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ABSTRACT. This paper is concerned with a von Karman plate model with memory. Using some prop-
erties of the convex function and the multiplier method, we show the general decay rate result for a
von Karman equations with minimal condition on the relaxation function. This result extends and
improves on some earlier results-exponential or polynomial decay rates for a von Karman equations
with memory.
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1. INTRODUCTION

This paper is concerned with the general decay of the solutions to a von Karman equations with memory:

t
Wyt — alwe + APw — / h(t — s)Aw(s)ds = [w,v] in Q x (0, 00), (1.1)
0
APy = —[w,w] in Q x (0,00), (1.2)
ov
’U—E—O on I' x (0, 00), (1.3)
0
w= 8—1: =0 on I'y x (0,00), (1.4)
t
Biw — 5’1{/ h(t — s)w(s)ds} =0 onI'1 x (0,00), (1.5)
0
Owiy ¢ _
Baw — « 9 Bz{/o h(t — s)w(s)ds} =0 on Iy x (0,00), (1.6)
w(z,y,0) = wo(z,y), we(z,y,0) = wi(z,y) in Q. (1.7)

where w is the vertical displacement and v is the Airy-stress function. The von Karman equations describe
small vibrations of a thin isotropic plate of uniform thickness . Here € is an open bounded set of R? with
a sufficiently smooth boundary I' = I'o UT'1, I'o and I'y are closed and disjoint. The relaxation function h
is a positive decreasing function and we will give later the minimal conditions on A in order to obtain the

general decay results. The differential operators

0Aw

Biw=Aw+ (1 — p)Biw, and Bow = £

+ (1 = p)Baw
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where constant p(0 < p < %) is Poisson’s ratio and

0
Biw = 2v1v2wgy — ulzwyy — V3 Wge, Bow = —[(1/12 — sz)wmy + 12 (Wyy — Waz)]-

on
Here v = (11, 1v2) is the outward unit normal vector to I', n = (—v2, 1) is the corresponding unit tangent

vector. The von Kédrman bracket is given by
[, U] = Waallyy — 2WayUzy + Wyylae.

The energy decay of the solutions to a von Karman system has been studied by several authors. In
[1-3] the authors considered the von Karman system with frictional dissipations effective in the boundary.
Rivera and Menzala [4] proved the stability of the solutions to a von Karman system for viscoelastic plates
with boundary memory conditions. They obtained that the energy decays uniformly exponentially or

algebraically with the same rate of decay as the relaxation function. The function h satisfies
—Coh(t) < W' (t) < —Cih(t) and 0 < h"(t) < Cah(t)

for some Cj,¢ = 0,1,2. Raposo and Santos [5] improved the decay result of [4]. They proved the general

decay of the solutions to a von Karman plate model under the condition on h such as
R'(t) < —€(t)h(t), &) >0, €() <0, Vt>0 (1.8)

where £ is a nonincreasing and positive function. Kang [6] showed the general decay of the solutions to
a von Karman plate model with memory and boundary damping. Kang [6] generalized the results of [5]
without imposing any restrictive growth assumption on the damping term. Kang [7] studied the general
stability for a von Karman system with memory using some properties of the convex functions. The

relaxation function h satisfies

W (1) < —H(h(1)), (1.9)

where H is a non-negative function, with H(0) = 0, and H is a linear or strictly increasing and strictly
convex on (0, r], for some r > 0. The above conditions are weaker conditions on H than those introduced
in [8]. When a = 0 in (1.1) and the memory kernel h satisfies (1.9), Cavalcanti et al. [9] studied the
existence and uniform decay rates of the energy for solutions.

On the other hand, many authors([10-20]) investigated the energy decay rates of the solutions to a
viscoelastic wave equation. Recently, Mustafa [21] considered the general decay rate for a viscoelastic wave

equations under a more general condition than the ones in (1.8) and (1.9) such as

h'(t) < —€(t) H(h(1)), (1.10)
where £ is a positive nonincreasing differentiable function and H is a non-negative function, with H(0) = 0,
and H is a linear or strictly increasing and strictly convex on (0, ], for some 0 < r < h(0). When h satisfies

the condition (1.10), the stability of the solutions to a viscoelastic system was studied in [22-24] and the

references therein.
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Motivated by the work in [21], we prove the general decay of the solutions to a von Karman plate model
(1.1)-(1.7) for relaxation function h satisfying (1.10). Using the multiplier method and some properties
of convex functions, we establish the general decay rate of the solutions to a von Karman plate model
(1.1)-(1.7).

The paper is organized as follows. In Section 2, we present some notations and material needed for
our work and state the main result. In Section 3, we prove the general decay of the solutions to the von

Karman system with general type of relaxation functions.

2. PRELIMINARIES

In this section, we present some material needed in the proof of our result and state the main result.

Throughout this paper we define

V={veH Q) |v=0 on I}, W:{w€H2(Q) |w:g—w:0 on Fo}.
v
For simplicity, we denote || - || 2(q) by || - [|. From the Green’s formula, we have
2 o ou
(A%w,u) = a(w, u) + (Baw, u)r (Blw, 81/)r (2.1)

where the bilinear symmetric form a(w,u) is given by
a(w,u) = /Q {wmum + Wyylyy + (Wealyy + WyyUaz) + 2(1 — N)wzyuzy}an
where dQ = dxdy. Since T'o # (), we find that y/a(w,w) is equivalent to the H?(2) norm on W, that is,
col|wl[3r2() < alw,w) < eilfwllf2 ), (22)

where ¢o and ¢; are positive constants. The Sobolev imbedding theorem and (2.2) imply that

[|w|?* < cpa(w,w), ||[Vw|?* < csa(w,w), Yw € W (2.3)
where ¢, and c¢s are positive constants. Using the symmetry of a(-,-), we obtain that for any w €
CH(0,T; H*(2),

1d

a(h *xw,w) = 5@

{hDazw - (/0 h(s)ds)a(w, w)} — %h(t)a(w, w) + %h’l:!@zw, (2.4)
where
(hxw)(t) :== /0 h(t — s)w(s)ds, (hO8%w)(t) := /0 h(t — s)a(w(-,t) —w(-,s),w(-,t) —w(:,s))ds.

We consider the following hypotheses:
(H1) h: RY — R7 is a differentiable function such that

1- / h(s)ds =1 > 0. (2.5)
0
(H2) There exists a positive function G € C*(R"), with G(0) = G’(0) = 0, and G is a linear or it is strictly

increasing and strictly convex C? function on (0, k], k < h(0), such that

W(t) < —C()G(h(1), V>0, (2.6)
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where ( is a positive nonincreasing differentiable function.

Specific examples of relaxation functions are introduced in reference [21].

Remark 2.1. ([21])

1. By using (H1) and (H2), we conclude that . li+m h(t) = 0. Therefore, there is top > 0 large enough such
— 400

that

h(to) =k = h(t) < k, VYt > to.

Because h and ¢ are positive nonincreasing continuous functions and G is a positive continuous function

then, for all ¢ € [0, to],

B (t) < =C(t)G(h(t)) < — h(0) < — h(t
(1) € ~COGAD) < ~72h(0) < —Eh(),
which gives
B (t) < —csh(t), ¥Vt € 0,to], (2.7
where c2 and cs are positive constants.
2. If G is a strictly convex on (0, k] and G(0) = 0, then
G(0z) < 0G(z), =€ (0,k] and0< 0O <1, (2.8)

3. Let G* be the convex conjugate of G in the sense of Young (see [25]); then
G*(s) = s(G') 7 (s) = GIG) ()] < s(G) ' (s), il s € (0,G' (k)] (2.9)
and G* satisfies the following Young’s inequality
AB < G*(A) +G(B), if Ac(0,G'(k)], B € (0,k]. (2.10)

The well-known Jensen’s inequality and lemma for the bracket’s binary will be of essential use in proving

our result.

Remark 2.2. (Jensen’s inequality) If P is a convex function on [a,b], £ : Q@ — [a,b] and g are integrable

functions on 2, ¢(z) > 0, and fQ q(z)dx = qo > 0, then Jensen’s inequality states that

1 1
P(q—o /Q é@)a()dr) < - /Q P(&(x))q(x)dz. (2.11)
Lemma 2.1. ([9]) The bilinear form
[,] H3(92) x H3(Q) — H™'~(2)
(w,v) — [w,v]
is continuous for every € > 0. In addition, the following estimate holds
||[w7v]||H—1—ﬁ(Q) < C4||w||Hg(Q)||UHHg(Q)7 (2.12)

where ¢4 is a positive constant.



GENERAL DECAY RESULT FOR A VON KARMAN... 5

Using the Galerkin’s approximation, we can prove the following result of the solution for a von Karman

plate model with memory (1.1)-(1.7).

Theorem 2.1. ([4, 5]) For the initial data (wo,w1) € W x V, T > 0 and « > 0, the system (1.1)-(1.7) has
a unique weak solution. For (wo,w1) € (W N H*(Q)) x (VN H3(Q)), the weak solution satisfies

w e C°([0,T); Wn H*'(Q) nC'([0,T); V N H*(Q)).

Let us introduce the energy of problem (1.1)-(1.7)

B(t) = 2wl + SVl + 5 (1 /th(s)ds)a(w w) + Lh00%w + 1)) A2 (2.13)
ol g IV 2 o ’ 2 4 ' '

Now, we state the main result.

Theorem 2.2. Assume that (H1) and (H2) hold. Then there exist positive constants ko and k1 such that

the energy functional satisfies
¢

E(t) < kiG7? (ko/

h=1(k)

C(s)ds) (2.14)

where

k
G (t) :/t ﬁ(s)ds

and G is strictly decreasing and convex on (0, k], with }irr(l) G1(t) = +o0.
—

3. GENERAL DECAY OF THE ENERGY

In this section, we prove the general decay rates in Theorem 2.2. First, Multiplying (1.1) by w:(t) and
using (2.1), (2.4) and (2.13), we get

E'(t) = —@a(w,w) + %h'D@Qw <o. (3.1)

This implies that E(¢) is nonincreasing.

For suitable choice of N, No, N1 > 0, let us define the perturbed energy by
L(t) = NE(t) + No®(¢t) + N1¥(¢), (3.2)
where
D(t) = / wrwd) + a/ Vw: VwdQ)
Q Q
and
t
w(t) = / (alw, — wt)/ h(t — s)(w(t) — w(s))dsdS,
Q 0
By the ideas presented in [6, 7], we easily have the following lemma.
Lemma 3.1. For N > 0 large enough, there exist a1 > 0 and a2 > 0 such that

a1 E(t) < L(t) < asE(t), Vt>0. (3.3)
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Lemma 3.2. Under the assumption (H1), the functional ®(¢) satisfies, along the solution of (1.1)-(1.7),

the estimate
l
P'(t) < —za(w,w) + [lwel[* + af[Vawe||* + WfDa w — [|Av]® (3.4)

for any 0 < v < 1, where
oS} hQ(S)
o f(s)

Cy = ds and f(t) = vyh(t) — h'(t) > 0. (3.5)

Proof. From (1.1), (2.5) and Young’s inequality, we obtain

@' () = —a(w, w) + a(h x w, w) + ([w, o], w) + [[we]|” + af [V |
<+ el Vol = 180l = (1= [ hds)atw.w) + [ "t — s)a(u(s) — w(t), w(®))ds
< Ilenl P + | el P — (|8l La(w,w)
+2ll /Ot h(t —s) /Ot h(t — s)a(w(t) — w(s),w(t) — w(s))dsds. (3.6)
By using Cauchy-Schwarz inequality and (3.5), we have

/ h(t — 5)/ h(t — s)a(w(t) — w(s),w(t) — w(s))dsds

h2 / F(t = s)a(w(t) — w(s), w(t) — w(s))ds < C FO0w. (3.7)

From (3.6) and (3.7), we get the estimate (3.4). O

Lemma 3.3. Under the assumption (H1), the functional W(t) satisfies, along the solution of (1.1)-(1.7),
the estimate

c6 + c7Cy

/h yas — ) (lwrl* + [ el ) + S, w) + esdl el P + (0 + ©E

)fD@Qw, (3.8)

2 2
where 0 < d <1, ¢5 = %, c6 = (cp + acs)(h(0) + (1 —1)) and ¢z = 1 + 26740 + 92 (cp + acs).

Proof. Similarly we see that

_ (1—/Oth(s)ds) /Oth(t—s)a(w(t)—w(s),w(t))ds—/Oth(t—s)(w(t)—w(s),[w,v})ds

+/ h(t — s)a(w(t) — w(s),/ h(t — s)(w(t) —w(s))ds)ds

0

/h't—s )—w(s),wt(t))ds—(/Oth(s)ds)nwt‘ﬁ

0

a/ R (t — 8)(Vw(t) — Vw(s ),th(t))ds—a(/oth(s)ds)HthH?

0

S AT A (/Oth(s)ds)ﬂthQ - a(/ot h(s)ds)HthH?. (3.9)
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Now, we estimate the terms in the right hand side of (3.9). Using Young and Holder inequalities, (2.2),
(2.12), (2.13), (3.1)and (3.7), we have

|| < g (w, w) + 2—15/0 h(t — s)/o h(t — s)a(w(t) —w(s),w(t) — w(s))dsds

< a(w, w) + %fDBQw,

2
12 = | [ o] [ bit = 9)w0) = w(s))dsd| < eal w1

/Ot h(t — s)(Aw(t) — Aw(s))ds

2

< 8l Aw| || Av H<+

/ht—s )(Aw(t) — Aw(s))ds

t 2

Slc? 6E( )

< o laull ol + S| [t = 9 @te) - A
S%a(w»ww‘”ﬂ(o) A0 +C4C”fD82w,

|Is| < C, fO0%w
By the Young’s inequality, Cauchy-Schwarz inequality, (2.3) and (3.5), we obtain
ni<|f f(t—s)(w(t)—w(sxwt(t»ds\ [ hte= sy —w<s>,wt(t>>ds]
0
< ojwell® + 55 / £t = s)|w(t) —w(s )|ds) dz + 1 (/ h(t — s)|w(t) — w(s )|ds)2dx

< §w|? + /f )ds fD82 +l //ftfs|w ) — w(s)|*dsdax
25 0 Q
h(0 1-1 c
§5||wt\|2+ p( ( )"”Y(% )+ W)flﬂffw,

cs (h(0) +7(1 = 1) ++°C,)

«
< 2
15| < |V + -

f06%w.

From all above estimates and (3.9), we arrive at

W) < —(/Ot h(s)ds — 6 luwr]* ~ (/Ot h(s)ds — ) ol| V| * + da(uw, w) + 4El(c%)25||Av||2

(e (; L G0 | (eptac)(h(0) (11 +7°C,

) 3
5 4dco 26 )f Ho™w

Now, we establish the estimate of the Lyapunov functional L.

Lemma 3.4. Under the assumptions (H1) and (H2). Then for suitable choice of N, Ng, N1 > 0, the

functional L satisfies that

L'(t) < —[|we]|* = af|[Vwe|]* = 6(1 — D)a(w,w) — ||Av||* + %hl:!82w, vt > to. (3.10)
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Proof. Since h is positive, we get fot h(s)ds > hg, for all ¢ > t9. Thus, making use of this and combining
(3.1), (3.2), (3.4), (3.8), recalling that h'(t) = vh(t) — f(t), and choosing § = ﬁ7 we have

l l IN l
L'(t) < _(z\mm ~ No— 5)||wt|\2 - a(N1h0 ~ No— §)Hth||2 - (70 - 5)a(w,w)
l N N N? N, N?
~(No = ) [AwlP + LEhooPw — (5 = 5 - 0y (5 + T+ W) 00w,
2 2 2 l 2l l
We first take Ny large enough so that
I[Ny l les
—_— == 1-— No——>1 A1
2 5 >6(1—1), No 5 > (3.11)
then N; large enough so that
Nﬂlo—No—é > 1. (3.12)
From (2.6) and (3.5), we get
2
0<—K(t) = ~h(t) <vh(t)—n'(t) = PO g L IO 0 (3.13)
f(®) f(®)
Therefore, by (2.5) and (3.13), we obtain
o] hQ(S) oo
yCy =7y dsg/ h(s)ds =1—1. 3.14
! o [f(s) 0 ( ( )
Applying (3.14) and the Lebesgue dominated convergence theorem, we have
vCy =0 as v —0.
Hence, there is 0 < 79 < 1 such that if v < v, then
No | crN? ) 1
— N —.
1O (G + =+ M) <
We choose v = % < 7o and take N large enough so that
N NP
1 ] >0,
which means
N NP No | e7NtP
5 i Cy ( 57+ + N1) > 0. (3.15)
Combining (3.11), (3.12) and (3.15) gives (3.10). g
Lemma 3.5. Under the assumption (H1), the functional K defined by
t
K0 = [ gt = 9)a(w(s). w(s)ds
0
satisfies the estimate
K'(£) < 5(1 — Da(w, w) — %hD&Qw, (3.16)

where g(t) = [ h(s)ds.

t
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t
Proof. From ¢'(t) = —h(t), we have g(t) — g(0) = —/ h(s)ds < 0, which means
0

g(t) < g(0) = /OOO h(s)ds =1 —1. (3.17)

Using the Young’s inequality, (2.5) and (3.17), we see that
K'(t) = g(0)a(w,w) — / h(t — s)a(w(s), w(s))ds
0
< (g(O) — /0 h(s)ds)a(w, w) — hO&%w — 2/0 h(t — s)a(w(s) — w(t),w(t))ds

<51 = Da(w,w) — 2hD82w.

O
Proof of Theorem 2.2. From (2.13) and (3.10), there exist positive constants 81 and (2 such that
L'(t) < =B1E(t) + Boh00w. (3.18)
Using (2.7), (3.1) and (3.18), we get, for all ¢ > to,
£ < -BEW) + 5 | h(s)a(w(t) — wlt — ), w(t) — w(t - 5))ds (3.19)
to
where L(t) = L(t) + 222 E(t), which is clearly equivalent to E(t).
We consider the following two cases.
Case 1. G(t) is linear: Multiplying (3.19) by ¢(¢) and utilizing (2.6) and (3.1), we have
COL' () < =B E(t) — B2 /tt h'(s)a(w(t) —w(t — s),w(t) —w(t — s))ds
< “BCWEN) — 285 (1), (3.20)

which gives
(CL+26:E) (1) < ~Arl(E(), Yt 2 to.
From (3.3), we find that (£ + 282 F ~ E. Then, we obtain
E(t) < c’eicftto ¢(s)ds
Case 2. G(t) is nonlinear: This case is obtained on account of the ideas presented in [21, 23, 24] as follows.
We take
B(t) = L(t) + K(b),
which is nonnegative. From (2.13), (3.10) and (3.16), we get
F/(t) < lfuwrl P — |l — (1~ Daw, w) — Th0Pw — [|Avl® < s B()  (321)

where 3 is some positive constant. Integrating (3.21) from to to ¢, we obtain

B4 /tE(s)ds < F(to) - F(t) < Flto).
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Therefore, we deduce that

/00 E(s)ds < . (3.22)

0
We define 7(t) by, for a constant 0 < p < 1,
n(t) == p/t a(w(t) —w(t —s),w(t) —w(t — s))ds.
to

From (3.22), we find that n(¢) satisfies

n(t) < 1, Vt > to. (3.23)

Using (2.6), (2.8), (2.11), (3.1), (3.23) and the fact that {(¢) is a positive nonincreasing function, we find
that

/t h(s)a(w(t) —w(t —s),w(t) —w(t — s))ds

n(t) [t 1 R (s)\ pa(w(t) — w(t — s),w(t) — w(t — s))
= P to “ (_ ¢(s) ) n(t) *
n(t) -1 —h (s)a(w(t) —w(t —s),w(t) —w(t - s))
<% ¢ / ) )
1., w(t) —w(t =~ s),w(t) ~w(t —s))
< ( 30) )
% ( / (w(t) = w(t — 5), w(t) — w(t — 5))ds)
1 2E( )
< @ ( 0 ) (3.24)

Combining (3.19) and (3.24), we have

L(t) < —BE(t) + %G*l(_zE(t)), vt > to. (3.25)

Now, for €9 < we define the functional

k
E(0)?

I(t) :== L(t)G' (e0E(1)) + E(t),

which is equivalent to E. With A = G’ (e E(t)) and B = Gil(fzggt)» using (2.9), (2.10), (3.25) and the

fact that ' < 0,G > 0,G’ > 0 and G” > 0, we see that

72E(t))

! ! 52 ! -1
I'(t) £ ~BEOG (0 B(1) + 6 («B®)G ( 0

< —BLE®)G (e E(t)) + %G* (G/(EOE(t))) - 2%<E(;)(t)
B _ €0f2 (e _ 26:E' (1)
(- 2200 urie) - 2250 6o

We take R(t) = C(t)I(t) + m%ﬂtﬁ which satisfies

diE(t) < R(t) < d2E(t), (3.27)
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for some dq,d2 > 0. Consequently, with a suitable choice of €y, and using (3.26), (3.27) and the fact that

¢(t) is a positive nonincreasing function and G'(t) is strictly increasing function, we arrive at

R(t) < (8 - €°fz)<<t>E(t>G’ (c0BE(1)) < —koC()R(H)G (dsR(1)), Yt > to,
where ko = % (/31 — %) > 0 and d3 = ;—‘;, Hence, a simple integration and a variable transformation
give
/ _R/ ) ds > ko /t ¢(s)ds = o) #ds > ko /t C(s)ds, ¥Vt > to. (3.28)
R(s d3R(s)) to d3 R(t) sG'(s) to
We take

D!
Gl(t) :l mds,
which is strictly decreasing function on (0, k]. From (3.27), (3.28) and e E(0) < k, we have

G(dR(t))—/k #ds>/d3R(tO) ! ds>k/< )ds, Vt>t
n asr) $G'(8) T Jayrewy SG'(s) 0 ’ -

Applying (3.27) and the fact that G is strictly decreasing function on (0, k], we conclude that
t
E(t) < kiGy! (/co/ g(s)ds)
to

where k1 = ﬁ > 0. Therefore, estimate (2.14) is established.
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