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Abstract

With the inevitable environmental perturbations and complex population movements, the analysis of trouble-
some influenza is harder to proceed. Studies about the epidemic mathematical models can not only forecast the
development trend of influenza, but also have a beneficial influence on the protection of health and the econ-
omy. Motivated by this, a stochastic influenza model incorporating human mobility and the Ornstein-Uhlenbeck
process is established in this paper. Based on the existence of the unique global positive solution, we obtain suf-
ficient conditions for influenza extinction and persistence, which are related to the basic reproduction number in
the corresponding deterministic model. Notably, the analytical expression of the probability density function of
stationary distribution near the quasi-endemic equilibrium is obtained by solving the challenging Fokker—Planck
equation. Finally, numerical simulations are performed to support the theoretical conclusions, and the effect of
main parameters and environmental perturbations on influenza transmission are also investigated.

Keywords: Susceptible-Infectious-mobility model; Ornstein-Uhlenbeck process; Stationary distribution and
extinction; Probability density function.

1. Introduction

Influenza is a serious public health problem which is caused by viruses that undergo continuous antigenic
change and possess an animal reservoir [1]. Since viruses are prone to mutation, strong infectivity, widespread
susceptibility and high incidence, it has caused many explosive epidemics around the world and gained global
concern. The World Health Organization estimates that seasonal influenza causes 3 to 5 million severe cases
and 29 to 65 million global deaths each year. Spanish influenza [2, 3] is the deadliest infectious disease in
human history, infecting about 1 billion people worldwide and killing at least 25 million in 1918-1919 (the world
population was about 1.7 billion in that period). The Hong Kong influenza outbreak [4] in 1968 was the first
pandemic caused by the H3N2 influenza virus, which was derived from an antigenic transformation of the H2N2
virus that caused the ”Asian influenza” [5] pandemic in 1957-1958. About 15 percent of the local population
became infected and gradually spread to Singapore, Thailand, Japan, India and Australia in August. At the
end of the same year, it rapidly appeared in North America. These alarming statistics remind us of the urgency
of scientific theoretical analysis of influenza.

Since Kermack and Mckendrick [6] creatively constructed the classical SIR (Susceptible-Infectious-Recover)
compartment epidemic model to investigate the Black Death, plenty of mathematical models are used to describe
and analyze the transmission mechanism of troublesome epidemics. Considering the seasonality of the influenza
pandemic, J. M. Tchuenche et al. [7] formulated an SVITR epidemic model with vaccination and treatment.
They mainly focused on controlling the disease with a possible minimal cost and side effects. J. Lucchetti et
al. [8] proposed an avian influenza model to deal with several complicated situations, i.e., some low pathogenic
avian influenza viruses will become high pathogenic strains after transmission to domestic birds that can infect
humans and create potential conditions for another influenza pandemic. As more realistic factors are considered,
many novel mathematical models that fit reality are built and analyzed [9, 10, 11, 12].

Classical influenza models do not account for behavioral change. For example, the transmission rate is
supposed to be constant, which implies individuals do not adapt their contact behavior during epidemics. It
seems unreasonable because the diversification of multimedia forms makes people more sensitive to external
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information. At the same time, the acceleration of the process of world economic integration and convenient
transportation enable people to move wider and faster. The susceptible population would take appropriate
preventive measures against disease transmission when they feel threatened, such as wearing masks, keeping
social distance and reducing contact with others. These will feed back to alter epidemic dynamics, so it is
better to add human behavior effect to mathematical models. J. M. Epstein [13] et al. studied the coupled
contagion dynamics of fear and disease. In [14], A. d’Onofrio and P. Manfredi assumed that social contact
rate is a function of the available information about disease prevalence and they concluded that social behavior
change alone may trigger sustained oscillations. Wang [15] modeled adaptive behavior in influenza transmission
and proposed the following mathematical system

ds(t) = (A —uS— Bmfs) dt,

- 1+hl
dI(t) = (?Tﬂf ~(u +7)1) d, (1.1)
dm(t) =m (b —am — %) dt,

where S, I and m donate the susceptible individuals, infectious individuals and human mobility, respectively,
A is the recruitment constant of the susceptible class, p represents the birth and death rate, v is the sum
of recovery and treatment rate, 5 and g denote the transmission rate and the social capacity of population
mobility in the context of economics, respectively, a and h are positive constants that determine the reduction
of mobility caused by influenza. For the deterministic model (1.1), Wang mainly obtained several conclusions
as follows B

ABb
pa(pt+y) "
e There always exist semi-trivial equilibrium FEy = (%,0,0) and disease-free equilibrium E; = (

e The basic reproduction number is Ry =
%’ 0,2).
Furthermore, if Ry > 1, then system (1.1) has a unique endemic equilibrium Ey = (S*, I*, m*).

e F is globally stable if Ry < 1. Let Ry > 1, then FEj5 is locally asymptotically stable.

In the real environment, there are many uncertainties that would critically perturb the transmission of
influenza, such as ambient temperature, control strategies, travel of populations, and so on. Therefore, adding
randomness to deterministic models is close to reality. Meanwhile, with the continuous improvement of the
stochastic differential equation [16] and other basic disciplines, it provides an effective theoretical basis for the
creation and property analysis of stochastic models. For example, Meng et al. [17] studied a stochastic eco-
epidemiological model with time delay and they got sufficient conditions of permanence in mean or extinction
for the ecological populations. Since the environment may suffer sudden shocks, Yuan and Zhao [18] dealt with
the stochastic epidemic model incorporating jump-diffusion infection force.

Environmental perturbations can be introduced to mathematical models by supposing that the parameters
change with time [19]. Under the assumption that the transmission rate 3 is a linear function of white noise
B+odB(t), Cai et al. [20] proposed the following stochastic influenza model corresponding to the deterministic
model (1.1) and focused on its dynamic behaviors

AS(t) = (A — S - 445 ) dt — F25AB(),
Ar(t) = (923 = (u+ 1) dt + §2EaB),

dm(t) =m (b —am — %) dt,

where B(t) is the standard Brownian motion defined on the complete probability space (2, F,P) with a filtration
{F}i>0 satisfying the usual conditions (i.e., it is right continuous and increasing, and Fy contains all P-null
sets), o2 represents the intensity of the Brownian motion. However, after studying E. Allen [21] and other
scholars’ [22, 23] researches, we know that the average value of modified transmission rate over an arbitrary

time interval [0, T satisfies
17 _ o2
- dr ~ 7
7 [ smar~a (5.7,

in which A/ denotes the normal distribution. This causes a unreasonable result that the variance "—; — 400
as T — 0, meaning that the modified parameter 3(t) will drastically change in a short period which conflicts
with continuous environment. To deal with this shortcoming, various stochastic models adapt the assumption

that the modified parameter satisfies the mean-reversing process [24, 25, 26, 27] instead of the linear functions



of white noise. Inspired by these brilliant ideas, in this paper, we suppose that the transmission rate 3 is the
log-normal Ornstein-Uhlenbeck process, that is to say

dlog 5(t) = 6 (log B —log B) dt + odB(t),

where 6 > 0 represents the reversion speed and o > 0 denotes the volatility intensity. What is more important,

some calculations lead to
1 [t _ 0T )
ol ﬂ(T)dTNN /677+O(T ) )

in which O(T?) is the higher order infinitesimal of T2. It is obvious that the variance ‘TZ?T +O(T?) — 0 as

T — 0. In this sense, we construct the following stochastic influenza model with human mobility and log-normal
Ornstein-Uhlenbeck process

14+-hI
dI(t) = | G347 = (ut )2 a,
dm(t) = [m (bf am — 199 ] dt,
dlog B(t) = 6 (log 3 — log 8) dt + odB(t).

The dynamical properties of this stochastic system (1.2) are mainly discussed in the rest content.

The structure of this paper is arranged as follows. Section 2 verifies the existence and uniqueness of the
global positive solution of the stochastic model (1.2). Section 3 deals with sufficient conditions for the extinction
and persistence of influenza. With the existence of stationary distribution, we further calculate the analytic
expression of the probability density function around the quasi-endemic equilibrium in Section 4. Finally, in
Section 5, several numerical examples are provided to illustrate the theoretical counterparts.

ds(t) = [A - ps - Bmfs} dt,

2. Solution of stochastic system (1.2)

From the perspective of biology, because S, I and m denote the number of susceptible population, infectious
population and mobility intensity, respectively, and the transmission rate [ satisfies the log-normal OU process,
they should be non-negative. Therefore, the existence of a unique positive global solution is needed before we
investigate the dynamical behavior of the stochastic influenza system (1.2). We will verify the existence and
uniqueness of a positive global solution to the stochastic system (1.2) with any initial value.

Lemma 2.1. (It6’s formula [16]) Suppose that x(t) is an n-dimensional Ité’s process ont > 0 with the stochastic
differential
dz(t) = f(t)dt + g(t)dB(¢),

where B(t) = (Bi(t), -, Bn(t)T, f € LY(R;R") and g € L2R;R™™). IfV € C>H(R™ x Ry ;R), then
V(z(t),t) is a real-valued Ité’s process and its stochastic differential is given by

dV(z(t),t) = |Vi(x(t), 1) + Vi (x(8), ) f (1) + %tmc@ (g7 (t) Vi (2(2), t)g(t))} dt + Vi (x(t), 1)g(t)dB(1)
=LV (x(t),t)dt + Vu(x(¢),t)g(t)dB(t), a.s.,

in which LV (z(t),t) denotes the differential operator and

oV ov ov 0%V
‘/t_ Ev V;E — (8.@17 781:’”)’ Vac;v - <8xzax]>n><n

Theorem 2.1. For any initial value (5(0),1(0),m(0),3(0)) € R%, the stochastic system (1.2) has a unique
positive global solution (S(t),I(t), m(t),B(t)) (t > 0) almost sure (a.s.). Furthermore, if S(0) 4+ I(0) < % and

m(0) < L, then the system (1.2) has an invariant set Q as follows

A
Q:{(S, I, m, B)eRi|S+I<;, m<2}.



Proof. The detailed proof can refer to the methods in [28]. Here, we only represent the key of these proofs, i.e.,
the construction of a non-negative Lyapunov C2-function. Define a C2-function W (S, I, m, 3): Ri — Ry by

WS, I,m,f)=85—-1—logS+I—1-logl+m—1—logm+p—1—logp.

The nonnegativity of W can be deduced from the inequality z — 1 > logx (z > 0). Applying It6’s formula to

the stochastic system (1.2) follows

B ol B > 1,
L(—logm) =am + 1Tl b, LB = p(0logB — Olog 5 + 57 ).
By (2.1) and It&’s formula, we have
B al A Bomlil BmS
LW =A—p(S+1) “+m<b“m 1+M) Stivh T Th
I - 1 _
+(,u+’y)+am+a7 -b+p <910gﬂ910g[3+02) — 0(log B — log 3)
1+hl 2
BsmliI al _ 1 5 _
<A+2 1 —01 = —6(1 -1 .
<A+ u+7+(a+b)m+l+hl+1+hl+ﬂ Olog 5 90g,8+2a 0(log B — log B)
It is obvious that
I 1
< —.
1+hlI — h
From the third equation in the (1.2), it shows that
dm(t) al
= — - < _
g m(b am 1+h[>_m(b am),

which means
if >
m(t) < T(O)» i m(0) >
if m(0) <

a’

[SEISESYIS

Let K = max {m(0), 2} and combining (2.3), then the inequality (2.2) becomes

psmlI
1+hl  1+hl

§A+m+7+%+m+®K+fWX

LW <A+2p+~v+ (a+b)m+

where %
f(B) = TﬂJrﬂ <910g6010gﬂ+;c72> —0(log B — log 3).

Notably, f(8) —+ —oo as 3 — 0T or 8 — +o0, which implies there exists SUPgeRr, f(B). Hence, we have

Lw §A+2u+7+%+(a+b)K+f(5)
§A+2u+fy+g+(a+b)K+ sup f(f)
h BERL
A0,

where C' is a positive constant. The proof is completed.

+a7[+ﬁ (910g5—910g5+;a2> — 0(log B — log 3)



Remark 2.1. Similar to the (2.4), we can also get

S(0) + I(0), if S(0) +1(0) > %

which means the stochastic system (1.2) has the invariant set Q = {(S, I, m, B)eRLIS+I< %, m < g}

b
o

with the initial value satisfying S(0) + I(0) < % and m(0) <

From now on, unless otherwise stated, we always assume that S(0) + I(0) < % and m(0) < 2, then we
investigate the stochastic system (1.2) in the invariant set ).

3. Extinction and persistence

In this section, we will investigate the tendency of influenza transmission, and give sufficient conditions for
the extinction and persistence of the influenza. By constructing several appropriate Lyapunov functions, we
obtain two critical values

which are completely determined by the basic reproduction numbers Ry and environmental perturbations.

Definition 3.1. [29] (i) z(t) is said to be exponential extinct if limy_s 4 oo logl( ) <0 as..

(it) z(t) is said to be strongly persistent in the mean if liminf, ;o 1 fo T)dT > 0 a.s..

Lemma 3.1. [22, 25, 30] If 3(t) satisfies the log-normal Ornstein-Uhlenbeck process

dlog 5(t) =0 (logﬂ_ — logﬂ) dt + odB(t),

then B(t) is ergodic and log 3(t) has the following probability density function as t — oo

\/@ 70(11—1025>2

—e c .

Vo

Theorem 3.1. Assume that RS < 1, then the influenza of the stochastic system (1.2) will exponentially die
out a.s.. To be specific, we have

C(y) =

log I
lim sup 261 ®)
t—+o00 t

< (u+7)(R§—1) <0 a.s..

Proof. According to the invariant set {2, we have

smS

dlog 1) = 7757

—(u+v)§ﬁm5—(u+7)§ﬁl)ﬁ—(uﬂw)- (3.1)

Integrating (3.1) from 0 to t and dividing ¢ on both sides give the following inequality

log I(t) — log I(0) Abl
t ,uat

/6 dr — (i + 7). (3.2)

With the lemma 3.1, we obtain the following equation by letting ¢ — +o0,

1 t +oo v Og
lim f/ B(T)dT:/ eY Ve e 0= B)zdy 6649 a.s.. (3.3)
0

ﬁa



Assuming t — 400 and substituting (3.3) into (3.2), we have

. logI(t) _Ab 1/t
1 —= < lim - dr —
ST Sy AT )
AbB o2 3.4
ziﬁe@_(u_f_fy) ( )
na

=(p+)(R5—1) as

where

.2
RS = Rpe47.

Obviously, if R§ < 1, then limsup,_, | M < (p+v)(R§ — 1) < 0, this indicates that the influenza of the
stochastic system (1.2) will exponentially become extinct a.s.. The proof ends. O

Theorem 3.1 gives the condition of influenza extinction. For the comprehensive study, we investigate another
concerned issue, i.e., the persistence of influenza.

Theorem 3.2. If R§ > 1, then the infectious population I(t) will strongly persistent in the mean a.s.. More
precisely,

1/t 2 s—1
lim inf — / I(r)dr > acs(p +7)(Fg — 1) a.s..
t—+oo ¢ bcy
The value of ¢y and cs are determined in the later proof.
Proof. Define the C?—Lyapunov function V;: Q2 — R as
Vi=—logl —clogS+col,
where ¢; and ¢y are determined in (3.9). Let ¢z = M , then applying [t6’s formula to V; reads
pmsS A BmlI BmIS ca(p+7) | calp+7)
LV =— —— —Cc1—= _— —_— I—
VST TRt T agtagy tart e — el n T
BmsS A BsmlI BmIS
=— — 1= _ ——— —«c3(1+hl .
Tip ATy magta g tarter oy malthh e

Combining the invariant set (2, we obtain

BmsS A
1+hl S

< —-3VeesABm+cip+ez+p+y+ C1+)ﬁ I (3.5)

~ 3]0
< —3v/ciesABm +cypp+ e+ p+y+ <01—|—) mlI + 3¢ 76103A| %— %|

From the inequality

BmlI BmIS

LVi=-— 11 hl T hI

-

cs(l+hl)+capt+es+put+vy+a

one can get

1 a Ao
E(longr I>§m+ BmlI — 1. 3.6
b (b +7)b b bu(p+ ) (36)
On the other hand, using It6’s formula obtains
2a 2a 9 aml 2r1a a
4 _ <Z(Zm(1-=m)]. .
£ (3b2m) 302 (bm am 1+hI> <5 [pm(-3m)] (3.7)



Combining (3.6) and (3.7), we can define a C%2—Lyapunov function Va: Q — R by
1 Q
Vo = 1 — 1
2= Ty 8

and its differential operator satisfies the following inequality

LV, < m+2am(1am)+b(Aﬂmll

b 3b b +

\ ) (3.8)
[a o)
< -m+ ——pPml—1
b bu(p+7)
in which the last inequality sign is deduces by z + 2z(1 — ) < ¥z (z > 0). Set

ABb
= XD _ ) A (39)

ua

and define the function

b _
Va=V1+ 3\3/ —c1c3ABVs.
a
Applying [t6’s formula again, we get

b b b g

£V3§—3m+c1u+cﬁu+v+cmm[+3 Jeresh|Be = B3]
ABb b 33
:_f+(u+7)+046m1+3mﬁ3 B3|

b 2 o2 N3
(u+ry)(Rol)+C4ﬂmI+3\/73Aﬂ( 50 — Qe 360 +1> (3.10)

- e a3
+3\/CT:3A[|53/33|£3 (¢7 —2efm +1) ]

3Ab -2 1 =1 =1 a? o2 %
= () (B~ 1)+ eapml + 0B [|ﬁs — BH| = B (ef —2¢%0 4 1) ] :

c4 =cC +@+73Aa 3900/\
T T bu(py) Va T

o2 2 3
3¢ bclchB( 99 — 2e368 + 1)

Bty (3.11)

where

RS =Ry —
o2 52 3
—Ro — 3R, (eTG — ed 4 1)
1
—R, {1—3(6‘69 —2e§’ee+1)2] .

According to the inequality x < az? + ﬁ(a > 0), there is a positive constant c5 = % such that
2c4AbB2e 0

S

C5Ab 1

psmlI < <C5ﬁ2 + 1) ml 62 ml
4C5

4es
Ab -5 & 1 A —
_GAb 20% 4+ — I+ b(ﬂ“' 52672) (3.12)
na 4cs
Ry —1 1 Ab
_(p 4R )+7m1+05 (
2¢y 4cs ua

B2 — B%ﬁ) .



Substituting (3.12) into (3.10), then it is transmitted into

< - s _
LVs < —(u+9)(Ry—1) + 5 T

+3ﬂ6 [lﬁé AR A Gt “ﬂ

-- %(MV)(RS ~ 1)+ fml + F(5),

in which

F(5) = 2o (12 2o )+ 058 [15h b - (o — 2

na

Since m < g, the inequality (3.13) can become

1
LVs < _5(“ +7)(Ry — 1) +

Integrating (3.14) from 0 to ¢t and dividing by ¢ on both sides, then we have

bC4 1 ¢
- | 1
dacs t /0 (r)dr =

From the lemma 3.1 and the Holder’s inequality [16], we get that

Va(t) —V3(0) 1

w\»—*

t 4

(ty)E—1) a0 cacsAb

(s — 1)+ 2W =50 1 / F(B(r))dr.

1 ¢ oo 0 y—log 8 —5 o2
lim — 52(T)d7:/ eV —— Vo ¢80 ﬁ)Qdy:ﬂQeT a.s.,

t—+oo ¢ 0 —00 \/70_
. I A S1 1 1
limsup — [ |B3(7) — B3|dr <limsup — 1 dr B3 (
t—+00 0 t—4oo T 0

which implies

Because S, I, m are contained in the invariant set €2, the following equations hold

1 t log I(t
lim sup LS() <0, limsup L() <0, limsup

t——+o0 t——+o0 t——+o0o

log m(t)

<0, a.s.,

(3.13)

(3.14)

(3.15)

(3.17)

which means limy_ 4 o, 2020 — 0. Letting ¢ — oo and combining (3.16) and (3.17), the inequality (3.15)

turns into

1/ 2 s—1
lim inf — / I(r)dr > acs (i +7)(Fg — 1)
t——+o0 0 bey

If R§ > 1, then liminf,, o + fo 7)dT > 0 @.s.. This completes the proof.

a.s..



Stationary distribution plays an irreplaceable role in the analysis of disease persistence. Hence, we establish
sufficient criterion for the existence of stationary distribution of the stochastic system (1.2) in Theorem 3.3. To
proceed, a necessary lemma should be illustrated.

Lemma 3.2. [31] For any initial value X (0) = (5(0),1(0),m(0), 5(0)) € , if there is a bounded closed domain
U C Q with a regular boundary and

1 t
liminf — | P(7,X(0),U)dr > 0 a.s., (3.18)

t—o0 0

where P(t, X (0),U) is the transition probability of the solution X (t) = (S(t), I(t), m(t), B(t)), then the stochastic
system (1.2) has at least one stationary distribution.

Theorem 3.3. If R§ > 1, then the stochastic system (1.2) has a stationary distribution in the invariant set €

Proof. We will prove this theorem in three steps: (i) constructing a non-negative Lyapunov function V; (ii)
searching a compact set U C Q which can ensure that LV < —1 for any (S,I,m, ) € Q\ U; (iii) verifying that
the inequality (3.18) holds.

Step I. (Formulation of the suitable Lyapunov function V)

Define a C?—Lyapunov function V: Q — R as

%z—logS—log(b—m>—log(A—S—I)—f—ﬂ—l—logﬁ.
1

a

By Itd’s formula and the inequality (2.3), there is

al
A BmI m(b—am—ﬁhz) A—p(S+1)—~I
Va=—grir et R TTTE TS

+5 (910g6—010gﬁ+ 302) — 6(log 8 — log B)

, (3.19)
A b TphI otd
<=4 7 S 27 B I
<-gtpftutam g_eru o
_ 1 _
+8 (Glogﬁ —flog B+ 202> — 0(log 8 — log B).
Since ﬁ < %, we can deduce —% < — hCXfM. Therefore, we know that
A b auml ~I
LVi<—Z4+—B+2u+b— -
A (A +p)(2—m) L-95-1T
) " (3.20)
+ 8 (910g5 —Olog B+ 202> —0(log B — log 3).
Let V5 = NV3 + V4, and N is a large enough positive constant satisfying
1
N +7) (B —1) + sup g(B) < -2, (3.21)

BERL
where

g(B)=2u+b+ %ﬁ—i—ﬂ (910gﬁ—910g,3—|— ;0’2) — O(log 8 — log 3).

Because the function V5 — +o0 as (5,1, m, 3) trends to the boundary of the set 2, there is a minimum value
(V5)min € Q. Finally, we can define a non-negative suitable C?—Lyapunov function: Q — R as

V= ‘/5 - (‘/Ei)min-



According to (3.13) and (3.20), we have

1 4 A apuml I
LV <= SN(u+7y)(Ry —1) + —Nml — = — B
<= NGB — 1)+ g =Nml = (PA+p)(2—m) & —-S-1T
b 2 1 3
9 e 1 — 01 Zo2) - 1 — 1 NF
+u+b+ah5+ﬁ<90g5 90g6+20> 0(log § —log B) + NF(§) (3.22)
1 4 A apml vl
== N(p+7)(R; = 1)+ ——Nml — 5 - N TPy NE
VA DU =D g N = G = G @~y Bos g I ENED)

=G(S.I,m, B) + NF(B).

Step II. (Search of a compact set U)

Now we are in the process to find a compact set U C € such that LV < —1 for any (S,I,m,3) € Q\ U.
Denote

U—{(S,I,m,ﬁ)emsze, I>e, 6§m§§762, S+I§é762, egﬁgl},
a jz

where € is a positive constant and satisfies the following inequalities

_2+:j5tiN—min{t, OM Z} <1, (3.23a)

—2 + max { 40;52 €, ZLCCAL:LNG} <-1, (3.23b)

—%N(,u + )R —1) + %N + %Qloge + ﬂseulRPJr [g(ﬁ) - %GIOg B] <-1, (3.23¢)
_%N(u T (RS —1) + 40;5/;(;N + 91;56 + sup [g(ﬂ) L lsgﬁ] <1 (3.23d)

Then the set Q\ U can be expressed as Q \ U = U7_, U;, and
Uy :{(Svfamaﬂ) € Q‘S < 6}, Uz = {(SaIamaﬁ) € Q|I < 6}7U§ - {(Svlamvﬂ) € Q|7n < 6}7

b A
ng{(s,f,m,ﬁ) cQ>e m> a—eQ}, U¢ = {(S,I,mﬁ) eQI>e SH+I> u—62}7

U = {(S,I,m,B) € Q|8 < e}, Ut {(S,I,m,ﬁ) cQlp > 1}

Case 1. If (S,1,m, ) € Uy, from (3.21) and (3.23a), we have

1 C4 A apuml ~I
G(S,I,m,B) = — =N(u+7) (RS — 1) + 2 Nml — = — - T
( m/B) 2 (,u 7)( 0 ) 405 m S (hA—Fu)(g—m) %—S—I g(ﬁ)
§_2+ C4AbN_§
despa €
B C4AbN—min é aub Y
- despa e ae(hA+p)’ €
<-1
Case 2. If (S,1I,m, ) € Ug, from (3.21) and (3.23b), we have
1 Cyq A apuml ~I
G(S,I,m,f)=—=N(p+y)(R§—1)+ —NmI — = — - +
(5 Lim, ) = = gN{p A MU = D) g Nmd = g = R 1) —m) o 9(8)
<24 40 N
4desa

10



A
S—Z—i—max{ cab Ne C4N€}

desa” T deqp
<-1

Case 3. If (S,I,m, ) € U§, from (3.21) and (3.23b), we have

1 A apml ~I
G(S,I,m,B) = — =N(pu+7)(RS — 1) + —~ Nml — = — +
(S, Lim, B) = = N+ (B =D+ 7 S (A+p)(i-m) L-5-T 9()
< -2+ call Ne
degp
< —2+max cab Ne, %NE
4csa degp
<-1
Case 4. If (S,I,m,B) € Ug, from (3.21) and (3.23a), we have
1 A apuml ~I
G(S,I,m,B) = — =N(u+) (R — 1) + —~ Nl — = — - +
(S, 1,m, B) = = SN (u+2)(85 = 1) + 7= ST A+ -—m) A-s5-1 9(8)
el et
despa e(hA + p)
b _ 2
<24 C4AbN_min é7 M’ b
despa e ehA+p)’ €
<-1
Case 5. If (S,1,m, ) € U, from (3.21) and (3.23a), we have
1 A apml ~I
G(S,I,m,B) = — =N(u+7)(R5—1) + L Nml - = — n
(8:1.m.5) = = N s+ )R =+ g Nmd = = S )
<_ 924 ca\b N_7
despa €
cy\b A au(t—-€r) 4
<9 N - il v R A
- +4c5,ua mm{e, e(hA+p) " €
< -1
Case 6. If (S,I,m,p) € U§, from and (3.23¢c), we have
1 Cyq A apuml ~I
G(S,I,m,B) = — =N(u+7)(RS — 1) + - Nml — = — . -+
(8, L,m, f) = = o N(u+7) (o — 1) + ;= Nml — (hA+p) (2 —m) 2 —5- 9(B)
1 C4Ab 1 |: :|
<—=N(p+v)(R5—1)+ N + =0loge+ su —7910
NV F)(Hy = 1) + 7= N + 5 0log Sup 9(B) gp
<-1
Case 7. If (S,I,m, ) € U, from (3.23d), we have
G(S,I,m. B) = — SN(u+ )Ry — 1)+ - N — 2 onm] +9(8)
s 4y ) - 2 1% v 0 405 S (hA-F/J,)(*—m) S
1 ca\b floge 95 log
<—=-N o—1 N
< NG (R~ 1)+ N+ B [g
<-1
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By the Case 1-7, we get the conclusion that
G(S,I,m,B) < -1, ¥(S,I,m,B) € Q\ U. (3.24)

Until now, the compact set U C 2 is established.
Step IIIL. Verify of the inequality (3.18)

On the other hand, we can find a positive constant H to make sure that
G(S,I,m,p) < H, ¥(S,I,m,B) € Q. (3.25)
Integrating (3.22) over the interval [0, ] and taking expectations obtain
0 <E [V (5(t),1(t), m(t), B(t))]

t t (3.26)
=E[V (S(O)J(O),m(o)ﬁ(o))H/o E[(G (S(r), I(r),m(7), B(7)))] dT+N/O E(F(B(r)))dr.

From (3.16), dividing ¢ on the both sides of (3.26) and letting ¢ — +oo follow

t—+oo t

0 <liminf » / E[V (S(t),1(t), m(t), B(t))] dr
0

t t

~ lim Eg@f% E[(G (S(r). I(r), m()8(r)))] dr + Nlim +igof1 E(F(B(r)))dr (3.27)
0 0

< lim inf = / E (G (S(), I(r), m(r)B(r)))] dr a.s..
0

t—+oo t

Combining (3.24) and (3.25), the inequality (3.27) can be expressed as

t——+oo

0 <liminf - / E[V (S(t), I(t), m(t), B(t))] dr
0

NS B
Shmlnf*/o E [G (S(T),I(T),m(T),,B(T)) 1{(S(7-),I(T),m(f),ﬂ('r))eU}] dr

t——+oo ¢

.1t
+hmmf*/0 E[G (S(7), I(7),m(7), B(T)) L{(S(r),1(r),m(r),8(r)erv}] AT

t—+oo t

t—+4oo t t—+oco

<H liminf = /O P((S(r), I(r), m(r), B(r)) € U) dr — lim inf = /O P((S(r), I(v),m(r), 8) € Q\U) dr

<—-1+(H+ l)liminf}/o P((S(r),I(r),m(r),B(r)) € U)dr a.s.,

t——+oo

(3.28)

where 1¢y} denotes the indicator function. This means that, for any initial value (S(0), 1(0), m(0),5(0)) € €,
the following inequality holds

t

liminf~ [ P(r, (S(0), 1(0), m(0), B(0)), U)dr >

>0 a.s..
oo H+1~ 0 *°

Therefore, the stochastic system (1.2) admits at least one stationary distribution in the invariant set Q by
Lemma 3.2, which implies that the influenza will prevail. The proof ends. O

Remark 3.1. From the expression of Ry, R§ and R, we get R§ < Ry < Rf. For one thing, it is obvious
that Ro > 1 if R§ > 1, and Ry < 1 when R§ < 1, this means R > 1 or R§ < 1 can also be the sufficient
conditions for the influenza persistence or extinction of the deterministic system (1.1). For another thing,
R§ = Ry = R§ holds if and only if the intensity of environmental perturbations 0 = 0, which implies that the
dynamical properties of the stochastic system (1.2) are consistent with the deterministic model (1.1) when there
are no environmental perturbations.

12



4. Probability density function

Theorem 3.3 shows that the stochastic system (1.2) has a stationary distribution when R§ > 1. Since
the probability function can greatly reveal the dynamical and statistical properties, it is more specific and
comprehensive than the stationary distribution. In this section, we will give the explicit expression of the
probability function of stationary distribution near the quasi-endemic equilibrium. The process is divided into
two steps: (i) linearizing the stochastic system (1.2) around the quasi-endemic equilibrium; (ii) solving the
corresponding four-dimensional Fokker-Planck equation.

4.1. Linearization of the system (1.2)

To get the corresponding linearized system of (1.2), we first have to define the quasi-endemic equilibrium E*
involved in stochasticity, which is calculated by

. B'mrIrs
B LS — (w1 =0,
bm* — a(m*)? — Ofihn}* =0,

log B — log 8* = 0.

From the former discussion, E* = (S*,I*,m*,log@) exists when Ry > 1. Let Y7 = (yl,yg,y37y4)T =

(S - S I—TI"m—m*logpB —log B)T, then the stochastic system (1.2) can be linearized around E* as follows

dy1 = (—any1 — a12y2 — a13y3 — a14ys)dt,

dyz = (a21y1 — a22y2 + a13y3 + a14y4)dt, (4.1)
dys = (—asz2y2 — aszys)dt, ’
dys = —aaaysdt + odB(1),

where
an =2 L = BT BhmeST L BSTL L BmesD Bl
U= H, 2= T A+ hl" )2’ BT T e T T
Bhm*S*I* o ahl* o
= — * _ — * :0. id , :1’2’ ,4'
a22 (1+ hI*)2’ agz =m T+ hl  (L4hl2)’ ass = am’ , Q44 a;; >0 (i, 3,4)

4.2. Calculation of the corresponding Fokker-Planck equation

Before solving the matrix equation to get the expression of the probability function, we give the following
needed definition and one lemma.

Definition 4.1. [32] Let ¢pa(A) = A" + a1 A" ! + auA""2 + -+ + a,, be the characteristic polynomial of n-
dimensional square matrixz A, then A is a Hurwitz matriz if and only its eigenvalues all have negative real-part.
That is equal to

ay asz as - A2k—1
1 ax a4 -+ agk—2
0 a1 a3 - a3
Hy, = 0 1 s GoK—4a > 0,
0O 0 0 - ag
k=1,2,---,n, among them j > n, replenishing definition a; = 0.

Lemma 4.1. [33] For the four-dimensional algebraic equation G2+ KO+OKT = 0, where Gy = diag(1,0,0,0)

and
—k1 —ky —ks —k4
1 0 0 0
K= 0 1 0 0 ’
0 0 1 0

13



the solution © takes the form

@:

in which

k =2 [k‘l(kjlk4 - k2k3) + k?g,] 9

ki1ks — kok k- k ks — k1k
011 Z%a 913:?‘3, 924=Z1, 9442%-

What is more, © is a symmetric and positive definite matriz with conditions ky > 0, k3 > 0, k4 > 0 and
kl(kgkg — k1k4) — k% > 0.

Theorem 4.1. Suppose that R > 1 andw = M # 0, then the distribution of the solution (S, I, m,log )
of stochastic system (1.2) follows the normal density function ®(S, I, m,log ) near the quasi-endemic equilib-
rium E*, which has the following expression

B(S,T,m, log §) = (2m) 25| e HS—S LT m=m’ log f—log §)3 "} (S8 11" m—m" log f-log )"
The expression of covariance matrix 3 will be confirmed later.

Proof. For the sake of simplicity, let B(t) = (0,0,0, B(¢))7,

—ai; —a12 —ai3 —ai4 00 0 O
o B B E R
0 0 0 —au 0 00 o
With those symbols, the system (4.1) can be expressed as
dY (t) = AYdt + GdB(¢). (4.2)

Moreover, we can rewrite the matrix A as

O1x3 —auq

A < Bsys Csx1 >

From conclusions in [15], the eigenvalues of matrix Bsxs all have negative real parts, meaning that the real part
of eigenvalues of matrix A are also all negative, so A is a Hurwitz matrix. In the view of Gardiner’s theory [34],
the equation (4.2) admits a unique probability density ®(.S, I, m,log ), and it is determined by the following
four-dimensional Fokker-Planck equation

0.0+ gAY O (0.0] - 5 2

ot aY (t) (Y (t),t) =0. (4.3)

Since %@(Y(t), t) = 0 under a stationary distribution, the equation (4.3) becomes
0 0
~—[(—anyr — a12y2 — a13ys — a14ya)®] + @[(aﬂyl — a2y2 + a13ys + a14ya) P
2

oy
o2 9?2
2 02

(4.4)

0
+ aTB[(—a?.zyz — assys3)P] — b =0.

Because the diffusion matrix G is a constant matrix, then the probability density function ® follows a Gaussian
distribution by the theory of Roozen [35], and the covariance matrix ¥ is calculated by

G? + A + 2AT = 0. (4.5)
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Next, we are devoted to solving equation (4.5) to get the expression of probability function of stationary

distribution near E*.

Let A1 = .]1AJl_17 where

0 0 0 1
1 0 0 O
=11 10 0|
0 010
then we obtain
— Q44 0 0 0
A = —a14 Q12 — 411 —a12 —a13
0 ol —a12 — G232 0
0 as2 —asa —ass
Denote
1 0 0 0
0 1 0 0
=190 1 0|
0 0 —% 1
we calculate Ay = JyA; J{l and get
—Q4y4 O 0 O
Ay = | T4 @mz—an — S — a1y —ags
0 0 —a12 — A2 0
0 0 w —ass

Motivated by the method in [33], the transmission matrix of Ay is given by

t1  to t3 ty
r_| 0 w —w(ai2 +ags +aszs)  ads
0 0 w —asz |’
0 0 0 1
in which
t1 = — ywaiy, to = —fyw(all + a2 + a33)7
ts =w [(a12 + aza)(a12 + aze + agz) + ajy — (a13a32 +yar2)] , ta = —(ywarz + ady).

Define Az = TA,T~!, by a simple calculation, we have

-

—1T
0 0 0
Az = 1 0 0
0 1 0

OO =

where

A
71 =011 + @22 + a3z + a44 = p1 + Q44,
A
T2 =G11022 + 12021 + 11033 + A13032 + 22033 + P1a44 = P2 + P10G44,
A
73 =a11022033 + 011013032 + 12021033 — 013021032 + P2a44 = P3 + P2a44,

T4 =Pp3Q44.
Therefore, the equation (4.5) can be transformed into

(TJ2J1)GHT Jo )T + A3(T o)) (T T2 )T + (T T J)) (T JoJy)T AL =
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Let p=tio and ¥ = p~2(T'JoJ1)%(TJ2J1)T, then equation (4.6) is equal to
G2 + A2 + 2AT = 0.

According to the Lemma 4.1, we have

011 0 013 0
S _ 0 —013 0 024
J13 0 —024 0 ’
0 024 0 044

where

r =2 [Tl(T1T4 —rors3) + rg] ,
Ty — 17273 T3 1 T3 —Tir2
on=——_ 5,013~ —/, 024= —, O44 = ——— .
T r T 4T
From the analysis in [15], we know that p; > 0, po > 0, p3 > 0 and p;ps — p3 > 0, which can deduce
r; >0 (i=1,2,3,4) and

ri(rers — rira) — T% =(p1 + aaa) [(p2 + pra4a)(P3 + P2a44) — p3aasa(p1 + aaa)] — (ps + p2a44)2

=(p1p2 — ps)aiy + p1(p1p2 — p3)ai, + p2(pip2 — p3)ass + p3(p1p2 — ps)
>0,

This implies ﬁ] is a positive definite matrix. Finally, we get the expression of the covariance matrix ¥ =
p2(TJ2J1) I2[(TJ2J1) 1T and ¥ is also a positive definite matrix. The proof completes. O

5. Numerical simulations

In this section, several numerical simulations are performed to illustrate obtained analytical results. We
mainly focus on the four aspects: (i) the local asymptotic stability of endemic equilibrium Es in the deterministic
model (1.1); (ii) the correctness of Theorem 3.1, 3.3 and 4.1; (iii) the impact of the social capacity of population
mobility g and transmission rate 3 on the disease spread; (iv) the influence of environmental perturbations on
the disease extinction and persistence.

According to the higher-order numerical method developed by Milstein [36], the corresponding discretization
equation of stochastic system (1.2) takes the form as

Sitl = §i 4 [A S = B SIIm ] Ay

1+hJi
. . Be® i SI 9 mI ;
[t =1 4 [BHTJT" —(n+7) | At,
mitt =mi + [mj (b_amj -5 } At,

@It =2l — 92T At + oA + G (€2 — 1)At,

where the value of the jth iteration of (S, I, m,x) is depicted by (57,17, m? 27), At is the time increment and
& (j = 1,2,---,n) represent the mutually independent Gaussian random variables satisfying the standard
normal distribution N (0, 1).

Example 5.1 Let

M=05 u=02 =06, h=3, v=015 b=3, a=1, a=1, (5.1)

then simple calculations lead to Ry = 12.8571 > 1 and E5 = (0.8216,0.9591,2.7526), which implies that Es is
locally asymptotically stable. We select five different (S(0), 1(0),m(0)), and fig.1 represents the trajectories of
model (1.1) with initial values (1.5,0.5,2.5), (1.2,0.3,1.5), (0.6,0.6,0.5), (1,0.8,2), (0.9,07,1), respectively. It
is obvious that FEs is locally asymptotically stable when the basic reproduction number Ry > 1.

Example 5.2 We set II = 0.1, b =1, § = 0.5, 0 = 0.4 and the rest parameters are the same as in (5.1),
then it follows that Ry = 0.8571, R§ = 0.9285 < 1 and E; = (0.5,0, 1), which satisfies Theorem 3.1. The fig.2
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The trajectories of model (2.1) with different initial values

3 e e Es(0.8216,0.9591,2.7526)
=T —

fig. 1: The trajectories of model (1.1) with different initial values (1.5,0.5,2.5), (1.2,0.3,1.5), (0.6,0.6,0.5), (1,0.8,2), (0.9,07,1),
respectively.

shows the variation of S(¢), I(¢t) and m(t) of the deterministic model (1.1) and stochastic model (1.2), implying
that the disease dies out.

Example 5.3 Assume that § = 0.5, 0 = 0.03 and other parameters satisfy the equations (5.1), then there are
R = 12.4714 and the quasi-endemic equilibrium E* = (0.8216,0.9591, 2.7526,log 0.6). The covariance matrix
Y. can be expressed as

0.1778 —0.1297 0.0086  —0.2905
—0.1297 0.1022 —0.0065 0.2393
0.0086 —0.0065 0.0004 —0.0135 |’
—0.2905 0.2393 —0.0135 0.9000

»=1x10"3

which can deduce the following three marginal density functions

oo 29.85675556(570.8216)2

08 ’

o9 __1.,—10000(I—0.9591)>

W =40e s

87(1) —634.92¢—2500000(m—2.7526)
om ' ’

Therefore, the probability density function of the stationary distribution near E* is coincident with the function

@(S,I,m,logﬁ) _ (27T)—2|E|—%e—%(S—S*,I—I*,m—m*,logﬁ—log6)271(S—S*,I—I*,m—m*,log,B—logB)T.

The fig.3 realizes the variation of S(t), I(t) and m(t) of the deterministic model (1.1) and stochastic model
(1.2), and it is clear that the values are stable around the quasi-endemic equilibrium E*. What is more, fig.4
gives the frequency histograms and marginal density function curves of S(t), I(t) and m(t) of the stochastic
model (1.2) in the left column, and the frequency fitting density functions and marginal density functions are
represented in the right column. From those two pictures, we can see that influenza will eventually prevail,
which can also strongly support Theorem 3.3 and 4.1.

Example 5.4 Population mobility is inevitable in modern society with convenient and fast means of trans-
portation, but if influenza is harder to control and makes huge damage to human health, then governmental
agencies may take the implementation of lockdowns to maintain social distance to reduce the loss caused by
influenza. This will influence the social capacity of population mobility 2. Also, with the increasing number
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fig. 2: The variation of S(¢), I(t) and m(t) of the deterministic model (1.1) and stochastic model (1.2) under example 5.2.
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fig. 3: The variation of S(t), I(t) and m(t) of the deterministic model (1.1) and stochastic model (1.2) under example 5.3.
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Frequency histogram and probability density curve of m(t)
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Frequency histogram fitting curve
= — “Margin density function

Value
Value

0 0
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The mobility intensity

fig. 4: Left column are frequency histograms and marginal density function curves of S(t), I(¢) and m(t) in the stochastic model
(1.2), respectively. Right column represent frequency fitting density functions and marginal density functions of S(t), I(t) and
m(t), respectively.

of infectious population, people would take proper precautionary measures for disease transmission (i.e., use of
face mask, social distancing and implementing hygiene), this has an effect on the transmission rate 3. We use
the same parameters in example 5.3. On the one hand, fig.5 and 7 show the variation trend of Ry, R§ and Rj
with the social capacity of population mobility g € [0,1] and the transmission rate 3 € [0, 0.15], respectively.
On the other hand, fig.6 and fig.8 give the trajectories of S(t), I(t) and m(t) with 5 =103, 05, 0.8 and
B = 0.1, 0.3, 0.5, respectively. Those all indicate that reducing population mobility or autonomously taking
necessary protection measures can help control influenza. However, the excessive lockdown will hinder economic
development. The issue of how to balance the intensity of blockade and development is discussed in [37].
Example 5.5 For one thing, let the parameters be the same as in example 5.2 but 6 € [0.1,1] and o € [0.1,1].
We carry out fig.9 to show the value of R with different reversion speed and volatility intensity. Obviously,
R§ decreases with the increase of 6 and the decrease of o, which means that influenza inclines to die out. For
another, let ¢ = 0.03 and other parameters satisfy the equations (5.1), then fig.10 demonstrates the trajectories
of S(t), I(t) and m(t) with different reversion speeds # = 0.2, 0.5, 1, respectively. Suppose that § = 0.5,
fig.11 exhibits the trajectories under different volatility intensities o = 0.02, 0.05, 0.07, respectively. Those two
pictures reveal that a bigger reversion speed or smaller volatility intensity makes the population more stable.

6. Conclusion and discussions

In this paper, we construct a stochastic epidemic model driven by the log-normal Ornstein-Uhlenbeck process
to investigate the dynamical behaviors of influenza transmission. Based on the present research about the mean-
reverting Ornstein-Uhlenbeck process, we find that using the mean-reverting process rather than the linear
functions of white noise to simulate the environmental interference is more realistic in biological significance.
However, up to now, there are few achievements in the basic theories of the mean-reverting process. Hence, in
this article, we concentrate on the methods used in the investigation of dynamic properties of the stochastic
model governed by the OU process. To be specific, the dynamic behaviors of the influenza system (1.2) can be
summarized by the following conclusions:

e The stochastic model admits a unique global positive solution. Furthermore, if the initial value satisfies a
certain condition, then the solution will remain in an invariant set a.s.. This is the basis for the next research.

e By constructing suitable Lyapunov functions, two critical conditions

2

RS = Roe¥ < 1, RS = Ry [1—3(699—26369—&-1)2} >1
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fig. 5: The variation trend of Ro, R§ and R with the social capacity of population mobility g € [0, 1], respectively.
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fig. 6: The trajectories of S(t), I(t) and m(¢) with g = 0.3, 0.5, 0.8, respectively.
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fig. 8: The trajectories of S(t), I(t) and m(t) with 3 = 0.1, 0.3, 0.5, respectively.
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fig. 9: The plane R§ = 1 and the three-dimensional diagram of R§ with 6 € [0.1,1] and o € [0.1,1].
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fig. 10: The trajectories of S(t), I(t) and m(t) with volatility intensity o = 0.03 and different reversion speed 6 = 0.2, 0.5, 1,
respectively.
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fig. 11: The trajectories of S(t), I(t) and m(t) with reversion speed 6 = 0.5 and different volatility intensity ¢ = 0.02, 0.05, 0.07,
respectively.

are established for the influenza exponential extinction and persistence. It is worth noting that R§ — Ry and
R — Ry as the volatility intensity ¢ — 0, in which Ry is the basic reproduction number in the corresponding
deterministic model.

e Based on the theories developed by Gardiner and Roozen, we obtain the probability density function of
stationary distribution, which can reveal lots of statistical properties.

In the end, we propose several issues that hope to be better solved in future studies. On the one hand, the
social capacity of population mobility in the context of economics has important impacts on disease transmission.
Globalization and rapid changes in transportation have made it easier for people to widely travel. Therefore,
influenza viruses can spread around the world as people move, putting enormous pressure on disease control.
However, a strict blockade will set barriers to economic development and life. It is necessary to select a suitable
b/a to minimize the damage caused by influenza and ensure the normal operation of society. On the other
hand, limited by the present methods, there is a gap between the key values R§ and Rj, which means they
are only sufficient conditions. We hope to establish an accurate sufficient and necessary condition for disease
extinction and persistence which is our working towards.
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