5.6) / dy < oo
mo (LYl
with a3 > L and L > T % = 1. We have the following results :

W = s =

i) If aff > ¢ or (p, q) # (2,2), then f =0 almost everywhere.
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i) If a8 = % and p = q = 2, then [ = P(ac)e_mz“m”g where P is a polynomial with
degree less than N —m.

Proof. Using (5.5) and (5.6) and the fact that

(20)”
p

daf||zllelylle < [|[[2 +

CONT
q

we get

£ @)l F=(F)(w)]]e cAadallellvle
(5) Lo b Gt Tl Hdrdy < oo

Since aff > }l, it follows from Theorem 4.4 that

() = Pla)e Il

with degree of P less than —— n Thus, by Theorem 3.4, (5.7) can be written as

(Vallelle— i)’
||P(2)]]ee” Qe sap-)fellclsle
@ v cdxdy < oo
// (L + [l +HyH )2

When af > }L, this integral is not finite only if f = 0 almost everywhere.
Moreover, see that (5.5) and (5.6) are satisfied only when (p, ¢) = (2, 2).
When of = 1 and (p, q) = (2,2), (5.5) and (5.6) imply that the degree of P < N —m
and a = 202 |

6. CONCLUSION

In the present paper, we established uncertainty principles in the setting of the Clif-
ford analysis. These principles state that a Clifford-valued function and its Clifford-
Fourier transform cannot be simultaneously sharply localized. We started by proving
the Beurling’s theorem for the Clifford-Fourier transform which is the most interesting
theorem since it implies other well known uncertainty principles. Then, we derived
some applications such as the Hardy uncertainty principle, Cowling and Price uncer-
tainty principle, and Gelfand-Shilov uncertainty principle. We should mention that
the Hardy uncertainty principle was proved in another paper differently. However,
Cowling and Price uncertainty principle and Gelfand-Shilov uncertainty principle are
new results. Furthermore, we recall that the Clifford-Fourier transform presents a
generalization of other Fourier transforms such as the quaternion-Fourier transform
and the Hankel-Fourier transform. Regarding this, we can obtain Beurling, Hardy,
Cowling and Price and Gelfand-Shilov uncertainty principles for all these Fourier
transforms.
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