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Abstract

Seismic observations suggest that the Earth’s inner core has a complex structure (e.g.,
the isotropic layer at the top, innermost inner core, and hemispherical dichotomy).
These characteristics are believed to reflect the history of dynamics and temperature
profile of the inner core. One critical physical property is the inner core’s thermal
conductivity. The thermal conductivity of metals can be estimated from their electrical
resistivity using the Wiedemann-Franz law. Recent high-pressure and temperature
experiments revealed that the temperature dependence of electrical resistivity is small
for Fe-Si alloys. The small temperature coefficient means that it is essential to
determine the impurity resistivity of Fe alloys to constrain the inner core’s thermal
conductivity. Therefore, this study systematically calculated the impurity resistivities of
4- and 6-component alloys at inner core pressure by combining the
Korringa-Kohn-Rostoker method with the coherent potential approximation. As a result,
we obtained the thermal conductivity of the inner core to be 150-263 W/m/K. The inner
core cannot maintain thermal convection with such a high thermal conductivity,
resulting in a flat temperature profile. In materials science, it is widely known that
polycrystals soften suddenly at high temperatures a few percent below their melting
temperature. If such a pre-melting occurs in the inner core, the flat temperature profile
due to high thermal conductivity causes variations in the attenuation within the inner
core. This may explain the observation that the upper inner core is more strongly

attenuated than the innermost inner core.



30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

Plain Language Summary

The center of the Earth is an inner core of solid Fe alloy, which has been grown from
the surrounding liquid outer core for about one billion years. Therefore, geoscientists
regard it as a time capsule that has recorded the history of the Earth. We determined the
thermal conductivity of the inner core, which is important for its history, from computer
simulations. We found that the thermal conductivity is high, resulting in a small
temperature variation of only less than about 100 K within the present-day inner core
with a radius of 1,221 km. Because the surface of the inner core is in contact with the
liquid outer core, its temperature equals its melting temperature. The temperature
difference between the flat profile and the melting curve becomes larger at the deep
inner core because the melting temperature increases with pressure. The deviation from
the melting temperature may explain the seismic observation that the upper inner core is
softer than the innermost inner core due to the effect of pre-melting, which is

well-known in material science.

Key points:

® [mpurity resistivity of up to 6-component hcp Fe-based alloys are calculated by the
KKR-CPA method.

® Linear regression suggests resistivity saturation, leading to the inner core’s high
thermal conductivity (150-263 W/m/K).

® A flat temperature profile of the inner core may be across the boundary due to

pre-melting consistent with seismic observation.
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1. Introduction

At the center of the Earth, there is a solid inner core mainly composed of Fe and Ni
alloying with light elements (e.g., Hirose et al., 2021). Even though this inner core is
only 0.7% of the Earth’s total volume, many characteristic seismic wave observations
have been reported (Deguen, 2012; Deuss, 2014). For example, seismic anisotropy and
attenuation characterize the uppermost isotropic layer with 60-80 km thick (e.g.,
Ouzounis & Creager, 2001; Song & Helmberger, 1995), innermost inner core with the
radius of 300-600 km (e.g., Cormier & Li, 2002; Cormier & Stroujkova, 2005; Ishii &
Dziewonski, 2002; Li & Cormier, 2002; Pham & Tkalc¢i¢, 2023; Stephenson et al.,
2021), and hemispherical dichotomy (e.g., Tanaka & Hamaguchi, 1997). All these
characteristic observations must be simultaneously explained by dynamics and
mineralogy. However, to the best of our knowledge, no single model can explain all
observations (Deguen, 2012; Deuss, 2014). Several proposed models can independently
explain individual seismic features, but some have exclusive relationships. For example,
plume convection in the inner core (Jeanloz & Wenk, 1988; Weber & Machetel, 1992)
and translation (Alboussiere et al., 2010; Monnereau et al., 2010) cannot exist
simultaneously (Lasbleis & Deguen, 2015; Lythgoe et al., 2015). Thermal conductivity
is one of the fundamental properties for understanding the dynamics and temperature

profile of the inner core (e.g., Labrosse, 2014; Lythgoe et al., 2015; Yukutake, 1998).

The thermal conductivity of metals can be estimated from their electrical resistivity
using the Wiedemann-Franz law. Gomi et al. (2013) proposed the model that incorpolate
the resistivity saturation (Bohnenkamp et al., 2002; Gunnarsson et al., 2003) to

constrain the electrical resistivity of Fe-based alloys at the core conditions. Resistivity
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saturation predicts that the electrical resistivity of Fe alloys will exhibit a weaker
temperature dependence than the linear temperature dependence expected from
Bloch-Griineisen law and Matthiessen’s rule (Gomi et al., 2013). The temperature
dependence of the electrical resistivity of pure Fe is still under debate, both
experimental (Ohta et al., 2016; Suehiro et al., 2019; Zhang et al., 2020a) and
theoretical (Kleinschmidt et al., 2023; Pozzo & Alfe, 2016; Ramakrishna et al., 2022;
2023; Xu et al., 2018) studies. Contrary to the discussion of the temperature dependence
of resistivity in pure Fe, different experimental groups have independently reported the
breakdown of the Matthiessen’s rule and small temperature dependence of the resistivity
of Fe-Si alloys (Inoue et al., 2020; Zhang et al., 2022). This implies that it is essential to
constrain the impurity resistivity in Fe alloys with high impurity content, such as the

inner core.

Recently, high-pressure resistivity measurements have been actively reported for binary
Fe-based alloys: Ni (Gomi & Hirose, 2015; Lenhart & Secco, 2022; Orole et al., 2022),
Si (Berrada et al., 2021; Gomi et al., 2016; Inoue et al., 2020; Zhang et al., 2022), S
(Littleton et al., 2021a, b; Manthilake et al., 2019; Pommier, 2018; Pommier et al.,
2019), C (Zhang et al., 2018), P (Yin et al., 2020), and H (Ohta et al., 2019). However,
the resistivity of multi-component Fe alloys in the Earth’s core is difficult to estimate
from the binary alloys because of the breakdown of the Mathiesen’s rule (Gomi et al.,
2016; Gomi & Yoshino, 2018; Inoue et al., 2020; Zhang et al., 2022). Furthermore,
experiments on ternary systems are still limited (Berrada et al., 2022; Lenhart et al.,
2023; Littleton et al., 2022; Pommier, 2020; Suchiro et al., 2017). In contrast, the

coherent potential approximation (CPA) can efficiently compute multi-component
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alloys. Electrical resistivity of Fe alloys with substitutional impurities has been reported
up to ternary systems using the CPA (Gomi et al., 2016; Gomi & Yoshino, 2018; Zidane
et al., 2020). These calculations reasonably reproduce the previous experiments using
diamond anvil cells (DAC) (Gomi & Hirose, 2015; Gomi et al., 2016; Suehiro et al.,
2017; Zhang et al., 2018). Thus, one of the purposes of this study is to calculate the
electrical resistivity of Fe-Ni-based alloys with more than two light alloying elements.
Another objective of this study is to calculate the electrical resistivity of interstitial
impurities, which has yet to be theoretically investigated. Among the light element
candidates in the core, H, C, and N may occupy interstitial sites. Gomi et al. (2018)
predicted from the band structure of hexagonal close-packed (hcp) and double
hexagonal close-packed (dhcp) FeH, that interstitial H has little effect on electrical
resistivity. Also, Ohta et al. (2019) found that the impurity resistivity of H is smaller
than the other light element candidates from electrical resistivity measurements of
face-centered cubic (fcc) FeH, at high pressure and temperature using DAC. However,
Zidan et al. (2020) calculated the impurity resistivity of hcp Fe alloys with H in the
substitutional sites, which exhibit higher than that of other light-element alloys. These
results imply that the difference in sites occupied by impurities may significantly affect

the electrical resistivity.

In this study, we calculate the impurity resistivity of hcp Fe-based alloys from
first-principles calculations up to 6-component with impurities in both substitutional
and interstitial sites. Then, we performed linear regression on the obtained electrical

resistivity data to confirm the saturation behaviour of resistivity. Finally, the thermal
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conductivity of the inner core is estimated, and the temperature profile of the inner core

1s discussed.

2. Methods

2.1 First-principles calculation

Following our previous studies (Gomi et al., 2016; Gomi & Yoshino, 2018), we
performed first-principles calculations on hcp Fe-based alloys by using the
Korringa-Kohn-Rostoker (KKR) Green function method combined with the coherent
potential approximation (CPA), which is implemented in the AkaiKKR
(machikaneyama) package (Akai, 1989). The local density approximation (LDA) was
used for the exchange-corelation potential (Moruzzi et al., 1978). The crystal potential
was approximated by the atomic spherical approximation (ASA). The maximum
angular momentum quantum number was set to / = 3. Relativistic effects are treated
within the scalar relativistic approximation. The electrical resistivity is calculated from
the Kubo-Greenwood formula with the vertex correction (Kou & Akai, 2018; Oshita et
al., 2009). Two independent resistivity components were computed with respect to the
crystallographic orientation, and the polycrystalline average is calculated as ppoly = (2pa
+ pc)/3, where p, and p. are the resistivity component perpendicular and parallel to the

c-axis, respectively.

Previous KKR-CPA studies (Gomi et al., 2016; Gomi & Yoshino, 2018; Zidane et al.,
2020) have reported calculations of up to ternary systems containing only substitutional
impurities. In this study, we calculated up to 6-component alloys containing

substitutional and interstitial impurities. The volume is fixed at = 12.91 A’ regardless
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of composition, which is the volume of hcp Fe at 360 GPa and 300 K (Dewaele et al.,
2006). The axial ratio was fixed to the ideal value for hcp metals (c/a = 1.633). First,
calculations were performed for Fe-Ni-based substitutional Feo,g_yNiso,lLSchil,o ternary
alloys to check the effect of adding vacancies (Vc¢) in the interstitial positions. The
compositions of the ternary alloys are Feyo,Ni% ,L%,Vc'1 o, where L' is the light element
(L*=H, C, N, O, Si, P, or S) and the superscript s indicate the substitutional element.
The concentration of substitutional light elements was set with 0.05 steps in the range 0
< y < 0.3. Vacancies were introduced at the octahedral interstitial positions. Then,
calculations were performed for FeHiZ and Feo,gsiso'lHiZ with H in the interstitial
positions. The superscript i means that it is an interstitial element. The H concentration
was set to 0.0 < z < 1.0. After these test calculations, we computed the 4- and
6-component alloys. The chemical composition of the 4-component alloys can be
described as Fel_x_yNistsyLiZ (Figure 1a), where the substitutional impurities are L* = H,
C, N, O, Si, P, or S, and the interstitial impurities are L= H, C, N, or O. Ni
concentrations were set to x = 0, 0.05, 0.1, 0.15. The concentration of the substitutional
light element (L°) is set to y = 0, 0.05, 0.1, 0.15, 0.2, 0.25, 0.3. The interstitial impurity
(Li) concentration was set to z = 0, 0.05, 0.1, 0.15 0.2, 0.25, 0.3, 0.35, 0.4, 0.5. We
successfully obtained 6105 independent chemical compositions. We further calculated
the 6-component alloys, Fe;..,Ni'(Si, S)’,(H, C)-, in which two light elements are
alloyed at the substitutional and interstitial sites, respectively (Figure 1b). The Si (ysi)
and S (ys) concentrations at the substitution sites were varied in 0.05 steps in the range

where the sum y = yg; + ys is ¥ < 0.3. Similarly, the H (zy) and C (z¢) concentrations at
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the interstitial sites were varied in 0.1 steps so that the sum z =z + z¢ < 0.5. As a result,

1176 independent compositions were obtained for 6-component alloys.

2.2 Linear regression
We performed linear regression on the resistivities of 6105 compositions obtained from
the resistivity calculations of 4-component alloys. If the effect of resistivity saturation is

small, the electrical resistivity of multi-component alloys follows Mathiesen’s rule.

H,C,N,0,Si,P,S
s

p = xpnis + X, YispLs + ZS{C'N'O Zyipy (1)

Therefore, we considered Matthiesen’s rule with a constant term as a linear regression

model in this study.

_ H,C,N,0,5i,P,S HCNO _
p = xpnis + X3 Yisprs + 200 Z1iPi t Peonst (2)

where the explanatory variables are the concentration of each impurity (x, y.%, and z"),
and the regression coefficients are the impurity resistivity (oni'’, poL°, pLi) and the

constant term POconst.

2.3 Thermal conductivity of the inner core

The temperature dependence of resistivity is small for alloys with large impurity
resistivity, such as Fe-Si alloys (Inoue et al., 2020; Zhang et al., 2022). In such cases,
the contribution of lattice vibrations to the total resistivity should be small. Thus, Zidane
et al. (2020) ignore it. However, in the case of alloys low impurity resistivity (e.g.,
interstitial H), ignoring the contribution of lattice vibrations may overestimate the
thermal conductivity of the inner core. Therefore, following our previous studies (Gomi

et al., 2016; Gomi & Yoshino, 2019), we incorporated the effect of lattice vibration on
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the impurity resistivity obtained from first-principles calculations. The resistivity of hcp
Fe at ambient temperature can be described as follows (Gomi et al., 2013).

v -3.21
pre(V) = 0526 x (1.24 — V—o) {Qem (3)

The ideal resistivity at high temperature can be obtained from the Bloch-Griineisen law.

_ T\ (0p()/T x5dx
pFe,ideal(V: T) - B(V) (@D(V)) fo (exp(x)—l)(l—exp(—x)) (4)

where B(V) is a material constnat obtained from Equation (3), ®p(}) is the Deby
temperature (Dewaele et al., 2006). However, note that the resistivity of hcp Fe-based
alloys saturate at high temperatures (Inoue et al., 2020; Ohta et al., 2016; Suehiro et al.,
2019). The saturation resistivity may be calculated by using the following equation with
the ambient pressure value pg( Vo) = 168 pQem (Bohnenkamp et al., 2002) (Gomi et al.,

2013).

1

Psat(V) = psar (Vo) (VKO)E (5

This volume dependence is consistent with recent experiments on hcp Fe-Si alloys
(Inoue et al., 2020). Several models have been proposed to describe resistivity
saturation at ambient pressure, but no universal one is known (Sundqvist, 2022). In this
study, we adopted the model of Cote and Meisel (1978) following our previous studies
(Gomi et al., 2016; Gomi & Yoshino, 2018). This model fits well with the resistivity of

hcp Fe-Si alloys at high pressures and temperatures (Inoue et al., 2020).

0 (VrT)
ptot(vl T) = (1 - pl:s;W) pFe,ideal (V: T) + ppoly EXp(—ZW(V, T)) (6)

W(V, T) can be calculated by the Debye model as follows (Markowitz et al., 1977).

212m2
WV, T) = 22K (@oW/T (s +3) zdz 7)

2mkp©3 0 exp(z)—-1

10
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where ppoly 1s the polycrystalline average of impurity resistivity obtained from present
first-principles calculations, 7 is the reduced Plank’s constant (the Dirac’s constant), m
is the average atomic mass, K ~ T/a is electronic wave vector transfer, and a is the

lattice parameter. We estimated the thermal conductivity via the Wiedeman-Franz law.

_ LsommT
kv, T) T prot(V.T) ®

Sommerfeld’s value Lsomm 1s widely known as an approximation of the Lorenz number.

Lsomm = i (k_B)z )

3 \e
Although the Lorentz number of Fe alloys at high pressure and temperatures may
deviate from Ls,mm (Gomi & Hirose, 2015; Kleinschmidt et al., 2023; Pourovskii et al.,

2017), we use Lsomm as a representative value.

2.4 Conductive temperature profile of the inner core

Buffett (2009) modeled the temperature profile due to thermal conduction within the
inner core as a function of radial position  and time ¢ from the onset of the inner core.
This study uses this model to calculate the present-day conductive temperature profile.
The density of the inner core is assumed to depend only on the radial position 7, using
the polynomial reported by the Preliminary Reference Earth model (PREM)
(Dziewonski & Anderson, 1981). In this subsection, we use p(r) as the density of the
inner core. Note that it is not the electrical resistivity. The radius of the inner core,
rics(?), 1s assumed to be proportional to 1/2 power of time (Buffett, 2009; Labrosse,

2014).

1

1ice(t) = Ticpp ( : )E (10)

tic

11
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where ricg, = 1221.5 km is the current radius of the inner core and #c is the age of the
inner core. The inner-core boundary (ICB) temperature always coincides with the
melting temperature of the inner core material at that radial position Tm(), which is

modeled based on Lindemann’s melting law as follows (Yukutake, 1998).

2
_ PICB\3 __ Picep
Tu(r) = Ticsp (22) exp |2y (1 - 222)] (1)
where Ticg, = 5500 K is the present-day ICB temperature (Labrosse, 2014), pics,
=p(ricep) 1s the present-day ICB density, y = 1.5 (Vocadlo et al., 2003) is the Griineisen

parameter. The adiabatic temperature profile can be obtained with the ICB temperature

Tm(rics(?)) as a reference.

1,00 = T (o ®) (225 (12)

p(rice(®)
The thermal diffusion time #4(¢) is represented as a function of time ¢ via the inner core

radius ricp(?).

2
AGERCE (13)

where « is the thermal diffusivity. For simplicity, the physical properties associated with
thermal diffusivity are approximated as independent of radial position » and time ¢.
K=—25 (14)

PaverageCp

where £ is the thermal conductivity, Cp = 750 J/K/kg is the heat capacity (Gubbins et al.,
2013), and Paverage 15 the average density of the present-day inner core (Dziewonski &
Anderson, 1981). Finally, the conductive temperature profile is expressed as follow
(Buffett, 2009).

Ty (0)=T ® 2
Teona(r,©) = Ty (s (6)) + 2O Trce®) 1_(;)] (15)

T t
0 1ce(t)

12
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3. Results

Figure 2 shows the resistivity results at 0 K for the Feg o, Ni’y;L®, substitutional alloys
obtained from first-principles calculations. The electrical resistivity increased with
increasing concentration of substitutional impurities. Si had the most significant effect
among the substitutional elements investigated in this study, followed by P and C.
Compared with a previous study of hep Fego,Ni‘ L%, (Zidane et al., 2020), the present
resistivity is smaller than their values. Zidane et al. (2020) report the axial ratio of hep
Fe-based alloys to be c/a ~ 1. However, this value is unrealistically small for metals
with hep structure; their failure to optimize ¢/a may cause such an overestimation of the
resistivity. Zidane et al. (2020) also reported higher impurity resistivity for H compared
to other light elements. However, the results of this study show that the impurity

resistivity of H at substitutional sites is comparable to that of other light elements.

Figure 3(a) shows the resistivity of hcp FeH. with H occupying the interstitial sites. The
compositional dependence of resistivity is concave-down; zero impurity resistivity at z
= 0 and 1.0, where no chemical disorder exists, and a maximum resistivity around y =
0.5 (Figure 3a), consistent with Nordheim’s law. However, the resistivity obtained is
less than 3 pQcm, about one order of magnitude smaller than the resistivity of
substitutional H (Figure 2). This is because the electrical resistivity of metals is
associated with the band broadening due to impurity scattering (Butler, 1985); The local
density of states of interstitial H is far below the Fermi level, so the band structure near
the Fermi level cannot be affected by H (Gomi et al., 2018). Based on this, Gomi et al.
(2018) claimed that the impurity resistivity of FeH, alloys is almost zero. The present

calculations are consistent with this prediction.
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Figure 3(b) shows the calculated impurity resistivity of the hep Feg9Sip 1 H, alloy. Due to
Si-induced impurity resistivity, the resistivity is not zero even at z = 0 and 1.0, and the
resistivity is higher in Feq9Sip; than in Feg¢Sio1H; o. The dependence of resistivity on H
concentration shows a concave-down behavior as in the case of FeH., but its peak
position is around z = 0.3. In the high H concentration region (z > 0.6), the resistivity is
lower than that of the H-free Fe(9Sio ;. Ohta et al. (2019) conducted electrical resistivity
measurements of fcc FeH, alloys at high pressure and temperature. They reported that
the resistivity decreases with increasing H concentration in the high H concentration (z
> (.5) region. The present calculations and previous experiments (Ohta et al., 2019)
show a similar concave-down trend even though the crystal structures, temperatures,
pressures, and chemical compositions differ. As we expect similar behavior for other
interstitial impurities, in subsequent calculations for 4- and 6-component alloys, we
calculated the impurity resistivity only for the compositional range z < 0.5, where the

resistivity is expected to be larger than in z = 0.

The resistivity of metals with an hep structure has two components, parallel (p.) and
perpendicular (p,) to the c-axis of the crystal. At ambient pressure, hcp Sc has a large
anisotropy, with a value of p, /p. = 2.2 (Spedding et al., 1971). Balog and Secco (1999)
measured anisotropy in resistivity of hcp Gd up to 1.6 GPa. The anisotropy was p, /p. =
2.0 at ambient pressure but decreased linearly with increasing pressure. By
extrapolating this trend, they obtained p, /p. = 1 at 20.5 GPa. In contrast, Ohta et al.
(2018) pointed out the presence of high anisotropy in the thermal conductivity
measurements of hcp Fe under high pressure; the value reaches k/ky, = pa /pc = 3. A

similar high anisotropy p, /p. = 3.03 = 0.37 has also been reported from recent ab initio
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calculations for hcp Fe (Ramkrishna et al.,, 2022). The present calculation also
demonstrates the anisotropic resistivities (Figure 4a). However, they are relatively
moderate compared with previous studies (Ohta et al., 2018; Ramkrishna et al., 2022).
Figure 4b plots the resistivity ratio as a function of the polycrystalline average of
resistivity. Excluding the low resistivity portion, which is close to zero division, the
range of anisotropy is 0.63 < p, /p. < 1.52, and strong anisotropy of p, /p. ~ 3 was not
observed. Figure 4c shows the frequency distribution of resistivity anisotropy. In the
composition range investigated in this study, p, /p. > 1 in most cases, but there were also

compositions with p, /p. < 1.

Gomi et al. (2016) computed Fe-Si, Fe-Ni, and Fe-Ni-Si alloys. They identified three
features that indicate saturation of resistivity: (1) bending of the composition
dependence of resistivity, (2) smearing of the Bloch spectral function in the vicinity of
the Fermi level (where the mean free path is close to the interatomic distance), and (3) a
breakdown of Matthiessen’s rule. Subsequently, Gomi and Yoshino (2018) calculated
resistivities for substitutional binary alloys containing Si and other light elements (H, C,
N, O, S), as well as Fe-Si-S ternary alloys. Among the three features due to resistivity
saturation shown in Gomi et al. (2016), the broadening of the Bloch spectral function
was confirmed by Gomi and Yoshino (2018). However, the presence or absence of
resistivity bending is not apparent. Also, the breakdown of Matthiessen’s rule was
confirmed only for the Fe-Si-S ternary alloys. Therefore, it still needs to be verified for
the other multi-component alloys. In this study, linear regression was performed on the
calculated resistivity of 4-component alloys (Figure 5) to capture the overall trend of

electrical resistivity in multi-component alloys. The regression coefficients were
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obtained (Figure 6). Among the substitutional impurities, Si exhibits the highest
impurity resistivity, while the contribution of Ni is small. This result is consistent with
our previous studies (Gomi & Hirose, 2015; Gomi et al., 2016; Gomi & Yoshino, 2018).
It is also confirmed that the resistivity of substitutional H is as large as that of other light
elements and that the resistivity of interstitial H is much smaller than that of
substitutional H. In this study, we used Matthiessen’s rule with a constant term as a
regression model (Equation 2). If Matthiessen’s rule holds for the 4-component alloys
we calculated, then the constant term should be zero (or very small). However, this
study yielded a huge constant term of 33 pQcm, meaning Matthiessen’s rule has broken
down. The reason for the breakdown of Matthiessen’s rule can be attributed to the
saturation of resistivity. From this perspective, the 4-component alloys in Figure 5 can
be divided into three categories. The first is the alloys with the resistivity less than about
40 pQcm, where the actual resistivity deviates from the linear regression line. In this
category, the resistivity is far below the saturation resistivity, and Matthiessen’s rule
may hold. The second is a category with the resistivity of larger than about 40 pQcm
where a bend in the resistivity trend can be seen and agrees with the linear regression
prediction. We considered the resistivity saturation is dominant in this category. The
third category is where the actual resistivity is more than ~20 pQcm higher than the
linear regression line. Alloys in this category appears to continue the trend of low
resistivity category, which points to the possibility that the compositions in this category
become bad metals where resistivity saturation breaks down. If the inner core is a kind
of bad metal, then the thermal conductivity of the inner core may be extremely low.

Therefore, we looked into the composition of the alloys contained in this category. The

16
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alloys in this category were 32 compositions (~5%) out of 6105 total compositions.
Twenty compositions contained H in the substitutional sites; the remaining 12 contained
O. However, these are unrealistic for the inner core; H tends to occupy the interstitial
sites, and O hardly partitions into the solid inner core (Alfe et al., 2002). A more
realistic compositions of the core, 6-component (Fe, Ni, Si, S)(H, C) alloys, are also
plotted in Figure 5 together with 4-component alloys. Their resistivities are consistent
with those of the 4-component alloys. Non of the 6-component alloys have more than
~20 pQcem large resistivity than the regression line. Therefore, the alloys comprising the
inner core are considered to have compositions that follow the standard resistivity

saturation.

4. Discussion

The thermal conductivity of the inner core was estimated from the impurity resistivity
obtained by first-principles calculations. The thermal conductivities of 6-component
Fe1..,Ni*(Si, S)*,(H, C)iz alloys obtained in this study were 120-310 W/m/K at 5500 K.
However, some of these 1176 compositions contain too many or too few light elements
for the inner core. Therefore, we present the thermal conductivities for five
representative compositions. When the only light element in the inner core is interstitial
H, the amount of H that satisfies the density of the inner core is about z = 0.22 (Gomi &
Hirose, 2022). Considering the 5% of Ni present in the core, the thermal conductivity of
Fepo5sNigosHoo is estimated to be £ = 263 W/m/K. Since interstitial H has negligible
impurity resistivity, the thermal conductivity of this composition is the upper limit of the
thermal conductivity of the inner core. The amount of C required to satisfy the density
defects in the inner core is ~1.5 wt.% (Mookherjee et al., 2011) corresponds to about z =
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0.07. The thermal conductivity of FegosNigosCo.1 is &£ =234 W/m/K, which is lower than
the H-rich alloy. If all light elements in the inner core were substitutional Si, the
concentration would be ~7 wt.%Si (y ~ 0.13) (Tateno et al., 2015). The thermal
conductivity of Feg gNig0sSig 15 is computed to be £ = 150 W/m/K. It is reported that the
effect of Si and S on the density of hcp Fe alloys is similar (Li et al., 2018). We found
that the thermal conductivity of FeygNig0sS¢.15 becomes k = 154 W/m/K, slightly higher
than the Si-rich scenario. The thermal conductivity of Feg gsNig05Si0.05S0.0sHo.1, as an
example with multiple light elements, yielded £ = 166 W/m/K. Therefore, for realistic
chemical compositions that satisfy the density of the inner core, the range of thermal
conductivities would be 150-263 W/m/K. Zidane et al. (2020) estimated the thermal
conductivity of the inner core to be 110-155 W/m/K. This value is systematically
smaller than this study. The reason may be due to their failure to optimize c¢/a. Pozzo et
al. (2014) obtained a 232 W/m/K thermal conductivity for Fepo3Sig¢7. The thermal
conductivity of Feg9sSipos obtained from this study, k£ = 217 W/m/K, is slightly lower
than that of Pozzo et al. (2014); Pozzo et al. (2014) reported the Lorentz number as L =
2.7% 10" WQ/K?. The difference in thermal conductivity may be because the present

study assumes the Sommerfeld value Lsomm = 2.445 X 10° WQ/K>.

Many characteristic seismic observations (seismic velocity, attenuation, and their
anisotropy with depth and hemispherical variations) are known for the Earth’s inner
core. However, no single model can explain all of them simultaneously (Deguen, 2012;
Deuss, 2014). Among these observations, the innermost inner core is one of the most
mysterious to understand from mineralogy and inner core dynamics (Deguen, 2012).

The innermost inner core is known as a layer that exists at the center of the inner core
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with a radius of 300-600 km, which has a different anisotropy (Ishii & Dziewonski,
2002; Pham & Tkalci¢, 2023; Stephenson et al., 2021), and a lower attenuation
(Cormier & Li, 2002; Cormier & Stroujkova, 2005; Li & Cormier, 2002) than the upper
inner core. Buffet (2009) pointed out that the termination of initial thermal convection
could form a layer structure in the inner core. However, using recent high thermal
conductivity estimates, including this study, thermal convection is impossible even in
the initial inner core (Pozzo et al., 2014). Deguen et al. (2018) pointed out that a
double-diffusive translation could be terminated at the early stage of the inner core. The
following conditions are required for double-diffusion instability (Deguen et al., 2018).
aAT

—= <
< Le (16)

where a ~ 10° K is the thermal expansion coefficient, # ~ 1 is the compositional
expansion coefficient, AT ~ -100 K is the difference in core center temperature from the
adiabatic temperature profile, Ay is the difference in light element concentration
between the center and ICB, and Le = x/D is a dimensionless parameter representing the
ratio between thermal diffusivity (x) and diffusion coefficient (D) of light elements,
called Lewis number. With a diffusion coefficient of D ~10""> m?/s for light elements
(Gubbins et al., 2013), the Le is calculated to be ~2 x 10’ (Deguen et al., 2018). Due to
the huge Le, even with a strong thermal stratification (A7 < 0), a double-diffusive
instability exists if there is a slight compositional instability (Ay > 0) (Deguen et al.,
2018). For example, even a slight compositional gradient (Ayo ~ 0.005 %) (Labrosse,
2014) created by O that is little partitioned into the inner core would result in the left
side of Equation (16) being less than 5 (Deguen et al., 2018). Recent ab initio molecular

dynamics studies have indicated that interstitial light elements (H, O, and C) may
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become a superionic state (He et al., 2022). In this case, the diffusion coefficient of
these light elements reaches the order of D ~ 10 m%/s (He et al., 2022; Wang et al.,
2021; Yang et al., 2022), resulting in a Lewis number down to the order of 10°. However,
this value is still sufficiently high for double-diffusive instability. Therefore, the
double-diffusive instability is determined only by the sign of Ay. Zhang et al. (2020b)
performed atomistic simulations with machine learning potentials to constrain the
solid-liquid partitioning of S. Their results show that, in contrast to Gubbins et al.
(2013), there is little pressure dependence on the S partition coefficient. If the S
concentration in the outer core increases with inner core growth, the S partitioning into
the inner core yields compositional stratification (Ays < 0). The partition coefficient of a
light element in a multi-component system may depends on the concentration of the
coexisting light element. For example, Hasegawa et al. (2021) conducted high-pressure
experiments on a Fe-Si-C system in a DAC. They found that the partition of Si to the
solid phase increases with increasing C concentration in the liquid phase. If the core
composition can be approxymated by a Fe-Si-C ternary system, the outer core C
concentration increases with the inner core growth. In this case, the Si concentration in
the inner core also increases toward the top of the core, so Si causes compositional
stratification within the inner core (Ays; < 0). It is worth mentioning that, as Deguen et
al. (2018) point out, temporal changes in the composition of the liquid reacting with the
inner core behave complicated due to the following two reasons; precipitation of MgO
and SiO, (Badro et al.,, 2016; Hirose et al., 2017; O’Rourke & Stevenson, 2016)
decreases the concentration of light elements in the liquid. Forming a dense layer at the

bottom of the outer core makes the composition of the liquid reacting with the inner
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core depleted in light elements compared with the average composition of the outer core.
Thus, early termination of double-diffusive translation is possible for the origin of the
innermost inner core. However, in this case, translation cannot explain the
hemispherical dichotomy, and other models are needed (e.g. Aubert et al., 2008;
Gubbins et al., 2011). Kuwayama et al. (2008) pointed out the possibility of an fcc-hcp
phase transition in Fe-Ni alloys within the inner core. In this scenario, the innermost
inner core is composed of hcp Fe-Ni alloy, and the upper inner core is fcc. Recently, the
possibility of delayed crystallization of the inner core due to super-cooling has been
proposed (Huguet et al., 2018). If this is the case, a substantial amount of melt is
trapped in the innermost inner core, whereas compaction of a solid matrix extract melts
in the upper inner core (Lasbleis et al., 2020). These are the possible origins of the

boundary with different physical properties inside the inner core.

In this study, we propose a new mechanism that make a boundary with different
physical properites in the inner core due to the pre-melting. Recently, Yamauchi and
Takei (2020) reported that the grain boundary pre-melting could explain the sharp
lithosphere-asthenosphere boundary observed in the oceanic mantle. The similar
bounday is possible in the inner core. Due to grain boundary pre-melting, polycrystals
rapidly soften slightly below the melting temperature (e.g., Cantwell et al., 2014). Its
characteristic temperature 7py is several percent below the melting temperature
(Martorell et al., 2013; Nadal & Poac, 2003; Yamauchi & Takei, 2016). In the
polycrystalline Sn experiments by Nadal and Poac (2003), a sharp decrease in shear
modulus occurred within 1% of the melting temperature (7pym > 0.99 Tyv). Yamauchi and

Takei (2016) showed from experiments on polycrystalline Borneol (C,oH;30), a mantle
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analog composed of organic materials, that softening occurs at Tpy > 0.92 Ty Martorell
et al. (2013) calculated the elastic constants of single-crystal hcp Fe without grain
boundaries by using the first principles calculations up to melting temperature at inner
core pressure. They found a decrease in the shear modulus at Ty > 0.96 Ty Martorell
et al. (2013) argued that pre-melting occurs throughout the inner core assuming the
adiabatic temperature profile. However, suppose the thermal conductivity of the inner
core is high and the resultant temperature gradient is flat. In that case, the difference
between the melting temperature and core conductive temperature profile increases as
one goes deeper into the inner core, and pre-melting may not occur at the center. Figure
7 shows the temperature profile of the inner core as a function of the thermal
conductivity with the age of the inner core to be #c = 1.0 Gyr. The higher the thermal
conductivity, the smaller the temperature gradient within the inner core. For the present
inner core to be thermally convective, the temperature determined by thermal
conduction must be higher than that determined by the adiabatic temperature gradient
(Yukutake, 1998). Therefore, the present-day inner core cannot maintain thermal
convection if the thermal conductivity is higher than 40 W/m/K. This critical value is
much lower than the present estimates (kK = 150-263 W/m/K), making the present-day
inner core likely to be thermally stable. With such high thermal conductivity, the
temperature profile of the inner core would be flat. The temperature difference between
the present-day ICB and the center was estimated to be less than 110 K. Let us compare
the conductive temperature profiles with the pre-melting temperature. In Figure 7,
profiles for 99, 98, 97, and 96% of T are plotted in addition to the melting curve. If k =

160 W/m/K, tic = 1.0 Gyr, and Tpm = 0.97 Ty, pre-melting does not occur at radius 7 <
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600 km in the inner core (Figure 7), which may explain the observation that seismic
attenuation is stronger in the upper inner core and weaker at the innermost inner core
(Cormier & Li, 2002; Cormier & Stroujkova, 2005; Li & Cormier, 2002). We plotted
the temperature at the center of the core as a function of core thermal conductivity and
the inner core age (Figure 8). 7= 5711 K, calculated from adiabat (Equation 12), is a
criterion for thermal instability. Therefore, we plotted the region with 7 < 5711 K as
blue and 7 > 5711 K as red. In the range of present thermal conductivities, the inner
core should be thermally stable, meaning no thermally-driven plume convection or
thermally-driven translation. In this situation, the temperature profile of the inner core
becomes flat, determined by conduction. Although the 7Tp\ of the inner core is currently
essentially unconstrained, if the Tpy ~ 0.97 Ty, then a boundary due to pre-melting can
exist in the inner core. This pre-melting boundary could explain the difference in
seismic attenuation between the upper inner core and the innermost inner core (Cormier
& Li, 2002; Cormier & Stroujkova, 2005; Li & Cormier, 2002). It should be worth
mentioning that this pre-melting model can easily be combined with other models to
explain other seismic observations (e.g., double-diffusive translation for hemispherical

dichotomy) because it depends only on the present-day temperature profile.

5. Summary and conclusion

We computed the impurity resistivity of hcp Fe-based 4- and 6-component alloys by
means of KKR-CPA method combined with the Kubo-Greenwood formula. The results
exhibit anisotopy 0.63 < p, /p. < 1.52, where p. and p, are resistivities parallel and
perpendicular to the c-axis, respectively. Interstitial H contributed little to resistivity,

consistent with prior experiments (Ohta et al., 2019). Impurities at substitutional sites
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showed systematically greater resistivity than impurities at interstitial sites. We
performed linear regression on the resistivity of the 4-component alloys. The results
show the breakdown of Matthiessen’s rule due to resistivity saturation. This trend was
also observed for hcp (Fe, Ni, Si, S)(H, C) 6-component alloys, which have a more
realistic chemical composition of the inner core. The Wiedemann-Franz law was applied
to estimate the thermal conductivity of the inner core to be £ = 150-263 W/m/K. This
value is systematically higher than the previous calculation (Zidane et al., 2020). With
the present thermal conductivity values, we calculated the temperature profile due to
thermal conduction in the present-day inner core using the model developed by Buffett
(2009). The conductive temperature profile is flat, indicating that the inner core cannot
maintain thermal convection. Polycrystalline solids are known to soften rapidly at
temperatures above a few percent below the melting temperature due to grain boundary
pre-melting (e.g., Nadal & Poac, 2003; Yamauchi & Takei, 2016). When the
temperature profile is flat, pre-melting occurs only in the upper inner core. This could
explain the observations that the attenuation is stronger in the upper inner core and
weaker in the innermost inner core (Cormier & Li, 2002; Cormier & Stroujkova, 2005;

Li & Cormier, 2002).
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Figure 1. The crystal structure of hcp Fe-based alloy is illustrated using the VESTA
program (Momma & Izumi, 2011). (a) Feg75Nig 0sSig2Ho 3 alloy, which is an example of
a 4-component alloy. Ni (silver) and Si (blue) enter the substitutional site of hcp Fe
(brown), whereas H (pink) occupies the octahedral interstitial site. (b)
Feo.65Nig.05510.2S0.1Ho 3Co2 alloy, which is an example of a 6-component alloy. Note that
Ni, Si, and S (yellow) enter the substitutional site simultaneously, and H and C (dark

brown) are simultaneously located at the interstitial site.
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